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ADVERTISEMENT. 


The Committee appointed by tbe Royal Society to direct the publication of the 
Philosophical Transactions^ take this opportunity to acquaint the Public^ that it 
fully appears, as well from the council-hooks and journals of the Society, as 
from repeated declarations which have been made in several former Transactions^ 
that the printing of them was always, from time to time, the single act of the 
respective Secretaries, till the Forty-seventh Volume : the Society, as a Body, 
Oder interesting themselves any further in their publication, than by occa- 
sionally recommending the revival of them to some of their Secretaries, when, 
from the particular circumstances of their affairs, the Transactions had happened 
for any length of time to be intermitted. And this seems principally to have 
been done with a view to satisfy the Public, that their usual meetings were then 
continued, for the improvement of knowledge, and benefit of mankind, the great 
ends of their first institution by the Royal Charters, and which they have ever 
since steadily pursued. 

But the Society being of late years greatly enlarged, and their communica- 
tions more numerous, it was thought advisable that a Committee of their mem- 
bers should be appointed, to reconsider the papers read before them, and select 
out of them such as they should judge most proper for publication in the future 
Transactions ; which was accordingly done upon the 2Gth of March 1/52. And 
the grounds of their choice are, and will continue to be, the importance and 
singularity of the subjects, or the advantageous manner of treating them ; with- 
out pretending to answer for the certainty of the facts, or propriety of the rea- 
sonings, contained in the several papers so published, which must still rest on 
the credit or judgment of iheir respective authors. 

It IS likewise necessary on this occasion to remark, that it is an established 
rule of the Society, to which they will alt^ays adhere, never to give their opinion. 
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as a Body, upon any subject, either of Nature or Art, that comes before them. 
And therefore the thanks, which are frequently proposed from the Chair, to be 
given to the authors of such papers as are read at their accustomed meetings, or 
to the persons through whose hands they received them, are to be considered in 
no other light than as a matter of civility, in return for the respect shown to the 
Society by those communications. The like also is to be said with regard to the 
several projects, inventions, and curiosities of various kinds, which are often ex- 
hibited to the Society; the authors whereof, or those who exhibit them, fre- 
quently take the liberty to report and even to certify in the public newspapers, 
that they have met with the highest applause and approbation. And therefore 
it is hoped that no regard will hereafter be paid to such reports and public 
notices ; which in some instances have been too lightly credited, to the disho- 
nour of the Society. 
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The President and Council of the Royal Society adjudged the 
Royal Medals for the year 1830 as follows : 
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perties, of Light. 
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PHILOSOPHICAL TRANSACTIONS. 


I. Obsenmtlom of the Second Comet of 1822, made at Rio de Janeiro. By 
Lieutenant (now Captain) William Robertson, R.N. Communicated in a 
Letter to Captain Basil Hall, F.R,S, 

Read June 17, 1830. 


I SHALL feel obliged to you to lay before the Royal Society the following 
observations, which, with the assistance of Lieut. Charles Drinkwater, R.N., 
I made upon the second comet of 1822,” as it is called. They were made at 
Rio de Janeiro, when I was Lieutenant of His Majesty's ship Creole, under 
the orders of Commodore Sir Thomas Hardy ; but as the means I had in my 
possession for making such nice observations were not great, I did not imagine 
the results could be of much value, till I accidentally gained information of 
the following remarks in Baron Zach’s Journal, vol. vi. page 596. 

Cette comete, comme nous Favons dit dans notre cahier, page 181, na 
ete que tres peu observee, a cause de son mouvement fort-rapide en declinaison 
australe ; elle s'est par consequent bientot soustraite a nos regards, pour se 
montrer peut-etre avec plus d’eclat aux antipodes. Nous n avons requ d'autres 
observations que celles que nous avons deja publiees dans notre cahier prece- 
dent. Probablement Forbite de cet astre passager nous restera inconnue pour 
toujours, a moins que MM. Fallow, Rumker, ou un autre Basil Hall, ne 
paiwiennent a Fobserver dans Fhemisphere austral. Mais la correspondence 
astronomique des deux hemispheres n’est pas encore bien etablie * ” 

The above allusion to your observations on the comet which we observed 
together at Valparaiso in 1821, and which are published in the Philosophical 

* Correspondence Astronomique du Baron Zach, vol, vi. p. 595 . 
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Transactions, induces me to address this communication to you, to be laid 
before the Society, if you consider it worthy of that honour. 

M. Pons, it appears, (Zach, vol. vi. p. 385) first discovered this comet on 
the 31st of May, about two o’clock in the morning. It was then at the distance 
of 2 from the star |3 Piscium, 5° from Aquarii, nearly in 340|° of M, and 
in north declination. As M. Pons had no instruments ready to observe 
the comet, it does not appear to have been further noticed till the 8th of June, 
by Professor Caturegli at Bologna, and two days afterwards by M. Gambart 
at Marseilles. Owing to its extreme feebleness, however, Baron Zach does 
not appear to think the observations at Bologna very exact. 

The following two Tables of the observations just mentioned are from Zach’"* 
Correspondence, vol. vi. p. 482. 


1822. 

Tems vrai 
a Bologne. 

Asccn. droite de 
la comete. 

Dechn de la 
comete austral e. 


h 

m 



o 


Juin 8 

15 

10 

347 

39 

8 

49 

10 ^ 

14 

45 

351 

43 

13 

28 

11 

14 

44 

354 

32 

16 

46 

12 , 

14 

59 

358 

25 

21 

5 


The following are the only two observations made by M. Gaivibart at 
Marseilles. 


1822. 

Tems raojen 
de minuit. 

Differ d’ascen. 
droite 

N“ 

d’obs. 

Difler. de 
dechn 

1 

1 d obs 

i Etoiles companees. 

i 


j h m s 1 


i 1 


1 

i 

Juin 10 

1 3 3 49 : 

-rl 11 9.2 

1 

-21 38.1 

: 1 

j ' du Verseau. 

11 

1 2 48 56 i 

o 

o 

©1 

o 

1 

4 

+ 30 31.3 

! 4 

133 Hor. xxiii.PiAzzr. 


From these few obseiwations, M. Hulingenstein has deduced the orbit in 
Schumacher’s Astronomische Nachrichten, vol. iv. pp. 533, 534, and which 
I have copied at the end of this letter. But as the above observations com- 
prehend only a very small portion of the orbit, these elements are susceptible 
of improvement from observations made during a longer interval. 

The foliovang are the whole of the observations which were made by 
Mr. Drinkwater and myself on this comet. 
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On the evening of the 18th of June it was first observed, vdth the naked eye, 
near the star Canopus, and though it had been in conjunction with the sun 
on that day, its great southern latitude permitted it to be ^en after sunset. 
Of course we did not know that it had been observed in Ikirope, and imme- 
diately proceeded to determine its position by the only means of which we had 
command. By means of a reflecting sextant, we took its angular distances 
from known fixed stars. The faintness of the comet’s light, and the uncer- 
tainty in estimating its apparent centre, presented considerable difficulties in 
the employment of this method of observation. It was attempted to diminish 
the errors which, no doubt, arose from this cause, by taking the angular 
distances from four stars, and these observations were repeated, as often as the 
weather permitted, on the succeeding nights. In this manner angular distances 
were obtained on the evenings of the 18th, 19th, 22nd, 23rd, and 24th of June, 
1 822 : after which the increasing brightness of the moonlight, and the faint- 
ness, prevented its being accurately observed with the sextant, and eventually 
oljliterated it altogether. 

During the wdiole of the above period, the comet presented the same appear- 
ance as it seems to have done in Europe, — namely, that of a nebulous mass, 
without eitlier tail or nucleus. I was of course inclined to believe, at first, 
that thej'C observations would be of little value, as I did not doubt that the 
comet must have been observed from other places in the southern hemisphere, 
with more efficient instruments than mine. I hope it may still prove so ; but, 
after repeated inquiries, I have not been able to learn that the comet was seen 
in any other quarter of that portion of the globe. Nor, indeed, was it until its 
orbit had been computed from my observations by Mr. Thomas Henderson of 
Edinburgh, that the comet was suspected to have been one previously observed 
in Europe. This discovery, it will perhaps be thought, gives a new value to 
the observations which we made ; for though the means used were deficient in 
that precision wffiich is desirable, the observations, taken in conjunction with 
those made in Europe, embrace a far greater extent of the comet s orbit than 
either series do alone. And in the jiresent state of cometary astronomy it is 
impossible to foretell the value which may one day be assigned to observations 
wdiich at present appear to have little interest. 

The following is a fiiithful transcript of the original observations as they 
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were actually written down at the time ; without the alteration of a letter or 
a figure. 

Rio de Janeiro, June ISth, 1822, at 6^ 30”^ p.m. Observed a bright orbi- 
cular nebula near Canopus. On directing the telescope to it, w^e find it to 
have the appearance of a comet. At 6^ 40“ mean time, the following distances 
were taken with sextants : 

From Canopus ... 3 6 20 

Sirius .... 34 27 10 

cc Hydrae ... 58 9 20 

a Crucis ... 4/ 58 50 


June i9th. The comet appeared fainter than last night. There was a thin 
haze in the sky. The following observations were taken at 6^ 40“ p.m. : 


From Canopus . . 

0 

. 11 

33 

30 

Sirius . . . 

. 30 

3 

37 

a Hydrae . . 

. 46 

2 

47 

a Crucis . . 

. 44 

15 

30 

June 20th. Thick, rainy weather ; comet not seen. 


June 21st. Thick, cloudy weather. 




June 22nd. Fine, clear moonlight. 

Observed the 

comet without a tele- 

scope. It is still of a round shape, no tail or nucleus observed when looked at 

with a telescope. The following angulai 

™ distances were taken at 7^^ 0“ p.m. : 

From Canopus . . 

o 

. 33 

35 

00 

Sirius . . . 

. 33 

12 

00 

a Hydrae . . 

. 25 

9 

45 

a Crucis . . 

, 44 

36 

25 

June 23rd. Clear weather. The following angulai 

r distances were taken 

at 6^ 34“ P.M. : 




From Canopus . . 

o 

. 37 

29 

20 

Sirius . . . 

. 35 

15 

45 

a Hydrae . . 

. 21 

38 

50 

« Crucis . . 

. 45 

13 

10 
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June 24th. Clear weather; moonlight. The following distances were taken 
at 6^* p.M. : 

From a Hydrse ...... 18 57 25 

a Crueis . . . . . . 46 37 30 

June 25th. Saw the comet ; but owing to the clear moonlight, it was too 
faint to be observed with the sextant. 

June 26th. Dark cloudy weather, with rain and thunder. 

June 27th. Rainy weather. In the evening, fine weather ; comet not seen. 

June 28th. Cloudy evening. 

June 29th. Fine clear moonlight ; could not discover the comet. 

On my attention being called to this comet during the last year, more than 
seven years after I had observed it, I placed the above observations in the 
hands of Mr. Thomas Henderson, of Edinburgh, who has furnished me with 
the following remarks, which I transcribe verbatim, and request you will com- 
municate to the Royal Society in the same manner. 

** From the observations,” says Mr. Henderson, made at Rio de Janeiro, 
by Captain Robertson and Lieutenant Drinkwater, on the second comet of 
1822, 1 have obtained the following position of that comet referred to the 
ecliptic, and cleared of the effect of refraction, but not of parallax, aberration, 
nutation, or precession. Those positions have been adopted which represent 
the observed angular distances with the minimum of error, as found by the 
method of least squares. 


Mean solar 
time at Rio 
de Janeiro. 
June 1822. 

Apparent 

longitude 

Apparent latitude. 

d h m 



18 6 40 

93 39 26 

73 51 6 South 

19 6 40 

125 15 42 

66 42 19 

23 7 0 

147 5 5 

47 30 47 

23 6 34 

149 31 36 

43 49 20 

24 6 30 

; 150 48 47 

40 39 58 


The errors of observation, on the differences between the observed and com- 
puted angular distances, do not exceed five minutes of space, except on the 
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23rd, when, in one observation, the error amounts to eleven minutes ; for which 
reason the position of that day is not employed in computing the orbit. 

The following elements of the comet’s parabolic orbit have been obtained 
by Olbers’ method of computation, founded upon the observations of June 
19th, 22nd, and 24th. 

Time of perihelion passage, mean solar time at Greenwich, 1 822, July 15.65 1. 


Longitude of the perihelion 220 19 49 

Inclination of the orbit 35 36 0 

Longitude of the ascending node . . . 98 14 4/ 
Logarithm of perihelion distance . . . 9.928/9 

Motion retrograde. 


‘^The following are the errors of the places computed from these elements, 
or the corrections to be applied to the computed places, In order to obtain 
those which were observed. 



Longitude 

Latitude. 

June 18 . 

. . . — 7 

. . . . + 1 

19 . 

. . . + 5 

. . . . + 1 

22 . 

... 0 

.... — 1 

23 . 

... +15 

. . . . +5 

24 . 

... 0 

. . . . + 1 

The greatest error is on the 23rd; the observations of which day, for the rea 

sons already stated, are supposed not to be so 

exact as those of the other dayt?. 

The other errors, it may be 

remarked, are not greater than what might have 


been expected from the uncertainty of the observations, and great latitude of 
the comet, when the errors in longitude are apparently much increased, front 
!>eing reckoned upon a small circle. 

“ On comparing the foregoing elements, computed from Captain Robertson 
and Lieutenant Drinkwater s observations, with those deduced by M. Hulin- 
GENSTEiN from the observations made in Europe, referred to at page 2, it 
will be seen that the differences between them are wonderfully small, con- 
sidering the different instruments used by the obser\"ers in the two hemi- 
spheres- 

Tlie elements, placed side by side, stand thus : 
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By the computations from Captain 

By M. Hulingenstein’s computation Robertson’s observations 

from observations in Europe. at Rio de Janeiro. 

Time of perihelion passage, July 16.03925 July 15.651 

Mean Solar Time at Marseilles. Mean Solar Time at Greenwich. 

Longitude of the perihelion . . 219 53 48 220 19 49 

Inclination of the orbit ... 37 43 4 35 36 0 

Longitude of the ascending node 97 51 23 98 14 47 

Logarithm of perihelion distance 9.92/43 9.92879 

Perhaps more correct elements might be obtained from a comparison of all 
the observations, European as well as South American, were it deemed of 
sufficient importance to undergo the requisite labour. But without entering 
into such an investigation, enough has been already stated to show that the 
instruments and other means in the possession of every naval officer, are suffi- 
cient to enable him to determine, with considerable accuracy, the orbit of any 
comet wliicli is not too faint for being observed with the usual reflecting in- 
struments used at sea.” 


Before concluding this communication, it may not be improper to mention 
that about the same time that we were making the observations above detailed, 
on tlie “second comet of 1822,” we were fortunate enough to see the cele- 
brated comet of Encke, but it had not sufficient light to enable us to observe 
it in the same manner that we did the other. We were therefore obliged to 
content ourselves with observing it through an ordinary telescope. But, as 
it does not appear that on this return of Encke’s comet to the neighbourhood 
of the earth, it was seen in any other part of the world, except at Paramatta, 
the following notes of what we saw of it at Rio de Janeiro, may not be altoge- 
ther uninteresting, though probably of little or no value to astronomers. 

Memorandum of Encke’s comet seen at Rio de Janeiro in 1822. 

June 7th. At 6^‘ 30”^ p.m. Observed the comet calculated by Professor 
Encke, in the constellation Gemini. It was only seen through a telescope, and 
appeared like a faint nebula of a round form. There were two stars of the 5th 
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or 6th magnitude near it, with which it formed a right-angled triangle ; the 
right angle at the northernmost of the two stars, and the comet to the westward. 

June 10th. Observed Encke’s comet after sunset. It has increased its M , 
The stars seen along with it on the 7th are not now in the field of view of the 
telescope at the same time with the comet. 

June T2th. Observed Encke’s comet after sunset. It was very faint. No 
stars that we have in our catalogues (which are very limited) in the field of 
the telescope. 

June 13th. Observed Encke’s comet forming an angle of about lOO'^ at 
fB Canis Minoris, with Procyon ; at about once and a quarter the distance from 
|3 Canis Minoris, that (B is from Procyon. It is not brighter than when it wuh 
first seen. 

June l/th. Encke’s cometagain seen. Aline drawn from Sirius to/3C,'anis 
Minoris cuts a star of the 3rd or 4th magnitude: about |^th of the distance from 
that star to Procyon, was the comet, in a triangle formed by three stars of the 

5th or 6th magnitude, seen bv the telescope thus, , the Ai beiiiii 

about 103"^, and declination 5^ north, and it has still the same nebuh)us. 
orbicular appearance as when first seen. 

June 18th. Saw’^ Encke’s comet after sunset — very faint. It had increased 
its Al considerably since last night, from the small stars seen last night in the 
field of the telescope. 

June 19th. Hazy, and the direction of the comet not seen. 

June 20th and 21st. Thick weather ; comet not seen. 

June 22nd. Fine clear moonlight ; Encke’s comet could not be made out. 
nor w^as it again seen. 

If you think any of these observations likely to interest the Royal Society. 
1 request you will do me the honour to present them. 
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II. On the performance of Fluid Refracting Telescopes, and on the applica- 
bility of this principle of construction to very large instruments. By Peter 
Barlow, Esq. F.R.S. Cor. Mem. Inst, of France, of the Imperial Academy of 
St. Petershurgh, 8^c. 8§c. 

Read December 9, 1830, 


In the Philosophical Transactions for 1827, a paper of mine was published 
containing an account of a series of experiments which I had carried on with 
Messrs. W. and T. Gilbert on the curvature of object-glasses for telescopes. 
In the course of these experiments, I saw so much the difficulty which opti- 
cians experience in obtaining large pieces of good flint-glass, that I turned my 
attention to supplying this material by a fluid. Having, after several attempts, 
at length found an admirable substitute in sulphuret of carbon, I wrote a 
short account of my intended construction, addressed to His present Majest>% 
at that time Lord High Admiral, and, as such. President of the Board of 
Longitude, soliciting from that Board assistance in carrpng forward my ex- 
periments. Having obtained this aid, the result of ray first trial was the con- 
struction of an eight-inch fluid telescope, at that time the largest refractoi in 
this countiy. A description of this instrument is given in the Philosophical 
Transactions for 1829, and some objects are pointed out which had been se- 
lected as tests of its performance. 

I have however since had more time and better means of testing the in- 
strument ; first, through the kindness of Mr. Herschel, who pointed out to 
me several objects that he had observed with his new twenty-inch speculum ; 
and secondly, by direct observations on the same objects in Sir James South’s 
new twenty-feet refractor, and in my own telescope. A few of these, which 
serve to mark distinctly the progress I have made, are given below ; but I 
will first state two or three of my own observations, which, I conceive, tend 
also to the same object. 

In the paper last referred to, I have stated my observation on n Persei, 

MDCCCXXXI. c 
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marked as double in South and Herschel’s catalogue, with a small star at a 
greater distance ; this star is seen distinctly sextuple in my telescope. These 
stars I had the satisfaction of showing to M. Struve in his recent visit to 
England, and I have since seen them in Sir James South’s telescope. Another 
good test of the light of my telescope is found in s Orionis, marked in the 
above catalogue as two distinct sets of stars, each triple ; whereas, in my 
telescope, both sets are quadruple, with a double star, or rather two very fine 
stars between them ; the fourth star in the bright set, is a remarkably fine 
brilliant point, very near to the principal star, and in the same line as the 
nearest of the original small stars, on the opposite side, so that the three are 
in one line ; or more accurately, the line joining the two small stars touches the 
margin of the bright star. I might mention several other cases of fine double 
stars which I have discovered, but I select the above because it is evident that 
both objects have been well examined with fine instruments, and that the stars 
I have mentioned had, notwithstanding, escaped detection. 

Of the tests furnished me by Mr. Herschel I shall only select two, one of 
which in particular serves to point out in a very precise manner the limit of 
power of my telescope. This is the star j3 Capricorni, which, in the finder, is 
a coarse double star of about 3' ; but between these two stars, nearly in the 
middle, but a little below the line of junction, is a very fine double star, dis- 
covered by Mr. Herschel, and which he considers a very severe test ; he says 
indeed that he requires no other, of the light of a telescope. This star I can 
see, and, under favourable circumstances, distinctly; but still I have not suffi- 
cient command of it to see it double. We have thus the exact limit defined at 
which the light of this splendid instrument surpasses that of my telescope. 
The other object to which I have alluded is <p Virginis; this he considers a very 
easy double star, although it had before escaped detection ; it is however 
rather close. This star 1 could see very distinctly one evening (June 4th), the 
moon being very bright and full, on the meridian, and within an hour of the 
star. I mention this object because it requires a certain degree of defining 
power ; in point of light it involves no difficulty. Mr. Herschel could see it 
when his aperture was reduced to six inches. 

Amongst the objects which I have seen in Sir James South’s twenty-feet, 
there is also one in particular which forms a good test of the relative power of 
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his instrument and mine; this is Messier’s twenty-second nebula. This 
object^ which in a good Scinch refractor has only the appearance of a white 
cloud, I saw in the above instrument resolved into an immense number of 
brilliant small stars. In my telescope also it is resolved into apparently as 
great a number of stars, but the full power of the instrument is exerted, and 
still the resolution seems scarcely complete. In fact, my instrument appears 
to labour to elfect what seems to be quite within the power of the other. 

I wish particularly to direct attention to this object and that of [3 Capricorni, 
because, where the same object can be seen without any very apparent ditfer- 
ence in two instruments, or where it can be only seen in one, the great test of 
comparison is lost ; but in those I have mentioned, the exact limit of power i.^* 
defined. 

Amongst the objects I have examined in Sir James South's telescope, and 
repeated in mine, for the purpose of comparing the defining powers of the two 
instruments, were the planets Jupiter and Mars. These were both more 
sharply defined in Sir James South’s than in my telescope, but the superiority 
was by no means so great as I had expected. I fortunately saw the shadow 
of Jupiter's third satellite pass over the disc, on the 8th of August, at Kensing- 
ton, and it exhibited a fine black round spot, extremely well defined ; and on 
the K>th of the same month, I witnessed precisely the same phenomenon in 
mine, and, as far as the definition of the shadow was concerned, with an effect 
in which 1 could not distinguish an inferiority ; it had the appearance of a 
small black wafer on a sheet of white paper ; still, however, the edge of the 
planet was certainly sharper in the twenty-feet. Both evenings were amongst 
the finest this climate affords, and the powers employed as nearly as possible 
equal ; viz. about 260 and 450 in both instruments. We also, at Kensington, 
observed Mars with various powers from 260 to 1400, and it carried 1200 well, 
with this the white spot near its south pole was seen beautifully distinct, as 
also a long dark spot on its apparent eastern limb. The bright spot at its 
south pole 1 saw also remarkably well defined in my own telescope on the 
1 3th, and a dark spot on its disc very distinct; but it occupied the centre of 
its disc. The highest power however I used was 500, and it was probably 
best seen with 260. 

There can be no question of the superior defining power of the twenty-feet, 

c 2 
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and the light is of course also greater ; still, however, when I consider that I 
have been comparing with two telescopes, one of twenty inches aperture, and 
the other of twelve inches, and each of them twenty feet in focal length, or 
nearly, while my telescope is barely eight inches aperture, and only twelve 
feet in length, I cannot but consider the comparison as highly satisfactory. 

In addition to the above observations, which have been certainly highly gra- 
tifying to myself, I have also had the honour of showing the instrument to 
many persons, both Englishmen and foreigners well acquainted mth astro- 
nomy, and in every instance the practicability of the principle of construction 
has been admitted ; a point by no means generally granted when the sug- 
gestion was first advanced. 

Other obstacles also, independent of the arrangement of tlie lenses, were 
foreseen, which time is gradually dissipating ; such as the difficulty of perma- 
nently securing the fluid, and then, admitting this to be effected, the probability 
of a decomposition of the glass by the fluid, &c. &c. I have, however, now the 
satisfaction to state, that the lens of my 3-inch telescope, filled August 5th 1827* 
continues in precisely its original state, no perceptible change having yet taken 
place in either the quantity or quality of the fluid, or in the transparency of 
the glass. 

As far as the above observations and remarks extend, therefore, it appears 
that the essential properties of the flint lens are supplied by' the fluid. I beg 
now to state a few particulars in which the sulphuret of carbon has advantages 
which the glass has not : — these are, first, that in consequence of the very high 
dispersive power of this fluid, the correcting lens is placed so far behind the 
principal plate or crown lens, as to require to be only one half as much in 
diameter ; a highly important consideration in the construction of a very large 
telescope. 

Secondly, the combination is such as to give a focal power one and a half 
times the length of the tube, or, which is the same, the telescope may be 
reduced to two thirds the length of a glass telescope of the usual kind, without 
incurring a greater amount of spherical aberration in the front lens. 

Of the latter advantage, however, I have not ventured fully to avail myself in 
my 8-inch, because, as I knew the general opinion was against the success of the 
experiment, I was fearful of failing in the beginning by attempting too much. 
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I have therefore made the length twelve feet^ to an aperture of eight inches, 
which, although shorter than opticians would choose to work in the usual 
achromatic, is not so short as this principle of construction would admit, and 
which in any new case I should not hesitate to adopt. Indeed, according to 
the form of construction I am now about to propose, a telescope of two feet 
aperture and twenty-four feet in length would not have more spherical aber- 
ration to contend with, than a telescope of the usual construction of six inches 
aperture and twelve feet length, which is fully within the range of the usual 
practice ; at the same time I will not undertake to say that I could on so large 
a scale confine the length to twelve times the aperture, although I should 
certainly attempt it in the first instance. But if the length extended to even 
fifteen or eighteen times the aperture, I have little doubt of making the instru- 
ment manageable by one person, by adequate mechanical arrangements, and 
of producing a telescope which would as much exceed the most powerful tele- 
scopes of the present day, as these exceed the refractors of highest repute at 
the close of the last century. 

Whether such an instrument will be undertaken at present, depends upon 
circumstances which I cannot command. I can only say, that if such a con- 
struction were entrusted to my direction, no exertion should be wanted on my 
part, to render it complete and worthy of the present state of English science. 
At all events 1 cannot doubt that the spirit of scientific enterprise will lead 
ultimately to the attempt ; and in order to facilitate the accomplishment of 
it, as fiir as lies in my power, I have in the following pages described the 
nature of the arrangements which in my opinion would most contribute to 
success. 

In my former paper I have given a formula expressing the relations between 
the length, foci, and distances of the lenses, and have remarked upon the 
almost infinite variety of forms to which it leads : some of them, I have stated, 
would probably be found in practice preferable to others, although they are all 
equally correct in theory. Of these cases, some have since suggested them- 
selves to me ; and others v^dll also probably be detected, by a due examination 
of the formula and tables, w’hich Professor Littrow, of Berlin, has recently 
presented to the Astronomical Society, relative to this form of telescope ; with 
tables of curvatures, both direct from the formulae of Euler (reduced to the 
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case of open lenses), as also indirectly from principles of his own. I have not 
as yet had an opportunity of examining these cases, but, from the well-known 
ingenuity of their author, I cannot doubt of finding in this memoir many 
useful suggestions. 

The great change, however, which I propose to make in the construction of 
this giant telescope, is to have two front lenses, which will be attended with 
advantages not involved in the above considerations. At present, in conse- 
quence of the diameter of the fluid lens being only half that of the front lens, 
it is difficult to get a sufficient quantity of spherical aberration in the former, 
to correct that of the latter ; — for although we give to the plate lens the cur- 
vature requisite for reducing its aberration to a minimum, yet the fluid lens is 
obliged to be made considerably concavo-convex (a form not to be used when 
it can be avoided), in order to produce a sufficient aberration in the fluid to 
correct it. Moreover I have hitherto employed parallel meniscus cheeks to 
contain the fluid, which present a practical difficulty, if not a positive impedi- 
ment, to good centering. This will be seen immediately when we coii'^idei 
that when a lens is double-concave or convex, and also when it is concavo- 
convex, if the radii of curvature are very unequal, the centering may always 
be efliected : for the line joining the centres of the two spheres, or this line pro- 
duced in the latter case, must pass through the lens, and indicate its true 
centre : but when the lens has parallel surfaces, or the radii equal, if the two 
spherical centres be not coincident from the tool itself (a very improbable case) 
the line which joins them can never cut the lens, and consequently it can have 
no true centre. All these evils will, however, be avoided in the proposed 
application of two front lenses, which, by being placed each in what opticians 
call their best position, will at once reduce the spherical aberration of the 
front lens to about one third of its present amount, and thereby enable us to 
correct it by the fluid lens without adopting the distorted form rendered 
necessary under present circumstances. 

Another important consideration is also involved in this form, relative to the 
facility it affords of obtaining the plate-glass. If the front lens were single, 
the thickness would be such as would require the glass to be made specifically 
for the purpose, and of course all the delay and expense of previous experi- 
ments would be incurred ; whereas, by dividing the whole amount of curvature 
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between the two, the usual thickness of plate-glass, as at present manufactured, 
would be sufficient, and we might have the selection from large stores of the 
best glass at a trifling expense ; and as to that of the correcting fluid, or sub- 
stitute for the flint-glass, it is so very inconsiderable as not to deserve being 
mentioned ; although, if it were possible to obtain a piece of flint-glass large 
enough for such a purpose, scarcely any price, however great, would be thought 
exorbitant. In the instrument proposed, nearly the whole expense would be 
the workmanship, and I must think it very inconsiderable in comparison with 
the magnitude and importance of the undertaking. 

I had intended to have concluded this paper by giving the curvature, foci, 
&c. which I have computed ; but as they are merely supposititious, as far as 
tiiey are dependent on the index and dispersion of the front glass, it is perhaps 
better to withhold them. The only object I had in making them was to form 
-i'Ome idea of the requisite curvature, thickness of glass, &c. They can only of 
vourse be permanently made after the plate-glass has been selected. 
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III. Researches in Physical Astronomy. By John William Lubbock, Esq.^ 

V.P. and Treas. R.S. 

Read Deceiriber 9, 1S30. 


In last April I bad the honour of presenting to the Society a paper containing 
expressions for the variations of the elliptic constants in the theory of the 
motions of the planet^. The stability of the solar system is established by 
means of these expressions, if the planets move in a space absolutely devoid 
of any resistance for it results from their form tliat however far the ap- 
proximation be carried, the eccentricity, the major axis, and the tangent of 
the inclination of the orbit to a fixed plane, contain only periodic inequalities, 
each of the three other constants, namely, the longitude of the node, the longi- 


* Wle^n tlie body moves m a movlmm which iesi''ts according to any power of the velocity, the 
contrary obtains, the major axis and eccentiieity acquiring a tcim wliicli vanes with the time, while 
the longitude of tlie penhclioii and longitude of the epoch have only periodic inequalities. This 
results from the equations given in the foimer part of this p..per, Phil. Tians. PartIL 1630, page 340 


( «\ “ ri-i-rco'.tJ “ 
dc=-2c(^) 

n— I «— 1 

cdi3-= 

n-l 

n±l 

ItS^} = 1 -f(n + l)ecosu + l)“-e®cos«o 

n— 1 

= 1 + (n — l)ecosu + (» — 1)^ e*cos®a 
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tude of the perihelion, and the longitude of the epoch, contains a term which 
varies with the time, and hence the line of apsides and the line of nodes revolve 
continually in space, llie stability of the system may therefore be inferred, 
which would not be the case if the eccentricity, the major axis, or the tangent 
of the inclination of the orbit to a fixed plane contained a term varying with 
the time, however slowly. 

The problem of the precession of the equinoxes admits of a similar solution ; 
of the six constants which determine the position of the revolving body, and 
the axis of instantaneous rotation at any moment, three have only periodic 
inequalities, while each of the other three has a term which varies with the 
time. From the manner in which these constants enter into the results, the 
equilibrium of the system may be inferred to be stable, as in the former case. 
Of the constants in the latter problem, the mean angular velocity of rotation 


d« = 


de = 


^ { 1 + n e cos u + w (r 4- 1) cos^ v + &:c. } d y 

n-l 

— ^ ” + n e cos u 4 cos- u 4 &c. | d y 

n — 1 

2 c y ft \ ^ 

~n VlT/ { COS y 4 (w 4 1) c cos^ u 4 (« 4 lYe^ cos^ u 4 &c. } (1 — e®) d y 


n— 1 




c 4 4 3 ^ cos V 4 


2 


e cos 


u 


4 cos 3 y 4 &c. | (1 — e®) d y 
neglecting the terms \\hich are periodic 

da = - ^ (v) e® 4 &c. ^ d u 

n— 1 

dc= - (■“) {^-^^e4 &c. I (l-e®)du 

The major axis decreases perpetually, the eccentricity diminishes perpetually until it reaches zero, 
while the perihelion retains the same mean position^ and the longitude of the epoch the same mean 
value. I stated madvertently in the former part of this paper, p. 340, that the variations of the 
eccentricity are all periodical. 
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may be considered analogous to the mean motion of a planet, or its major axis ; 
the geographical longitude, and the cosine of the geographical latitude of the 
pole of the axis of instantaneous rotation, to the longitude of the perihelion 
and the eccentricity; the longitude of the first point of Aries and the obliquity 
of the ecliptic, to the longitude of the node and the inclination of the orbit to 
a fixed plane; and the longitude of a given line in the body revolving, passing 
through its centre of gravity, to the longitude of the epoch. By the stability 
of the system I mean that the pole of the axis of rotation has always nearly the 
same geographical latitude, and that the angular velocity of rotation, and the 
obliquity of the ecliptic vary within small limits, and periodically. These 
questions are considered in the paper I now have the honour of submitting to 
the Society. It remains to investigate the effect which is produced by the 
action of a resisting medium ; in this case the latitude of the pole of the axis 
of rotation, the obliquity of the ecliptic, and the angular velocity of rotation 
might vary considerably, although slowly, and the climates undergo a con- 
siderable change. 

The co-efficients of the terms in the development of R, multiplied by the 
“squares and products of the eccentricities, are susceptible of very great sim- 
plification, in consequence of the equations of condition which obtain between 
the quantities of wdiich the general symbol is h. I have now given the de- 
velopment of R, as far as the terms depending upon the squares and products 
of the eccentricities, in its simplest form. See p. 30. 

I have also given methods of obtaining the inequalities of the radius vector, 
of longitude, and of latitude in the planetary theory. The expressions in this 
paper differ in form from those of Laplace, but their identity may be shown 
by means of equations of condition which obtain between some of the quan- 
tities involved. 

I have taken as a numerical example, the calculation of the co-efficients of 
some of the inequalities in the theory of Jupiter, disturbed by Saturn. 

On the Precession of the Equinoxes, 

Let O be the origin of the co-ordinate axes, coinciding with some point in 
the interior of the mass 31, 

Let be the co-ordinates of any element d m parallel to three rectangular 

D 2 
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axes O O fixed in space^ the co-ordinates of the same element 

parallel to three other rectangular axes 0.rp Oyp O fixed in the mass 
and revolving with it. Let the line N O N' be the intersection of the plane 
3t^y^ with the plane x y. 

Let the angle N O a:- = N O and the inclination of the plane x^ y^ 

upon xy = k 

= s (cos $ sin rj/ sin ^ 4- cos 4> cos ^ (cos 9 cos tf' sin (p — sin yp cos (p) — z sin 9 sin p 
y^=. X (cos 9 sin 4' cos p — cos yp sin 4*) + S' (cos 6 cos yp cos p -j- sin yp sin p) ~ z sin 9 cos p 
z^z= X sin 9smyp y sin 9 cos yp i- z cos 9 

Let Xp Vp be the accelerating forces which act upon the element dm 'm 
the direction of the axes O 

dm=z^A, z-)dm=z B, f {xj- -(- y,*) d m = C 

p d < = sin ^ sin 9 d if' — cos pd9 
q d t = cos sm 9 d If/ + sin ^ d 9 
r d f =. d ^ — cos 9 d if/ 

Cdr4-(B — A)p g dt ~ d L~ Vt 
Bd94-(^--C)rpd< = d t^{z, — x^ Zj d m 

Adp-\-(C~-B)qrdt = d d m 

If the axis of instantaneous rotation coincides with the line O I at any instant 

cos I O X. = -~^.- Jt -rr : r-T~T . 

V + »•« 

cos I O y, = ^ 

V p- + 

cos I O z, = 

V P' -k- (f 

sin lOz - 

Vp^ + 

If 2 ^ I L be a great circle cutting the plane x^y^ in L, 

cos X, O L = = _=£= 

Sin 1 O z^ Vpi + q^ 

If the accelerating forces X,Z = 0 and B =: A, the integrals of the pre- 
ceding equations are 

(2 A A 

ri=in, p = c cos (n < -f v), g = c sin — (« i -f- y) 

^ A 
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and neglecting 

n C ^ / 

, . c A /C , , C-A \ 

V=Vu ^ cos ( ~ n £ + — -- y I 

n sin w C \ ^ A / 


<p =^u+ n t 


c cos ta A 
n sin ut C 


cos 



C-^A 

A 


r) 


r?, c, y, 0 ), 4q, and being constants. In the problem of the Precession of the 
Equinoxes /y is the mean obliquity of the ecliptic, 'yo is the longitude of the 
first point of Jries when t — 0 reckoned from some fixed line. 

Sin I O kence it appears that if a body whose form is that of a 

figure of revolution be made to revolve, and be acted upon by no extraneous 
force, the axis of instantaneous rotation revolves about the axis of the figure, 
the latitude of tlie fonner axis remaining constant. 

The angle a:, O I, = (n i -f y) 


If the forces Ap Ip arise from the attractions of a distant luminary M\ 
of which tile coordinates referred to the axes Oa-p 0?/p O ::p are j/, y\, z'. the 
torce varying inversely as the square of the distance, 

__ M* (xf — 

[ - x/y + {y, - y/)- + (r, - z/)*}’’ 


Y- = 




+ {y, - y/y + (-i - 


Z=:~ 


M' (z/ - z^) 


-^iy,~ y/r + (-< - ^ 




By the properties of the principal axes d w = zfm = 0,yy^ zfim = 0. 
and by the properties of the centre of gravity y^o’^dm = 0,^^^ d?« = 0, 
d m = 0, w^hence 


yix, Y, - y, AT^) dm = - " >v = 


3ilT (R- J) 


z/y/ dt 
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Cdr + (B^A)pgdt = ^^^^ — 

Bdq + (A -^C)rpdt=: -- - ^^i^ ^ z/x/dt 

Adp-h (C — B)qrdt = ^-^-^ — —\/z/dt 

Substituting for a^l, y\, zj their values from equations, p. 20, upon the sup- 
position of 'ip zzzO, 

Cdr + (B - A)pqdts= 6 - z' sin 8)^ - sin 2 p 

+ 2ar'(y' cos 8 — a' sin 6) cos'^ p | 

Bdq + (A^C)rpdt== ^^ | a;' (j^' sin 8 + 2^ cos 8) cos p 

+ (y' cos 8 — sin 8) (y' sin 8 + 2' cos 8) sin | 

^ dp + (C — H) 5 r d < = ^ ^ (y^ 8 — s' sin 6) (y' sin 8 + s' cos 8) cos p 

— «' (y' sin 8 + s' cos 6') sin p J> 

If 

I (y' cos 8 — s' sin 8) (y' sin 8 + s' cos 8) | = P 
|x'(3r'8in8 + s'a»6)| = P' 

Bdq+ (A — C)rpd*= (A — C)dt{P'co8p + Psin^} 

^ dp + (C — B) d^ sr (C — B)di {Pcos^ — P'sin^} 

P and P may be developed according to sines and cosines of angles increasing 
proportionally to the time. Let k cos (i^ + s) be any term of P, sin (if + g) 
the corresponding term of P, 

Bd9 + (J — C)fpd < as -^ - dti^ik + k^) sin(4> -}- */+«)+ (^ — ^) sin — e)| 

> 4 dp 4. (C— B)yrdi sa^— ^di |(&+ *')cos(^ + if + s) + (* — ^') cos (f — ii — f)| 

The equations which were given p. 21, may still be cx)nsidered as afford- 
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mg a solation of the problem by making the constents c, 7, and 
^0 vary. 


. C-A, _ . C-A C-A, 

sin —j (ni-f y)ac + c-—^ cos— -j—( 


(A-C) C^A^ 

■ — ^ — necm — ^ — (nt + y)Qt 


-dt I ( Ar -f A') sin ( 4 > + « i + s) + (If — Ar') sin — t < — g) J- 


C-A^ V. C^A.C-A^ A-^C .C--A, 

cos — ^ — (nt’\-y)dc—c — j — sm — — (nt + y) dy — — ^ y)di 

= — ^ 2 A^ ^ ^ + If') cos (^ + t i + g) + (If — If^ cos (^ — 1 1 — g) I 

since p=:<pQ + nt nearly 

dc = ^^-^di|--(If + If')cos^^o + «< + ^-j^«<+y) + g^ 

-(If— IfOcos + + -^-j^(nt + y)-.ii-.g^| 


C^A, A-^C ^ A--C 
c-^dy + --^«cd< = -^ 


d ^ (If + If') sin ^^0 + « ^ (ni + y) + *^ + g^ 

+ (If — If') sin ^^0 + n < + " 2-- (n ^ + y) — t ^ I 


sin ^I:^y^ + £ C^A 

n C \A A ' ) n 


cos -^ni+:i^y 


A 1 dc A / C 4, C—A\.c cos toA^^^/C^,,C— A \ * 

d Wq ; — -— cos I — r 1 * ^ + y I "t : 77 cos 1 — n i 2 — y 1 a o 

nsina; C \A ^ A ^/^nsinw^C ^ / 


, c C-A . /C , , C — A \. { 

+ - T— T- y = ^ 

fisinw -4 \A A } 


--Jil-^cos (^nt + £::^y\ +— f — ^cosf-^ wi-f y\dto 

nsinw C nsmw* C \A ^ A '} 


, c C — A . /C . , C—A ' 


dy = 0 


From the preceding expressions it may be inferred that 
n = constant. 

^ = series of cosines without any ccmstant quantity^ unless the mean mo- 
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tion of rotation is commensurate to the mean motion of revolution of the 
luminary M, 

^ = series of sines without any constant quantity, except in a similar case. 

c being equal to a constant + a series of sines. 

^ = a series of sines without any constant quantity. 

d t 

^ = a series of cosines + a constant quantity. 

^ = a series of cosines + a constant quantity. 

a t 

In the general case where A is not equal to JB, w = constant + series of 
cosines. 

The form of the preceding expressions is not alFected however, for the ap- 
proximation may be carried so that except in the case of coinmensurability 
above mentioned, the mean motion of rotation being also nearly twice the 
mean motion of the planet in its orbit or greater, 

n = constant + series of cosines without any constant quantity multi- 
plied by the time. 

c = constant + series of sines or cosines without any constant quantity 
multiplied by the time. 

<u = constant + series of cosines without any constant quantity multi- 
plied by the time. 

y = constant + series of cosines or sines + a constant quantity multi- 
plied by the time. 

= constant + series of sines + a constant quantity multiplied by the 
time. 

^0 = constant + series of sines a constant quantity multiplied by the 
time. 

The constant quantity multiplied by the time in the value of ypQ is the pre- 
cession of the equinox. 

If z' = 0, (which amounts to taking for the fixed plane the orbit of the 
planet Jf',) and n' be its mean motion, then neglecting the eccentricity, 
s' = a cos n' t, y = sin n't, r' = a', 

P = sin w cos £u (1 — cos 2 t), P' = sin w sin 2 n't 

2 '' ' 2 r'3 
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Supposing ^0 = 0, y = 0, Co = 0, Co being in fact imperceptible to observa- 
tion, and neglecting cos 2 w' sin 2 n' in order to find the constant part 


^ JLff 

dt’^ 2nAa>^ 


M' sin to cos w cos -^n' t 
2n A A 


__ jQ M' sin w cos to sin ^ n' f 

dt 2nAa'^ A 


d^Po 3(C-A)^, 3(C—A) 

—jio = ^ COS to = — i n 2 cos to 

dt 2nCa'^ 2nC 


This result agrees with that given in the Mec. C6L voL ii. p. 318, and with 
that given by M. Poisson, M6moires de FAcademie, vol. vii. p. 247. In La- 
place’s notation ty = A, m = w'. In M. Poisson’s notation ty = ^, w = w'. 


On the Theory of the Motion of the Planets, continued from Part IL 1830, 

p. Zhi. 

From the general equations given in the Mec. C41. vol. i. p. 268, the fol- 
lowing may be inferred. 
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r=zaF(nt) 


/di2\_ dfida daFn< _ ^ rdJ?_ /dR\ 

\dr / 6.adaF(nty da ^ * dr ^\da/ 


whence 


similarly 


{a^ — 2 a a^ cos fl + a^®} * “ {^i.o + cos ^ + ^1,2 cos 2 fl 4- &c.} 
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{a^ ^ 2 a cos $ + O/ I da da da I 

{6,.o + »v cos i + 4,., cos 2 e + &c.} = 

+ cos 9 + cos 2 6 + «ic, ]• 

da da j 

ad.b,o — 

a d . 61 1 ct f o w 1 ^i.'l 

ad. 6 , 2 a ( a t 1 , I 1 .I 

* 4 ^— 

4I“— 

4I“— 
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« /2flr 1 . 1 

da® a,la^ 

el^i‘ = f. ( ?£ i, , 4. i i. . - A . 1 
a^ L a^ ’ 




The value of R given p. 349 of the former part of this paper is susceptible 
of much simplification. The first term of R for instance 


= »»/ s —~r + 


' a, 2.2a/ 2 j 

- gvlq/ (2 a* e® + 5 a® a/ (e® + e/) + 2 a/ 63,0 + ^fio/ ' 

1.3,3a®a®,, ^ 1 

+ 2T472 ^ } 




^>.0 . 3(a®e®+a/e/) 


V + 2v(«n*2 + — 


3 . 2 + a,’) (a" + a ,«.,») , 3 .3 a’ a,* , . , „ , 

■ 274 — 5/ 51 ‘‘.o - (' + '-■) *>.«' 

3.2(a^a» + a,»e,^)a, . 3 3 a^g,^ 1 


and since 


) a , 3 3 a®a®, 1 


(a® + a,®) a 

Ko=^ —Jr -' K.o-~K. Seep. 26 


^ 5,1 1 ^ 5,0 2 ^ 4 , 2 ^ 


this term reduces itself to 


+ g (•••-S + '-^) *>. - O? <- H- •■)*„ } 
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The succeeding terms admit of similar simplifications, so that 

— co^{nt—n,t^s-£) 

+ ^ + 2^ (sin^-^ + (Ja.i+iv)+ 2 ^ 

^(e'*+e^'')^ 3 . 3 } cos(2ni— 2«,<+2g— 2e^) 

~ ^ + 2^ + Ifl ^ e,*) 

— |-^ ~ (c® + *3,4 1 COS (3n^— 3n,«— 36— 3g) 

+ ^ + 2 ^ (""’t + ‘^) 

-|^-^(fi^+e^®)* 3 , 5 } cos (4n#-4n^<+4g-4g,) 


The coefficient of cos (sr — Argument 41, 

r 9 a a . 3.6(a^4>a,-) 3.7 , 

t 4 + 2.4 o,' ^■’.o “" 2.4.2 a/ 


3 {a^ + ar) . 3 ') 

"“2.4 a« ®“<®*'2~2.4.2 

f ^ A 1 3.6 a r , a , \ 

I ~ 4 a^2 *:..o 8 a ^ *3.2 + 2 . 4 a^9 \ a^2 »>.o *.. i j” 

-T.7{‘^‘...-J‘..-t*-}.f4{‘-- *■■ 

f 9a, a 9a 3a 2.3 a 1 

~ 1 “ 4 *“ 8 4 ” 8 8 a/- 


— ~A Z ^3,9 

4 a/ 


So that the part of R which is independent of 7i i, t 


/ ^4._f_ 


\ a^® 2 

2 - 4 )• 

f ^ o 

/.,(, e’‘+eA 

1“’ 

(,™“2- 4 j 



so 
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In the general case, when zg stre the inclinations of the orbits of the planets 
P and Pf to any plane, the direction of which is arbitrary, 

cos ss COS *1 cos *2 + sin ij sin cos (vj — Vg) 

. ^ L 1 — cos (i cos la — sin ii sin i^ cos (vj — Vo) 
sin> j = 2 


The part of R which is independent of nt,n,t 


f3a, (a= + a,=)j 1 , ,1 

~ ~ ' 2iJ *3.. } ee, cos (® - ®,) I 

tan I , 

:7T+^=*“‘ 


1 1 1 X o • tan I 

cos I = ■ = 1 — A tan® I, sin i = 


V"! + tan*i 

3, 


= ^ { (tan®ii + tan®i 2 - 2 tan ij tan ig cos ~ K 2 ) - e® - c^s} i ,3 , 

fSa, (a"+a/). 1 , .1 

^a.o -- 2 ^ ^3., j c c, cos («r - I 

“ I “ ^ ^ I < 1 cos ri - tan ig cos + (tan i^ sin — tan ig sin i^)® - e® - j , 

r 3 n , (a® + fly") .1 , J 

- I ^*3.0 - 2a;3 &3.1 1 e c, cos (® - ®r,) I 


and if tan z sin p =p, tan z cos v — this quantity 

= ^ ^ I (pl - Pa)® + (9l — 92 )® — C® - Cy"*} ^3,1 

;3a^ a® + a,®, 1 , 

- 2117 " «c,cos(«r-^ir,)j 


which evidently agrees with the result g^ven by M. de Pontbcoulant, Th4or. 
Anal. vol. i. p. 363. All the other coefficients of terms multiplied by the 
squares and products of the eccentricities are susceptible of reductions similar 
to those in the two preceding pages, and finally; 


+ - .7 (-i - ^ + O..) 

+ ^ g~^ (4 63,0 4 ^3^9) ^ cos (n < — #*9 4 + s c^) 


[ 0 ] 


[ 1 ] 
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+ «, { - ^ + (J,,, + },,,) 

+ g— -7i3.j)Jcos(2)i«-2»,< + 2»-2»,) [2] 

+ (8 ij,,- 10 S3,,} I cos (3 » < - 3 », « + 3 8 - 3 «,) [3] 

(Ks + ij,i) 

+ ^- ""^^ (llSj,,- 13S,,5 )|cos(4»i< — 4n,< + 4i -46,) [4] 

+ ± (US,., -I 6 S 3 .,) I cos (5 B 6 , - 5n,« + 5 6 - 5i,) [a] 


+ ®' { ■ 4^*>’‘ “ ««» (3 » <- 2», < + 3 6 - 26, - m) [9] [21] 


+ m,|_^S,,„ + jij,,, }e,C08(n,( + 6,-ar,) [l5] [/] 


♦ These numbers indicate the arguments which are symmetrical with regard to nt and nj. 


Development 

o£R. 



Development 
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+ «/] 


[16] [6] 

+ »,] 


[17J [12] 

+ m, 1 


[18] [13] 

+ >”/| 

*»,» - } «, C08 (4 n / - 3 «,( + 4 £ - 3 E, - w,) 

[19] [14] 

+ >a,| 

,2^3 - ^.*3,0 i,., + «, cos (B ( - 2 n,i + £ - 2 £, + «,) 

[20] [8] 

+ ra,j 

1 - 4^s*3, 1 ~*^3*3,j + I e, cos (2 b f - 3 n,( + 2 £ - 3 e, + m,) 

[21] [9J 

+ m,'| 

“ ■'■ (® - 4 »,< + 3 £ - 4 E, + sr,) 

[22] [10] 

+ m, 1 

[ “ “ ^3*3.< + c, cos (4 B i - 5 B,f + 4 £ - 5 E, + ®,) 

[23] [11] 

+ m, ■ 

{ ~ f ^3 *'■'■'■ ^ ~ ^ 

[24] [59] 

+ >n,j 

[ 8^« - }«*<=“(« ‘ + ”-‘ + ' + ',- 2 -) 

[25] [58] 

+ j 

[-^*3,0 + 4 •^*j,i}e'cos(2B< + 2£ — 2®) 

L a/ 0 a/ J 

[ 26 ] [ 57 ] 

-f nil * 


[27] [63] 

+ W/ ^ 

[ - j, , - i i 4„ + ^ 5 4j , 1 e» cos (4 B ( - 2 B,( + 4 £ - 2 E, - 2 «) 

[28] [64] 

+ »i( < 

1 -^^^3.2- 2 + + 6e~3£< - 2tzr) 

[29] [65] 

+ mi ■ 

|^3^M + ^^j^3,5}e"cos(6Ri-4n^f + 6£-.4g,-2ts-) 

[30] [66] 

+ >Ry 

( “ fe ^ 5^^*^ + re^ ^ 

[31] [67] 

+ 

{ "* T6a^^®’'* ~j ^ 3,3 + j-g- j^3,4 1 cos (nf — + s — 36^ -f 2®) 

[32] [60] 

+ m, 

{ ~ T 1 (2 n i -4 »,« + 2 e - 4 + 2 ®) 

[33] [61] 
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+ TO; j — + 2 ^ 6^5 + jc®cos(3nt — 5«;<-h3£~ 5£; 4-2t4r) p4j |^62] 


-h m h, ice^cos (n i — -71;^ 4- e ~ — w + ^ET;) 

4«r ’ 

^ ® ^ 2 n;< - 1 - 2 s — . 2 e; — -z? -f Ts-;) 


n a , 

_ TO, < -; i, 1 

— V e 6 ; COS (3 n i — 3 4- 3 £ — 3 £; — OT 4- 737 / 

/ 5 « A 
_TO;4 _-, 6 „ 
L 4 0 / 

2 - “ ^ 2^>.4 j eC; COS (4 n < - 4n;< 4- 4s - 4£; - or 4- 237/ 


^ }3 ^ b ^ 1 c C; COS (5 B < — 5 »; # 4- 5 £ — 5 6 ; — rr 4 - ST;) 

8 * J 

-">,{2/4 

^ ^ 1 e e COS (G n < — C 71 4 - 6 £ — 6 £; — 237 — tT;) 

4 0,2 J ' 


-1- »i i--- ^ cos (ro — •!:■ ) 

'4a/ ’■ 

— m (4— |-“^,,3)«;c^cos(n<~«;i + e-5y + ^ — S^ 

' [ 8 C;- 8 0 ;' j 


— 7B, 

S?-±b . 
1 4 a;^ '• 

; — ^ 6 ^4 1 c e, COS (2 B f — 2 «; f 4 2 £ — 2 £, 4- 3r — 237/ 

— nil < 

ri.i^ i 

1 8 c/ ' 

_ 11 ,£. i 1 e e, cos (3 n f — 3 w, f 4- 3 f — 3 f; 4 <r — 233 / 
8 0;* ’ J 

— W; < 

1 2 0/ ’ 

— /_ £.(5 1 ££ cos (4 n f — 4 ra, ^ 4 - 4s — 4 £, 4- ^ 

4 a^-' J ' 

-f- m' <1 

r 3a 

1 V 

-—^0 1 — 4- — ^. i ee cos (2 W; f 4- 2 £; — 's:3 — izr/ 
a, ’ 4 C;- ’‘J 


4- TO; 63^1 eg; cos (ni 4- f 4- e 4- — -nr — ®,) 

4 - m, ( — 63 1 ~ ^ c ]■ e C; cos (2 w t 4 - 2 £ — w — W;) 

L a;-5 ’ 4 J 

4- fji; ~ — 63 I — • -?- 6j 2 3 1 * (3nf — »;f4'3£ — £, — ■nr — zzr) 

I 8 ’ a^ ' 8 c/ ’ J 

+ •», { 7 f i ,,3 - -/Is 5*4 } e«, cos (4 » ( - 2 », < + 4 e - 2 1, - » - ®) 

MDCCCXXXI. F 


[35] 

[36] 

[37] 

[38] 

[39] 

[40] 

[41] 

[42] 

[43] 

[44] 

[45] 


[46] [48] 

[47] 

[48] [46] 

[49] [53] 

[50] [54] 


DevelopnK 
of R. 
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+ ”*4 ^ ^* 5 .'*”|'^ 3 . 5 -*|-J^ 2 ^ 3 ,ejeC/C 08 ( 6 Rf-- 4 ?i^< + 6 «- 4 s^-®-w^) [ 52 ] [ 56 ] 

+ «/ { ^ ^2 ^1 - ^ 63 , 3 1 cc, cos (n f — 3 R; f + f - 3 *, + ® + [ 53 ] [ 49 ] 

+ »*/ { K2 - ^ Ki - ^ ^ 3,4 j e cos (2 « < ~ 4 / + 2 f - 4 «, + ar - 1 - [ 54 ] [ 50 ] 

~ ^ ^ ~ ^ ^ E^^l 

+ *”/ { 6 ^& 3.4 - ^ & 3.3 - 1 - CC) COS ( 4 n t - 6 n^ i + 4 « - 6 6 ^ - OT + ®,) [ 56 ] [ 52 ] 
+ f (2 n, < 4. 2 £^ - 2 OT,) [ 57 ] [ 26 ] 

+ ’"'{8^-8^‘^’‘'"r^‘’'4‘''“’’‘’‘'‘^’’'''^“''''"^®'^ M [25] 

■’■”‘'{“T^‘'’'‘''^/’''}*'’‘'“^^"‘'*‘^*“^"'^ [59] [24] 

■^”‘'{“lf^***’*''"^‘"'*'T^‘’'''}'''“*^^’‘‘~”'‘'''®‘“'‘”^®‘^ [ 99 ] [ 32 ] 

+ ®/{--f^ 5,,3 + ^^ 6 j ,4 + ^,i,,sje,cos( 4 B(- 2 n,( + 4 £- 2 e,- 2 ®,) [gj] [ 33 ] 
+ ’»/{-fg^® 3 ,«+ ^ 53 ,. + '^-^ 4 ,,.}«/‘:® 5 »(- 3 n,« + 5 .- 3 £,- 2 ®,) [ 62 ] [ 34 ] 


+ - 1 ^ *»■» - + j-6 ^ 4., > ^ ‘ ® *' + [63] [27] 

+ + + [64] [28] 

■‘■“'I ~ n ^* *’•* ~ I/’-’ ■*■ rl “® ‘ ~ ^ ‘ ® ‘ ~ 5 ^ [95] [29] 
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+ «i { ~, - ^A"] sin" I (»< + «,* + s + £i - 2s,) [68] 

“ '<»(2n,‘ + 2s, -2s,) [ 69 ] 

it,,, sin"-'' cos(2»i + 2.-2.,) [70] 

- ^ tb,,, sin« icos (n < + 3 H,( + s - 3 s, + 2 X,) [ 7 1 ] 

- ^A<‘ ^ SOS (3 n ^ + 3 s - s, - 2 s,) [72] 

- i t,,s sin» A cos (2 K ( - 4 n,( + 2 s - 4 s, + 2 s,) [ 73 ] 

63 3 sin“ A cos (4 n ^ — 2 n/ + 4 e ~ 2 — 2 [ 74 ] 


Developmeiit 

ofi?. 


In the lunar theory, the small value of the quantity ^ makes it desirable to 

ordain the results according to powers of this quantity. Transforming there- 
fore the preceding expression for R by means of the equations given in the 
former part of this paper, Phil. Trans, for 1830, p. 346, neglecting terms mul- 
tiplied by and supposing = 0, 





(«•- + e 2 ) fl , 
2 

+ >»,l 

r 3 flS 3 . , 

+ m,j 

r 5 a’ 15 . , 




p2 


ra 

[ij 

[2] 

[ 3 ] 
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Development 
of R accord- 
ing to powers 

r a 
of — 
a^ 

nS 

+ TO,— ^ecos (fi^i -f g, - ®) 

4-^i:?!ecos(nt-}- g-^zr) 

2 

• [ 6 ] 

[ 7 ] 


+ TO,^^’ecos (2 « t - -h 2g - g, - fir) 

[ 8 ] 


— m.— ~eco& {3n t — 2n,t + 3g — 2g — «?) 

4 

[ 9 ] 


— to,-!4~ccos (4nt — 3»i -f 4g — 3g^ — fir) 
loo. 

[ 10 ] 


4 - m, — ™ecos (ni — 2ni -f- g — 25, + fir) 

4 0,* 

[ 12 ] 


+ TO,^ — fiC0s(2n/— 3n,<+ 2g — 3g,-p fif) 

[ 13 ] 



[ 15 ] 


-m,li’e,co8(n< + f,-ra,) 

8 c, 

[ 16 ] 


+ TO,-^ ~c, COS (2n f — n,t -f 2 g — g, — izr,) 

[ 17 ] 


+ TO, ~ cos (3 ft i — 2 «,t -f 3 g — 2 5, — fflr,) 

[ 18 ] 


Q «3 

- TO,— —€, COS (ft t — 2 -f g — 2 g, + fir,) 
o 0, 

[ 20 ] 


— TO, — - 6, COS (2 ft i “ 3 ft,t -f* 2 g — 3 g, ■}“ fir,) 

0 0,^ 

[ 21 ] 


- TO,^ ^e,cos(3»t — 4ft,t-j- 3g — 4g, + isr,) 

[ 22 ] 


15 0® 

- TO, — — e” cos (2 «,< -f- 2 g, — 2 fir) 

[ 24 ] 


33 o’ 

— ”*/g 4 (ftf + n,t -1- g 4- 5, — 2fir) 

[ 26 ] 


+ ^^6®cos(2n#+ 2g-- 2fir) 

[ 26 ] 


+ ^fi‘^cos(3»i - »,< -f 3g - g, - 2fir) 

[ 27 ] 
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«. A (4 « i •— 2 n/ + 4 g — 2 — 2 rar) 

4 

— ^ e- cos (5 n t — 3 n^t + 5 s — 3 £/ — 2 riT) 

p ^ Development 
L J of i? accord- 
ing to powers 

[29]of^. 

— m. ^ cos (n < — 3 4- e — 3 + 2 ot) 

64 a* 

[32] 

-j- nij — ^ee, cos (nt — n.t -f- E — e. — ‘sr -f- ^.) 

4 

[35] 

+ to^A ^e 6 ,cos( 2 ni — 2 n^i + 2 e — 2 g^ — zsr 4 . ^ir^) 

[36] 

— m^~|lec^cos(3fi< — 3rt^i + 3£ — 3 f^ — tEr+ cr^) 

[37] 

^ 15 a3 

+ COS (ot — 

[41] 

— — c COT (n< — -f e — £, -f ^jr — tjr^) 

[42] 

45 cc^ 

"”^'16 i — 2 n^< + 2 £ — 2 e, + sr — 

[43] 

45 

+ ^ e cos (2 4 - 2 — OT — ■nr^) 

[46] 

3 a®/ 

+ — ec^cos(ni + + g 4 e, — ■s; — 

4 a, 3 

[ 47 ] 

3 a® 

+ »j — — ee, cos (2 n ^ 4 2 g — ^^!■ -- OT.) 

1 0 a * 

[48] 

4 m^A A c cos (3 n i 4 3 £ -- g^ — OT -- tzr^) 

0 a^^ 

[49] 

4 »»/ II cos (4 n < — 2 4* 4 g — 2 £^ — cr — TtTj) 

[50] 

4 Acc,cOT(n ^ — 3n,i4£ — 3£y4®>^4 

[53] 

225 

4*»t/T^^«e<cOT(2nI — 4n^< 4 2£ — 4g, 4 ® 4 arj 

[54] 
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Development 
of R accord- 
ing to |K)wers 
of 5. 



[57] 

- (nt +»/< + * + «y — 2nr^) 

[58] 

— ™ ^ cos (3 « f -- -1- 3 £ — g, — 2 

[60] 


[63] 

— nif— —e,^cos(2nt — 4njt+ 2e~~4ej‘i-2^i) 
o 

[64] 

— m. Acj2cos (3 n t — 5 f + 3 « — 5 «. -f- 2 nz ) 
o4 a* 

[65] 

— m. Asin® A cos (n f -f n. < -{- £ + e, — 2 y) 

4 0/ 2 

t 1 

— ,n^ a! bin® Acos (2»f-f2e — 2y) 

2 2 

[76] 

-TO;|-^sin®Acos(2n<f+ 25^ -2y) 

[77] 

— TO, ^ A sin® A cos (3 nt — n, < + 3 f — — 2 y) 

8 a* 2 

[78] 

— TO, — A sin® A cos (n f — 3 < + s — 3 £, + 2 y) 

8 a/ 2 

[79] 


If according to the notation of M. Damoiseau^ (Th6orie Lunaire, p. 547, M4- 
moires des Savans Etrangers,) « / — ^ + s — g, = and x and z be put for the 

mean anomalies of m and respectively and y for the distance of the planet 
m from its node, or, what is the same in the Lunar Theory, the distance of the 
moon from her node reckoned on the ecliptic = €), 


[ 0 ] 


cos® A ~ V _ « /l + 1 + sin* L ± / 1 + ?? 

2 2 a, A ^ 8 ^ 2 a/ V ^ « a/j 


*!(' 
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+ { - T ^ ^ i:} c» 3 * + l.cos (* - X) 

[3] [6] 

+ 2^3 ecosi + ^ecos « + x) — i ^ecos (2 « + *) — H ^ ecos (3 « + x) 


Development 
of R accord- 
ing to powers 

of 4- 


+ l.^ccos (2 1 - x) + II (3 . - X) - {1 + I CO. 

[12] [13] [1 

- I e, cos ( t + X) + I ^ C; oos (2 1 + X) + 1 cos (3 . + X) 


-l-|lc^cos(<-2) -^^c^cos (2t~s)-^^c,cos(3f-2) 


.iifl c®cos(2i-2jc) - II ^c“-cosO- 2x) + ^c5cos24: 

8 a, 3 ^ ^ 64 a* ^ ^ 8a,^ 


^ e* cos (t + 2x) - 1 ^ c“-cos (2 e + 2;r) - ^ |i e^cos (3 f + 2x) 

[27] ' [28] ' [29] 

285 o3 3 9 a’ 

- {3t'^2x) —^ee,cos(x^z) + jg ^ee^cos (# - « + x) 


27 a® , 15 a3 , ,9 

--^^ec,cos(2i-a + *) + Jg ^ cos (t 4- z — x) - -g cos (2 / — x) 

' [37] ' [41] ' [42] 

45 a’ , 45 a’ , ,3 a® 

- 16 ^ cos (3 t -}- z - x) + ig ^ c cos (< - z - x) + -j — e cos (x + x) 

' [43] ' [46] ' [47] 

+ ^^ 4 ee<cos(t + z + x) + I* ^,ec^ cos (2 1 + z + x) + || ^ee^cos (3 14- z 4* x) 

' [48] ' [49] ' [59] 

63 a- , 225 a3 x . / 1 ^ a® 1 ^ 

+ -g - 3 Cc,cos( 2 «-z-x) -,ec,cos(3t-z-x) + ” -g j«/cos2 

' [53] ' [54] ^ ^ [5 

-gl f^e.^cos (t + 2z)-*^^^c;cos (3 t + 2z) ^c,®cos (<- 2r) 


~T 1 - 2z) - ^ ~^e,^co8 (3 1 - 2z) - 1- 

* mi ' [65] [75] 
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cos2|^ — ^ ^sin®^cos (2i — 2^) — ^ — ^cos 0 + 
[76] ' [77] ‘ [78] 


15 a’ . t 

’2*“ 


-2y)} 


Let y = 1 + ecos (1 + k) t + e — + e® (1 + r.,) cos ^2« (1 + ij) « + 2e — 2®^ 

+ e,=rj5C05^2 n (1 + k,^) < + 26 — 2®,^ + r„ + r, cos (n < + n,< + 6 — f,) 

+ r^jCOS (2« i -f 2e — 2 e^) + &c -f erg cos {n^i + e, — tc) + &c 

+ 2/dR + r('^)=0 
2dt‘^ raj \dT ) 

Let ^ ^ denote that part of ^ which depends on the first power of the dis- 
turbing force. It is more simple to obtain ^ ^ from the above differential equa- 
tion than ^ r ; and the circumstance that the elliptic value of does not contain 
any term ^ cos (2 w f + 2 g — 2 isr), gives an additional facility. 

When the disturbing force is neglected 

= a® 1 1 4-3 __ 3 g ^ cos (n ^ — ra") — cos (2 n / 4- 2 e •— 2 ot) 


4-3 cos 


(3«i4-3£ — 3ra')4- -^cos (4nt + 4s — 


Integrating the above differential equation by the method of indeterminate 
co-efficients, being the co-efficient of the nth argument in the development of 




— ro4- -^a9o= 6 

F' 

{ (1 +3C^) r.-^ + 6.) } -c + ’iB,, =0 

(2 b ^2b , ) I ^ 3 rj - ?|1 (r^ + r,,) j _ ^ a = 0 
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{ ( 1 + 3 e») r, - (r„ + r„) } - r, B a = 0 

{ (I + 3««) f. - ^ (r„ + r,.) } - r, + B a ,^ = 0 
(1 + 3 «“) r. - r, + B 0 9, = 0 

B* f* 


(3tt-2n^)« 

B® 


; p. 

(4n-3»,)»J 

B* 1 


l-r,„ + ^'B 9 ,o = 0 

r It, 

(5 B - 4 B,)* ; 
m» 1 

/‘‘"I"*} 

-r,j+^a9„=0 

(n-2n,)»/, 
n* 1 


-ria+ = 0 

(U 

(2n-3n,)»/ 

B> 1 


— f 13 "h — ^ ^ IS = 0 

F- 

(3b-4«,)« I 

B* 1 

n.-ir,} 

-n4 + -^0 914 = 0 

f* 


B* f* 

- r„ + B a 9„ = 0 

(35r^r.,-r,.+ B«9., = 0 

{4»-3»,)V -n 

5 Me "" ^19 T — “ Vie — w 

B* jt* 

(b — 3ni)®„ , ft 

-r--^»‘2o-r3<, + -^agso— 0 

B* ft 

(»”~j5)‘ T^-r„+3au = 0 


* For the detensmation of tlie qtumtity k, see p. 50. 


Equations 
w^h serve 
to detenain* 
the coeffi- 
cients of tUc 
inequplitiesof 
the reciprocal 
of the radius 
vector 
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MB. 


m 


wMcb sraire 
to detenoixie 
the coeffi* 
cieots of the 
iseqti^tlgfl csf 
the ledprocal 
^ th^ radius 
sector. 


^ ^*‘»4 ^ 


4 n , 


(3«^» " 

{’■-- I = 0 

(5n — 3n,)^f^ \ n 

^ ^ ^29 + -^ « 920 = 0 

(6n ^4n,) + !^ag^„=zO 

(l!Lr^%,._r,. + 3aj,.=0 

(n — 3 w,)® f 3 1 , - rt 

(2«— 4»,)«/ 3^1 , .-ft 

^ 1 “ ~ 2 ’^"‘ / “ 7 : ^" ® 

(3 n — 5 n,)® ■ ^ a 

— ^3—^ *■« - ’■« + 71"?=* = ® 

(n - / _3 1 4.”^^ao —0 

^ r^ "2 *"/ ’^3 s 4-— «93. — u 

(2 n — 2 n^>2 / 31 ^_u^i/7«~-ft 

1 ^ 36— ^*"20 1 — 1^36 + —0936 — y 

(3n--3n,)2f 3 1 a 

(4n — 4«J® r 3 1 . — A 

|»' 38 — ^»- 22 | —»^38 +— 09.8 — 0 


(5 . » _ - W- 1-,,} _ ^ „,3. = o 


»j) 1 »»< A 

»-40 — *^40 + -^ O 940 = 0 

f* 


— ^41 + a 941 = O 
f*- 
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(liLr:^*{r„-r„ + ^a,„ = 0 
«* I #* 

M{.„_|r4-r„ + aa,„ = 0 

{ 5 n-Jn ; ^ {’'» - f’’«} ~ ^ ^ ® 

n® I f*- 

{r« - I r«} -r„ + = 0 

(il::i^r,„-r,. + ’^«?,e=0 

n® 

^ ^ ? 57 = 

n® 

f* 

(5»^%,_r« + ^a,« = 0 

n® 
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Equatbm 

to determine 
the 

ciente of the 
ineqnaliti^ of 
the redprocfd 
of the 
vector. 
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MR. i4UBB0CK’s eeseaim:;hbs 


Equations 
which ^r?e 
to determine 
the coeffi- 
cients of the 
in^Q^itl^ of 
tte recipn^ 
of the raffim 
vector. 


(2n — 4»,)® , m. ^ 

-rs — — »•«. - »’6* -f afM » 0 


(S « — 5 « A 

^ ^ ^6:> — T — « 963 -• 

(l!L^r„-r„ + ^af„=0 
(jL^\-r,. + !Lac,, = 0 


In order to obtain the values of the coefficients of the inequalities from these 
equations when the cubes of the eccentricities are neglected, as has been the 
case throughout, the values of rj, r2, r^, r^, found from the first six equa> 
tions by neglecting the terms multiplied by may be substituted in the suc- 
ceeding equations, which will then serve to determine rg, rg, &c. and these 
values of rg, rg, r^, &c. being substituted in the terms multiplied by e^, of the 
equations which determine r^, rg, rg, Sue, more accurate values of those quan- 
tities may be obtained. All the other coefficients of which the general sym- 
bol is r with a numerical index at foot, may then be obtained in succession 
without any difficulty. 

d t r® rV d A 

Let r denote the elliptic value of r, then 

dt r* r T TiJ dA 

-^=1 +-y+|'«^ + 2c^l 4- cos (n < - -t- + -^e®^cos(2»<-2ar) 

+ -^e^cm{Bnt^3is) + ^c*co8 (4»f — 4cr) 

cos {» f — rar) + e- ^1 — y ^cos {2» t — 2 w) 

+ -Le3cos(3»f — 3w)+ -l-«*cos(4jif — 4!ir) 
o 3 


7 =‘+‘(‘ 
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Let denote the coefficient of the cosine in the development of R which 
corresponds to the number n multiplied by e or &c. Tlius 

{-3T+ Seep.31 

Since ^ being the differential of R with respect to s, consider- 

ing g — or and g — V constant 

X = » |l + 2ro|<+g 

-U J o / ^ I ^ \1 W, f . c«\ aR^n , 2e^aR^n , 2e^aRy^n 1 \ 

+ 1 M i* - 2 ) + 2 - V i 2 (-snr^ 

(2¥:^“"(®"‘-2’'-‘ + 2«-2‘.) 

+ I2 + + 3.‘aB„« \ 1 

1 I V. 2/2' '"/ (i I v, 2/(n— B|) (4b — 3>i,) (2 b— 3bJJJ 

^j^^^sin(3»<-3B,/ + 3.-3t,) 

+{ ‘ {'•('- 9 i)fI% + , 4fi*3 ■►Sai; } } 

+ {2(n + i)-3{^^^ + ^^} }^-^^.i„(2B»-»,« + 2.-.,-t.) 

+ 1 2 ^r,+ — gjj 2 bB,b 1 »« sin(3B( — 2 b« + 3« - 2£, — c) 

I V* 2>/ 1(3b-2b,)^(s-b,)/ J(3b-2b,) '■ -r , / 

+ j 2 ('r..+ ^A-B( + U .. . ..m(4«<-3B,t + 4£-3£,-£.) 

I V 2/ fi, 1(4 b-3b,)^ (B-B,)/ j (4s-3s,) 





ME. LUBBOCK’S BESIABCBBS 


Exprmbn 

for the lott^- -{- 

twie. 


+ 

+ 

+ 


{ 2 (r,. + I » - ? -.i.(5..-4MH.5.-4.,-«) 

I \ 2/ (» Ui«-4ii|) (n-n,)/ J(5it-4«,) 


{ 2 (<•■3 + 8in(ii»-2»,< + «-2», + *) 

I \ 2/ (3 l{n-2»,) (n-»j)J J (»-2»,) 


+ 2 (n^ t + 


+ { 2 r,,- 

+ 2 fig 

+ { 2 r, 9 - 

+ | 2 rjo-- 

+ |^ 2 f 2 i — 

+ I 2 fga — 

+ I 2 r^s — 


Qm^aRnfi \ 

i 

3 ffljaJRis« \ 

ju, (3n —2n,)i 

4 aRi<)n \ 
ffr(4« — 3»,) / 


ji y- - — -siii(2«<--n,<+ — ar,) 

— r sin (4 « < — 3 «i < + 4 « ~ 3 e, — 
(4«— 3«^) ' ' 


m,aR^n \ ne, 
p (« — 2n~) / (n — 2«,) 


sin (n < — 2 + « — 2 + ar^) 


2 TO, a Rain \ 

ft (2 n — 3 »^) J 

SnijaR^^n "1 

4!m,aR^n 1 


^ sin(2n« — 3n^f + 2s — 2f,+ ar,) 

(2 w 3 Up 

” , - sin (3 » < — 4»j ^ 4- 3« — 

(3 n — 4 Bj) 


sin (4n f — 5 n, f — ■ 4 e — 5 4- ®f<) 

(4« — 5n^) 


+ 

+ 


+ 


f aRa4« 


{•(’■*»)?{• 




2 .B,.. 1 W^i„(g l^e 2 ,) 

(»-2«,)i J «, 


Q> ^25 ^ ^ ^ ^ 

(«+»i) . 


SaR^n 


I («^ + 45 + ~ 2 ®) 


aR^n . aRgit 5aRjn 1 1 

(Sn-nJ*^ ( 2 n—n,> "^4 (»-»,)/ J 


sin (3 «< — + 3e — — 2«r) 

{Jn — n^) 



IS ParSlCAt ASTEONOMf. 


47 


+ 1 \“^a ^ 2/ ft l(4»-3»,)^(3»-2*,)^4(«-»,)J J 

(4 « ‘ - 2 *( * + 4 « - 2 *J - 2 «) 

. f«/- ,rui^T,\ mj 3an^,n SaMi^v 5aR,nll 

— sin (5 « i— 3 n,i+5 s~3 fi— 2 ®) 

(5« — S«^) ' 

I . rA mj 4aRson 5gK4« \ ] 

+ 1 jtfc 1(6« — 4»^) ^ (5n — 4a,) ^4{« — n^) i J 

— -sm(6a<— 4Bi+ 6fi— 4e^— 2®) 

( 6 b ■- 4 s^) 


. fo/. r 3 \_ mj Sa^ssB 3aB,3n . 5flfi,a\l 

+ - j + ^2 a - 3 a,) + / J 

«) 

— sm(tt« — 3n^« + e — Sf^ + 2®) 

(a — 3 n^) 

. fo/„ *'A_ «// 4aR33a ^ 4aRi^n 5afi4a \ ] 

+ 7 1 (2¥Z:4^ + (Sa ~-4^ + 4(^) / J 

sin (2 a« -4 a,« + 2fi - 4 + 2 ®) 

(2 a — 4 a,) 

{2(r„+|')-^{|^) + 1 ^} }^5^™(3nf-3»,*+3t-3,-+«,) 

1 2^ rj,+ ra'\ -5 / + _iL?SJ-!_| 1 — — sm (5«<-5n/+5»-5«,-w+n,) 

[ V ”^2y ft l(5ii-5»,)^(4»-5i»,)/ J(5»-5ii,) ' ‘ 11 / 

H r„+!j»'\- 2i / 4 SaR„n I 1 — »in(2B(-2«,<+2e-2t, +»-»,) 

"^ 2 ; ft l(2»-2n,)^(3B-2»,)/ J(2»-2)1,) ^ < 


tsde. 
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ME, tUBBOCE’S EMUyiMJBES 


S^togi- + ('«+ ) -^ { }'(r"*-^)“ (»•* -»^ + s 
+ {2(r„+i»)-S{^-i^+ 


{K'“+i)-? {(3^) + (T^)} 1(3;^ 


+ 1 2 r«- } «,‘ sin (2 « ( + 2 e - 2 B,) 

+ 1^)} (3^™ (3»i _ + 3. - s, - 2«,) 


+ { “ i' - 2"'' + -I* -2‘,- 2«r,) 
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In ffl^er to contort iba of the inequalities of the lcffiigitu<ie into 

smigesimal seconds, th^ must he multiplied by the logarithm of which 

number is 5*3144251, the corresponding logarithm for cent^imal seconds is 
5*^38801. 

+ £35 .1 

**2 {r2-2rf;cos(X-A\) + r*}’J 

If ^ = 0, and the products e tan tan be neglected, 

^ ^ tan i^sin (n^ i — y J { 1 — 53,0 --&3,i cos (n <— b t +«—«,) — ^3,aC<» f 2 nt — 2»y<+2f — 2g^) } 

fti 

"dTT + M'*+ tan i,sm (»,t 4- - y^) { I - 5 ^ „ - bj^tcos (n t - + g - g^) — &c.} =: 0 


* ft! (n^ (a ^ nj 1 “ hj sw («i< + ^t) 

+ » sin ^(1 + J) » t + g — y^^ 

~ 2 «,) (.(- 2 v + .- 2 ., + ,,) 

tan tj 63,3810 (2 » f — B,i + 2g — — y^) 


ft 2 (n — n^) (3 n — a^* 




ft 2 (« — 3 »^) (3 » — 3 «,) a/ 


tan 1, 63,3810 (2b / — 3 »/ + 2 g - 3 + y^) 


■ft 2 (2 n — 2 B^) (4 « — 2 B^) 


^tm 1^63,3810 (Snt — 2B^t + 3g — 25 ^ — y^) 


ft 2 (2 n — 4 «^) (4 » — 4 B^) 0/ 


^tan 1^63,4810 (3 B « — 4 B^ + 3 g — 4 g^ + y^) 


ft 2 (3 « — 3 «^) (5 B — 3 tij) o,* 


~ tan 1 ^ 63,4 sin (4 b i 3»,t + 4g --3g| — yj 


Exprmion 
for the ten- 
gent of tee 
latitude. 


3 a j 3 a» 3.3 a® f 

= ~ 2 i^« + 2 < ‘w - - — 0 i,» - -ifTT- i 


3 a» / a . , 

"9 


a , 3 . 3 a* j a , it \ 

It — lA ii. ■ 
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B 



m 


ME. hmm>CK^B m^mcms , 


- aa , 

’•=-2V + 

3 a t 

2 

«* JL 

■20,’**’’ 


m-S) 


^3a* 

< 

^ ^5,0 "" i ^5,3 j" 

5{.„-k.) 


2a® 

3 a » 

a* , ® 1; 4 

2-^ 

3 a*, 0* . 

2 «« ’■' <»» ’• 

4. 2 i 

- 3* + 

3a, 

2 a* , 

® A 



*" 2a,* “*■ 







The quantities of which the general symbol is q, and which refer to the 
terms in the development of R multiplied by the eccentricities, admit of similar 
reductions; so that 


» I <* L 


9x6 2a* 


Considering only the terms in 2 J'dR + which the arguments are 

n ^ + g — or, and — or^ 

2^^ iR + r =in,^7ecos(n< + f — or) 4. cos (n ( -j- s — ‘srj 

= q cos (n < 4* « — ^i) 


provided 
And if 


q 008^1=5^76 €08®-+ 5 i 66 iC 08 ®i 
qa^®i = 9768111 ® 4- 9 ie 6 iSm 

= I 4- Tq 4 . 6 cos (1 4- &) i 4- 8 — 0 ^ 1 ^ + &c. 


(l + &)2(l-3r^)-.l4.^q=:0 
fte 




2fue 


f o’ , o® i 1 

'■““p 

q« = 97*6® 4- 297 9igC6^cos (® — ®,) 4- 
q = 97 6 4- 9ig e, cos (® — ®,) nearly 

-9^ = — — , 0 4- — 5g 1 — ft ig ^cos (® — 

e a," 2ai* e *** ' 



m mmcAh AmmM0m, 


» (1 4 . 2 ro) f + « 4 - 2 (1 + fo) ecos (I + &) # + f — 


— ^ a Rjge^ 0)8 (n i 4 e — 


and neglecting the square of the disturbing force 

^ ^ S= » (l 4 2 To) ^ 4 e 4 2 (1 4 ro) ecos (1 4 ft) t 4 « — 

-.3aRjsC,cos ^ii(l +k)t + s-iff,'^ 


dt 


If 


€ (1 4 A) costffgss (1 4 ro)cc(W 5 orj — a fijtg cos ar^ 


c (I 4 A) sin ar^ = (1 4 r®) c sin arj 


- ^aBigC^sincr, 


A = »(l 42 ro)< 4 g 2 e 6 m^»(l 4 &)< 4 e — ar^^ 


c(i 4 »‘o)cos®i = e(l + *)cosar *4 ^ a Rjg c, cos ar^ 

Jf /, 


e(l 4 To) sin ari = c (I 4 /p) sin ar^ 4 R,gC, sin ar^ 


e (1 + O = e (1 4 *) { 1 4 Rie-— «>s (^s'a — ^,) 

cos ar, = cos ©3 I 1 — Acos(ay 3 — ar,) I 4 Rjc^cosar^ 

sin = sinaTa 1 1 — ^ a R^g cos (arg — ar^) J 4 Rie ^sinar, 


sin — ari) xs R^g cos ®r^. 


therefore negl^ting the square of the disturbing force 

A =: ± ( l 4 ft — fo 4 ^ a R ,6 cos (ar — ar,) j 
a a I 2 ft, e J 

e J , , /2o3 , 5 a*, a’ , . c® t 1 

= T “ T V ~ V ^ J 


H 2 



ME* wmBmmm 


5 f 

Let 


Let = { 1 +^ 

A = n« + « + 2esin^n |l - & 5 ^gcos(w-or,) J t + &c. 

+ *{‘ - + ?-«»(”-»-)} } 

- ‘ { ‘ + ^ {$*»■» - co.(*r - »,) } I 

( “ { ' - ^ ^ $ T ‘ ‘ 

- F {7 «7 ~ *' <=»(■• ‘ +*-«.) + &=• 


- = 1 + ^ 
a 3/tfc 


If 

-Isssl +ro + c(l +/)«»^«(1 — +«</^C<» ^«(1 + + «-— + &C* 

(1 +/) { (i 4- - 3 ro) - I } 4- * 0 


* Thb k must not be mtii ^ k atote. 
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a»a{l + Ir,} 

^ = 1 - i rg + e 1 1 + * - r„ J co» ^* ( 1 + *) « + « - + «,/ cos ( 1 + *,) < + t - or, 

1 + |-r„ - 0 { 1 - jrg - ^ o,,} eos(B (1 - irg , _w) 

+ e|^«j„— ^^iiHt|cos^»(l +*()* + » — 



u 


Mft. u^Ammu 


1-== 1 4. iro ~ e 1 1 - i ro~ } cos (n # 4 « - «^) + e, { « ~ ||a »i 6 } ^ <s H f-ar,) 

— e { ^^0 + 1 » (a 1 4 s — ®) — «,^afjgi* ^mb (« < 4 « — «r^) 

In the notation of the M6caiiique Celeste 



_B I ^( 1 ) 

■” 2 V da / 2 



^3 /d^W V _ a3 - 

3 V da ; 4 \ da* / 



^/d^\ __ 

f! /d3^(o)\ _ C_ «* 

2 \ da j 4 V da* ; 2 4a^« 



Hiese results evidently agree with those given in the MIcaniqne C^testc, 
voL L p. 279, with the exception of the sign in the value of^ mark^ with an 
asterisk> which I think requires alteration in that work. 

Finally, neglecting the quantities muli^lM by which may be made to d^- 
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ij^mi the and t!^ squares of 


r 

~i 




— {t + + ,) 

— riCOs(Rl— + g^i^) — TgC(»(2ii<— 2»,l + 2g— 2g,) — TjCOS (3«i— 3»,f+3a— 3g^)~ Ac 

— {fg — fi}ecos (Hft + g^ — *r) — {fg— ri}gcos(2a< — 4- 2g — g, — m) 

— {fg — r^} ecus (3 B ^ — 2n,< + 3g ~ 2g^ — ®r) 

— {i^io— >" 3 } ®cos (4 »« —3 B,l -f 4 g — 3 g; — ro) — {fa — r^} ecos (5 ni — 4»^« 4-56 — 4 «r) 

“{^■la — ^’J ccos ( b«— 2B^i4- g — 2g^4- — {**,3 — r 3 }€cas ( 2 b< — 3«,l 4 - 2 g — 3g,4 - bt) 

— {j'k— ( 3«t— 4n^« ^Sg— 4g^4-«f) — r.gg^cos (B^<4-e^— BT^) — r,7g^co«(n#4-g— —&€. 


The constant part of R 

~ ~ ^ J ~ COS (« - ®r,) } See p. 29. 

If this quantity = — F according to the notation of the Th6or. Anal. vol. i. 
p. 336. 

de = (1 _ ./rrii) d® - (^d» 

fue \ae J 

dg — d«ir_ /2a*^ 5 a®! , a* ^ 

—Tt — IT 1 V - 4 + 457>*« r“' ”■'> } 

Let, as hitherto, (Phil. Trans, for 1830. p. 336.) 

.= a {l — c'co8(o — a)} 




/iCOS I® { V^l 4 - «* 4 - CCCW (X' — ®r) ’ 

Fig. 1. 

T 



Fig. 2. 



1 . 



m 


MR. liOTBCXJS’S j^SlARCHES 


L^t P be tiie place of tbe planet, F its projec^on <m l3ie ias&d |iai^ L N F 
1 & 2.) SN tiie line of nodes, SL the line from winch loi^stndes are 
reckoned. The angle L S F = Let SA be the line of apsidi^. (%. 2.) 

In the notation of M. de Pontecoulant, voL i. p. 316, the angle ASN 

= M. de Pontecoulant has given expressicms for the variations of 

the constmits a, g, e', I, t and if in terms of the partial differences of the quan- 
tity R with regard to these quantities. It is easy from these to find similar 
expressions for the variations or differentials with regard to the time of the 
constants a, «sr, e, g, i and v. 

Let S A B be a plane cutting the plane of the orbit at right angles, so that 
the angle SAB = 90^, ANB = i, BSN = ®-~k 


dr® 

dT® 




, JK- 

r® cos i® r ~a 


= 0 


r =a { 1 — c' cos (y — a) } 


When r is a maximum or minimum ^ = 0, 

ax 


fl A® 


— 2 a r 4- r® = 0, whence 


A® 


ficcrai® 


ff, cos i® 
r = a(l ± c') 
= fl(l -c'®) 


r=za± \/fl— . 


A® 




By the equation of p. 336, line 12, (Phil. Trans. 1830.) 

— ^ — s£a(\ — c® + €®sin® i sin® (r — tsr)^ 

\ ) 

e'® = e® { i — sin® i sin® (y — or) } ♦ =s e® cos® A S B 

Considering R finst as a fiunction of the quantities a, g, e', I, t and v, and 
then of the quantities o, sy, e, g, / and jr, we have 

-O'- (5f)" 


♦ Bie equation I gave, Phii. Trai^. for 1830, p. 330, fine 17, is not cow^ 



m f«f »KHi» 




Bf mimas of this aquations 

g — tssssnl, e^®=s«®{l --sia*isiB®(y — ®)} 

and the eqnationB given by M. DEPoNTEcouLANT,voLi. p, 328 j the values of — 

575 I7 easily obtained in terms of the quantities «, m, e, g, 

<, and the partial differential coefficients 
and m. 


Substituting in the equations of p. 40 , for their values and neglecting 
g2, e 2^ e €,, and sin^ when a is Ic^s than ; 

> Scr,. 

procal of the 

ft (2 n -«,)», 1 (n - «;) Vfl/* a, *’7 «/* 


+ {j * 3. 1 - Ko - i J cos (» < - n, < + e - «,) 

, ^ a j 

“*■ ft (3n — 2«,) (n — 2n,) \(» — n^) ‘’® 

- ~ ^^i3.a-|63.i~^^3,3)}co8(2n<-2»7 + 2E-2£,) 

w , f 2« 0^ j 

ft (4» — 3 7i<) (2 n — 3 K^) I (» — »,) o, 

— ^ ^ — ^3,4^ ^ (3 « t 3 w7 + 3 g — 3 e^) 




9~4n,) {(; 


2n a 


*1.4 


ft (5 k —4«,) (3k — 4n^) 1 (k — »,) 

- ^^53., -|53.5 - im cos (4k t - 4n7 + 4 s + 4 

B® 


*1) 


J a , 

[ — 5»^) 1(k — k,) '■* 


radius vector, 
when a < 


ft (6» — 5 Bj) (4k - 

~ Ks- Pm - p3,6^ J cos (5 »f -5«< t + 5 i - 5 *^) 

* In the terms mn^fdkd h^ 3 tiie <|uaiititi« o &: 8 , e & e may he used indiierently. 

ft 
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[ 3 ] 


M 
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Exprmioii 
for ^ 1 ^ 
proodofthe 
raduffi v«:tor 
udien fl < 


$B 


‘ (»-»^) (»+»/) 


5{S- ? {15-w*- ■► -w*"} )•“•'■+'-> m 


' f 3(2«-«,)^ _m,f 4n f ^ i 4-11% I 

+ (3»~»^) (»-»,) I 2»3 ' |K.|(2«-n^) 2fl« 2a/^** ^ 

+ + ■*«»(2''‘-V + 2»— ,-«) [8] 


+ (4n~2ii^) (2«-2»,) 


t — 2 n,)« TO, f 6n / a®, 

2 «* 'ffe|(3n~2«,) I 4a/°^’‘ 2a/ 

4 ~ ^ * 3 . 3 1 |c cos (3 » i - 2 «/ + 3 e - 2 - ar) 




f3(4n-3«,)®^ TO,f 8« / a2 I a" jl . 3a« 1 

I 2n“ fit|(4n-3n,) 1 4a/ 2a/ *>* ’^40/^"’"/ 

- I jecos (4 n < - S «/ + 4 5 - 3 s, - ®) [lO] 

n® f3(5n~4n,)^ to, f lOn / _ o* _ «* a . Sa^ 1 

,)(4«~4n,)| 2n» " fs |(5n-4«,) I 4 a/"*® 2 a/ Ma/ J 

- ^^3,3 + 4 ^ ^3.4 - ^ ^3.5 1 Ic cos (5 B f - 4 «/ + 5 g - 4 g, - w) [11] 


’ (5 B — 3 «,) (3 a — 3 B,) 


. 7 

■4r»‘>'*+ 2 


{6s-4ii,) (4» 


_ B* [3(b — 2b,)*^ toJ 2b /3a2,; i. 1 

2b,(2b-2b,) 1 2n3 * ft |{b - 2b,) I4a/ 2 a/®’* 4o/*®’®J 

1^8 “’■ ^ 2 ^ 3 . 3 ! jccos (b < ~ 2b/ + g - 2 g, + 


n 


[12] 


. b* f3(2n-3B,)« iB,r 4tt /3a** a* , a* t 1 

'^(8-3b,)(3b-.3b,)1 2b* ® ft [(2 b-3b,) l4o/ ®’*’*2a/ ®’® 4a/ ®’V 

+ ^4*^®’® +|^A'‘|«®^(2»«-3»/+2g-3g, + ®) [13] 

B* [ 3(3s~4a,)* m, f 6 b / 3a* ^ ®® ^ #, 1 

(2b — 4b,) (4b — 4«,)| 2bs ft [(3« — 4 b,) l4a/ ®’® 2o/ "*'’ 4a/®*®/ 

3^*3^8— 3 ^1^3,4 + ^*3,5|-cc(»(3ttf — 48/4-3*““4«# 4“^) 



m mmmm ABTmmm. 




_ *», ^ f 4 » / 3 g^x A 1 

fA (a-»^)( 3 fl — «^)|( 2 »~wJ Ua/^'*"” 2 a^ *’*'* 4 a ^2 ’'^J 

■“ T ^ cos (2 n« - + 2 e - «< - sr<) 

f 6 « / 3 I. __ fl A _ A \ 

fT ( 2 »-«<) ( 4 a — 2 n^) [( 3 n — 2 »,) ^ 

- ^4,.! + ^ 4,,, - ^,4j,^|e, cos (3 » » - 2 »,( + 3 6 - 2 .J - w,) 

f 8 b / 3 a^^ — ® a A \ 

ft (3n-2B,) (5« — 3n,)l(4n-3B^) l4a^ Ta^ ^’^“4^ *’*/ 


■ 7 “2^3.3 + —^3.4 - ||i^3.s|«i cos (4« < - 3 «,< + 4 6 - 3 i, - cr,) 


[«]Ses 

pfoei^ of tiNii 
faduts¥^iorj 
when a < a^. 

[17] 


[18] 


[19] 


X «»< f 2n /2o^ a« , ®A j-^®®A I 

ft 2 b^ (2» — 2»y)|(B — 2»^) 1 2a^* ’*® 2a^ ®'‘^4a/ 

+ 4? + ?«*3,o ~ ^\l [ «iCOS (»< - 2»,« + « -g^ + w,) 

_m, f 4 n / ^ a i. , 3 o® ^ \ 

ft (»-3«,)(3n~3nj|(2»-3«,) I 4«,« 2o, ^’"■^4a^» 

+ ^ 2 ^ 3.1 - ~^ 3 ,a + COS (2 a < -3 + 2 « - 3 + m,) 

__ f 6w /_®^A 4-^®* A \ 

ft (2n — 4 bJ (4» — 4«^) [(3b — 4»^) 1 4a/ 2a^ ^’^"^40/ 

+ ^^3.2 “ — ^3,3 + cos (3 » < - 4»,i + 3 fi - 4 «, + 

a, Oj j 

m, B« f 8» / a® , _ a , 3a®, \ 

ft (3»-5«,)(5n-5B,)[{4»-.5«,)l 4a/ ''' 2a, 4a/ J 


[20] 

[ 21 ] 

[ 22 ] 

[23] 


Substituting in the equations of p. 45, for R# their ^ues and neglecting 
c®, ce„ e*, and sin2-|, 


i2 
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ferttiel0»gi* 
tilde wle» 
a<a^. 


ii<-f64-e8in(B# + « — «•) 

+ \3T^ ) { ^ ’•» + ft (n-n,) a, '‘'■^ } «° (3 ” < - 3 ., < + 3 a - 3 ..) 

+ {in - 4 ^ (n-n,)a, }»■>(“»»- 4 »,<+*.- 4 .,) 

+ (57r^){^’'*+irF^‘‘-^^ 


[ 1 ] 

[ 2 ] 

[3] 

[4] 
M 


i ** r o / r ’'A / 3a® , 3a® , a^ . o® i \ 

[ 6 ] 

+ (2^, { ^ - 2T» H ‘A 

1 ” / o /- . 2w.« / fl* , fl’ , , 3a®, \ 

"^(Sn — 2n^)l ft.(3» — 2 jiJ \ 4a,® 2a, » *'®'^4a,® ^'V 

J. « /o/, 1 »‘3\ 3wi,» /_ J- _ a» J 3a®t \ 

■*■ (4n-3»,) KV 2; /:c(4»-3«,) V 4 a,® ~ ^ 3 ^3 + & 3 . 4 j 


■ 5i,3|esin(4nt — 3n,t + 4g — 3s, — bt) 


[10] 


+ ‘ ('» + i‘) - (- ^.‘■..-s^A. ■►I?*...) 

+ ^r(?^r^^^>.4}csin(5«t-4»,t + 5H-4£,-®-) [ijj 


S. ” / o . ’'A 2fii,» /So®,. a® X \ 

(«-2«,) 1 ^ V 2/ fi,(«-2«,)\4o,* 2a, 3^®'® do,® V 

(b i - 2«, t + 6 * 2«A ®^) [12] 



m rSTilCAL ASTRONOMY. 


61 


^ (3«-3«,) I ^ V + y; ~ 3r;) 

**’ a, (2a < - 3»^ < + 2 8 - 3 g, -f ot) 

X ” / o /.. . nX 4m, » /3a\ , «*i.X 

^(3r- 4«,)1 2j ^3 «~~ 4 V4V ■” ^^’7 

+ ^;^~~^^i,i}esin(3»<-4»,f + 3£~4fi,+ ot) 

2 ft • / 

+ — fi 5 e, sin (ft, i + E/ — -ar,) 

ft, 

. » / o y _ 2m,fi /3g^^ a, 

^ (2ft — n,)l |x (2 n — n,) \4 a,2 ^’‘~2a, 

““ J c,sin (2ft f — ft, i + 2 s — e, — ttr,) 

. »* /o.. 3m, ft /Sfl®,. a 

^ (3n-2^ 1 *® fr(3fi-2ft,) V4^« 

” 4 ^^*’*) } «< (3 ~ 2 n, i + 3 e - 2 e, - cr,) 

_L « f 0^ ^ 4m,» /3a®,. a,. 

+ (4 « - 3 I ^ - 3 «,) Vii® ““ 2^, 

- ~ 63 , 3 ) } c, sin (4 » < - 3 n, « -f 4 £ - 3 E, - 

. ^ /o- _ /2«®_ o® j- _ a I. 

+ ii"(»~- 2 ft,) V"^ “ ^ 

+ |-|^63,5^}ciSin(fi«-2ft,<+f-2E, + ®,) 

n f „ m^n ( a®, a, 

^(2it — 3«,)t /*-(2« — 3ft^) \ 4a,® 2a, ’’® . 

4 - ^ ^ 3 , 3 ^ } c, sin (2 ft < - 3 fi, « + 2 e — 3 «, + «r,) 

1 « fo^ »»i« / fl* t: « 1 . 

■*■ {3T-4s,)1 “ “ ^“45?®’-“ ■" H 

+ 1 ^ 13 , 4 ) je,sin(3a« — 4»,i + 3« — 4t| + oi,) 


[13] 

[14] 

[15] 

[ 17 ] 

[18] 

[ 19 ] . 

[ 20 ] 

[ 21 ] 

[ 22 ] 


Exp^i^a 
for the l 0 ^> 
tude wl«ii 


The expression for the tangent of the latitude has alr^dy been given^ p. 49. 
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When the ^titnde is mskoned fmn the plane of tibe orMt of tke plfflaet F, tiie 
following terms must be added, in the general case where * is not equal to ^ero, 
to that expression ; ^ ^ 


2 (« — Hf) (3 a — Uf) a/ 

^ 0^ 

■2(n-n,) (n + ajfl/ 

a® ^ 

2 (2 n — 2 aj (4 a — 2 n^) 


— tan th^^i sin (2a < — + 28 — — *) 

'*1 

tan t bs^i sin (a^< + — v^) 

tan t fta^ssin ( 3 a < — 2 a^t -f 3 8 — 2«^ — i') 


4 a, (2a — 2n^) a/ 
a® 


— tan 1 63,2 sin (n t — 2 njt + s — ^ + r) 


— tenife3 3sin(4n<~3a,<-f 4«— 3«. — y) 

2(3a-3a,)(5a-3a^)a^» ^ 


2 (a — 3 a^) (3 a — 3 a^) 


—tan t ^3^3 sin (2 a f — 3 4- 2 8 — 3 8^ 4- y) 


All the equations hitherto g^ven apply to the case of an inferior disturbed by 
a superior planet, or when > a, in order to render them applicable to the 
case when o^<a it is necessary to write a instead of a^ in the denominator 
of the terms multiplied by and instead of af in the denominator of the 
terms multiplied by in the disturbing function i?, but the expressions for 
the quantities q are not the same in this case. 

It will I think be admitted that the expressions which occur in the theory 
of the disturbances of the planets are more simple in terms of the quan- 
tities of which the general symbol is h, than in terms of the partial difteren- 
tial coefficients of the quantity called A in the notation of the M^canique 
Celeste. The development of the disturbing function R in tenns of the 

differential coefficients &c. admits of redactions, so that it may be 

expressed in terms of the differential coefficients of A with respect to a only. 
In this state it has been left by Lapiace as may be seen, voL ii. p. 12, but 
the coefficients of the terms multiplied by the squares and products of the 
eccentricities may be expressed very simply in terms of the quantities of 
which the general symbol is b, by means of miactions, of which two emm- 
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pies Mm ^vm ia tlm Anal. t®L i. p. 362. Similar reductions are 

applicable to Ac terms in r muldpli^ by the first power of the 


eccmtncities. 

In Laflacb’s notation 


1 ^ If, 

»1,0 — t * 

k - fc 

1 -it®) 




1 -it®) 

h.t — »| . 

V 


h -it*) 

1 -it®) 

i« = i| . 

t 1 (3) 

4\.-4‘v 

1 

11 

-K^-Ko 

-4*m=- 


da 


(1^ 


^3.4 i h.l ~ h h,3 = ““ » ~ ^3,5 ”” 2 ^3,4 *" I ^3,4 = 


( 2 ) 


db 


( 3 ) 


da 


da 


( 0 ) 


3{-i6M-4iM-4iw} = — d/ > 3 {ii„-46„^44,.,} 


a) 


da 


TTie numerical values of these quantities are given for the princip^ planets 
in the third volume of the M4canique Celeste. 

The following numerical examples will serve to explain the expressions given 
above, and to show their accuracy, the results agreeing exactly with thc«se 
given in the M^canique Celeste. 


T =' + 7 {!?*>■» } - * { * + 7 - A $»«■■ } I"" ‘ 


— riCos(Bt — — f^) Seep. 55 . 


* Hie coefficknt cos (» ^ 4* s *-> p. 52 line 11, and p. 55 line 3, should be 
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i=nf + .+ — 5-^ {2r, 

(B-B,)l (.(B-B,)Va,* o, '7/ ' 

In the theory of Jupiter disturbed by Saturn, 

~ = -5453*725, 6,., = *6206406, 5^,0 = 2179193 


5,,, = 3*185493 53,2 = 2*082131 :^= *_ 

fA 3359*4 

n = 337210 78 = 135792 34 

a = 5-201 16636 c = *0480767 


See M6c. C^L vol. iii. p. 61 & 82. 

Whence 

^5^,0 = *353381, ^5,,, =-473636 ^^^3, -^^53^,= - -120255 

log. *120255 = 9*0801033 
log. 5*20116636 = 0-7161007 

9-7962040 

log,^ =4*0033829 



5-7928211 = log. -0000620613 minus 

LiAFLACE has *0000620566 minus 

See M4c. C41. vol. iii. p. 121, line 5. 

log.c =8-6819347 

log, a =0-7161007 

8-8403631 

log.i^ =3-5262617 



5-3141014 = log. 000020611 1 + 

Laplace has *0000206111 the sign omitted, 

M6c. C61. vol. iii. p. 122, Hue 28. 
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CakalalioB of rj, see p, ^ 7 , 
log. as 5-1328751 
log.» =: 5-5279013 

9-6049738 g log. *4026928 

1 ~ a= -5973072 
n 

-ij,.- ‘3,0-443,. = -1-48315 

«/ 


^.—^‘.,■ = -■041075 
log. -041075= 8-6135776 
\Qg,lzJLi =a 0-7761940 

8-8373836 = log. *0687676 
2 

- -1375352 
--441045 


log. 1-48315 = -1711851 
log.— =9-4732982 

9-6444333 = log. -441 045 

log. 1-5973072 = -2033884 
log. •4026928 = 9-6049738 
log. 3359-4 =3-5262617 

3-3346239 


r, = - -0001301383 

similarly = -000556924, r, = *00005809, 


- -5785802 


- -281209 


log. -28 1 209 = 9-4490293 
3-3346259 

6-J 144054 = log. -0001301383 


Iog.a= *7161007 


6-8305061 = log. -00067687 1 + 
Laplace has ... . -000676876 +p. 120 
S= -0000 1 5045, = -0000049785 


Calculation of the coefficient of sin {nt ^ n^t -\-g — g^) in the value of X. ISee 
p. 59. 


2r, = - -0002602766 
-0000204702 

log. -0002398064 = 6-3798601 

log. ^ZJLl =9-7761940 

n 

6-6036661 


(~2 ~ I = 8-8373836 

n~n, U;® ' J 

log. 3359-4 = 3-5262617 

5-3U1219 = log. -0000204702 


5-8038^1 seep. 49. 


2-4075461 = log. 255591 mmus. 

Laplace has . . . 255-5917 the sign omitted, p. 120. 
In the natation of the M4c. C41. voL iii. p. 120. 

H -5; ss 7^, 
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•nie reader is requested to make the following eorrectlom. 

The expr^imon for r-* Hiil. Trans. 1830, p. 345, should 

r-^asa 4. ^^1 4. 4. c«^cos (» « — w> 

4-^cs^l 4. le 3 ^co 8 ( 2 «<~ 2 ar)+^e»cos( 3 ni- 3 ar) 

4-~ «?*COT (4 a i — 4 to”) 

8 

The thW term (multiplied by d #) in the equations of p. 23, line 4 and 6, and 
the second term in the equation of the same page, line 1 1, must be suppressed. 

p. 30, Kne 21, read + m, 
p. 32, line 5, read +m, 

p. 39, Une 9, read — ^^,ee,cos (2< — » + *) for— ^^ee,«>s(2( — , + ») 
p. 41, line 4, read ^ for 
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IV. the Tremsm^ Magt^tic State af which vmiom Saisimees are smc^ 
HMe. By Wxi^iam Snow Harris, Esq. Commmdca^ % Bavirs Gilbert, 
Esq. F.P.B:S. 

Bend Jw^ 17, 18$0. 

1 . The of bodies, not pemu^xitly ma^etic, on the eomp^s ne^le, 

has led to scnneforthar in ms^e^sm of mog^ikat The 

Tidfmhie papm of M. Araoo other eminent pM]^»phas cm tWs sabjeet, 
commimleated to the Eoyal Academy of Sciences, together widi those of onr 
no 1^ talented conntrymm which haye afipear^ in the Royal Society’s Trans- 
actions, are calculated to excite a deep interest in physics. In presenting to 
the Royal Society, after such raluable txmtribntions to science, an ack^ount of 
some inquiries which I have myself been led to make in this branch of natural 
knowle^e, I am encoumged by die befief, that whilst the deductions are for 
the most part derived from simple and direct experiments, the investigation 
has been cmried on under new conditions ; and that althou^ i^me facts ^rea<fy 
made known, have been again referred to, it will nevertheless be found to con- 
tain results of sufficient con^quence to render it not unworthy of notice. 

I have been particularly led to persevere in this investigation, at various 
times, from having observed (Edinburgh Journal of Jfeience, vol. v. p. 325.) 
that the reciprocal action of a rotating metallic disc, and a magnetic bar, is 
not considered by M. Arago as the result of amy m^netism induced in the 
disc, but is attributed by him to some new force as yet undiscovered ; — and 
also, from the drcumstmiee, that the magnetic susceptibility of non-metalllc 
bodiia^ s^ms not to have been in many Instances satisffictorily established: — 
two inquiries of considerable importance. 

2. When these researches were first commenced*, a curious effect was ob- 
i^rved, evidmtly r^rdtii^ from vibration, which it may be of ccmi^uence to 
maatkm. 

A thili dro^r litog ei coj^r of about half mi umh wMe, ten Inches in 


* In 1826. 
K 2 
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diameter^ and about ^th of an inch thicks being delicately balsm^ on a 
fine point, by means of a tiansverse bar of wockI carrying an cojtre, 

was placed on a firm screen of paper strained tight on a w<K>d frame, and 
covered by a glass shade ; two powerful magnetic bars were caused to involve 
in a horizontal plane, beneath the screen, with their poles immediately under 
the ring. The ring, as in all the previous experiments of the same kind, soon 
acquired motion in the direction of the revolving bars, which could be arrested 
and reversed at pleasure, by changing the direction of the rotation. It wbb 
however soon discovered, that a similar effect could be produced when the 
magnets were not present, merely by the action of the rotating apparatus. 
This last consisted of a train of wheels resting on a firm pavement of thick 
stone ; the frame carrying the screen being supported over it on blocks of oak. 

As it was of consequence to ascertain how far small vibratory impulses com- 
municated to the screen, could cause the phenomena just observed, a con- 
tinuous but gentle vibration was induced from one corner of it, by a slight 
tapping, which, after a few minutes, communicated motion to the ring in a 
constant direction ; on transferring the vibrations to the opposite side of the 
frame, the ring was again brought to rest, and caused to revolve in an oppo- 
site direction. A similar result was obtained when a compass needle, and 
light needles of other substances were substituted for the ring of copper. 

3. These results led me to place the copper circle in an exhausted receiver, 
on a strong plate of glass, and to suspend the whole on a convenient frame by 
means of lines passing from firm walls ; the revolving bars being placed as 
before, immediately under it. In this instance, however, I failed at the same 
distance to move the ring, nor could a fine compass needle similarly placed be 
made to deviate more than a few degrees from its mendian, when exposed to 
the influence of a rapidly revolving disc. This result is quite sulficient to 
show how minute a cause may render delicate investigations with a rotating 
body unsatisfactory ; more especially when connected with a heavy apparatus: 
even in the case of screens it does not seem quite cl^r that certain impulses 
may not be propagated through them, of sufficient magnitude to act on a very 
finely suspended needle or disc ; when the screens are thin and porous, the 
chance of this is greatly incrmsed, and in cases where a scr^n only is em- 
ployed without a shade ; similar results would doubtless ensue from vortices 
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in the whele mass of the swrounding air. I do not however mean to infer 
that sndb sources of feUaey have not been fxiEy calcnlated on, or guarded 
gainst in the many valuable papers already allnded to : I rather mention 
them as a rea^n for adopting a method of experimenting, differing from the 
preceding, and which might insure an unmixed result. To this end the expe- 
riments were continued in an exhausted receiver^ effecti^ly screened from 
vortices, and liberated from the influence erf a lesiatii^ medium^ and in case 
of employing a rotating body, with a rotation continued so smoothly and evenly, 
as not to cause any vibration capable of inducing motion. 

4. The following is a description of the difierent mechanical arrangements 
resorted to. A circular plate of close fine-grained slafe, a b, fig. 1, 2, 3, of 
about half an inch thick and a foot in diameter, being carefully ground true, 
in order to fit it for the purposes of an air-pump plate, was nicely finished by 
rubbing it over with a mixture of oil and wax.* This plate is supported on a 
firm stand and frame, as represented in fig. 1, furnished with levelling screws 
r, €, A short brass cylinder e, fig. 2 & 3, is fixed under the plate by 
means of a hole in the centre, and two brass collars ground true to its 
surface, and between which the is compressed : so that with a little 
gr^se, and a strong nut at e, fig. 2, 3, the joint is rendered air-tight. The 
cylinder e f connects laterally with a short pipe and stopcock g h leading to a 
good air-pump ; a long barometer gauge m, fig. 1, 2 & 3, being attached to the 
pipe to indicate the state of the exhaustion. A straight rod of brass n e, having 
a milled head at w, passes through a compressed collar of fine cork at /, and 
is sufficiently free above in the cylinder to allow of the action of the pump ; 
this rod is occasionally employed when furnished with a transveree bar at e, 
having two stops s, fig. 2 & 10, to liberate a magnetic bar in an exhausted 
medium, when retained at any magle of deviation from its meridian, or to effect 
any other required operation, as in fig. 3. 

5. The revolving body A, fig. 4 & 5, consists of a circular disc of about five 
inches diameter, and 0.125 of an inch thick ; united to a deep ring of the same 

* The a^lication of this substance to the purposes of an air pump-plate will be found extremely 
convenient, more especially when it is desirable to avoid the presence of n large mass of metal. It 
IS a very ecoaomicid and efficient substitute for glass retams its, form without habihtj 

to warp ; and is m application as for as I can learn ipiite new. 
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substance, or otherwise to a ring of lead, Thk disc has smooth rounds edges^ 
and is balance on a fine central point A of hardened st^l, in such way ^t 
the centre of gravity and centre of motion coincide m nearly as po^ible i the 
whole is sustained on a small agate cup, set in a short cylindrical piece of brass 
ff, fig. 4, End screwed, when required, into the shoulder of the brass cylinder 
w'hich passes through the round hole of the pump-plate as represented in fig. 6. 
The sliding rod n e above mentioned is in this case withdrawn for a short di- 
stance within the cylinder. The disc is set in motion at the rate required by 
means of a line wound rapidly off it, from a train of wheels ; it is then covered 
with a screen, and with a receiver, as in fig. 6, and the exhaustion made as per- 
fect as possible ; in which case it will continue to revolve for a considerable 
time. 

A simple or compound magnet is put into rapid rotation in a similar way, 
being previously mounted on a ring of lead ; besides straight bars, a compound 
magnet was employed for this purpose, having its extremities turned up in a 
perpendicular direction for about an inch, as in c d, fig. 7? and occasionally a 
circular disc of magnetised steel, fig. 5. The former has its point of support 
fixed in a transverse bar of brass a b, fig. 7, which projects in a circular hole 
drilled through the centre of the bars.* 

6. When it became necessary to measure with great precision the rapidity 
of rotation, the machine represented in fig. 3 & 8 was employed. It consists 
of a metallic disc M kept in motion by a delicate train of wheels and pinions 
j) j). The rapidity of the rotation being accurately measured by an index .i, 
moving on a small circle divided into twenty parts. The weight W, fig. 3, 
which by its descent keeps up the rotation, falls in a tall narrow receiver r r\ 
supported against the under surface of the pump-plate. 

A circular hole is drilled at s' through the plate for the silk cord to pass, 
from the pulley at ^ ; by means of this hole also, the receiver r r' is exposed 
to the action of the pump. The machine is wound up and set in motion by 
means of the brass rod n e, fig. 3, already described (4), without disturbing the 
state of the exhaustion ; the extremity of the rod being formed into a key. 

The revolving disc is screened by glass or any other substance, over which 

* This method of obtaining a rapid rotation in an exhausted receiver, suggested itself on perusing 
rhe account of Mr. Sebson’s horizontal speculum in the Royal Society's Transactions. 
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is placed a graduated circle of fine milled board, sustained in a light circular 
ring of wood. The screen and ring are moveable with friction in a hollow 
cylinder of gl^^s ssi fig, 3, ^ as to be adjusted at any required altitude. 

7 . The receivers employed to inclose these various bodies are for the most 
part such as are represented in fig. 1, 3 & 6 ; they have an open neck at B 
ground to a flat surface which admits of the altitude being increased by the 
addition of a second narrow receiver B D : this last is also ground flat at the 
point of union ; thus, by the aid of a little grease, an air4ight joint is easily 
obtained in the usual way. The upper receiver B D is either closed above, 
or open, with a ground flat rim in order to apply a brass plate D carrying a 
brass rod t in an aii-tight collar. The rod t is for the convenience of raising 
or depressing light discs or needles suspended in the receiver below : these 
receivers vary from eight to forty inches in altitude, and from one to three 
inches in diameter ; so that the filament of silk for suspension may, when re- 
quired, be upwards of four feet in length. 

8. The substances exposed to the influence of the revolving bodies are 
formed into light needles or bars, or otherwise into flat circular rings, fig, 9, 
and are either suspended or nicely balanced on points. For the purpose of 
retaining them at rest until the exhaustion is complete, and when the stop e, 
fig. 2, already explained (4) cannot be used, there is an angular lever I, fig. 3, 
which passes in an air-tight collar through the side of the receiver, carrying at 
its extremity a common reed s, which being tubular is easily fixed on it ; hence 
it can be extended at pleasure. 

9. The following are the results of some experiments with the apparatus 
above described. 

(a) A circular disc of copper being put into rotation at the rate of 500 revo- 
lutions in a minute, was left unscreened under a receiver, and a fine reed sus- 
pended over it by a filament of silk ; the reed was retained at rest, until the 
exhaustion was completed to within 0.4 of an inch of a good barometer, when it 
was set free. The reed rotated freely at any distance at which it could be 
placed from the revolving disc, and which at the greatest amounted to eight 
inches. The motion of the reed diminished with the rapi(hty of the rotation 
of the disc and with the torsion of the silk ; but its motion could be again 
restored by admitting a small quantity of air into the receiver. 
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(5) In a tall receiver of about two feet high a reed similarly placed rotated 
at a distance of eighteen inches from the revolving disc, when the exhaustion 
was within six inches ; but it remained at rest at a foot distance, when the 
exhaustion was carried to within 0.4 of an inch. 

(c) The rotating disc being screened by a thin plate of glass or varnished 
paper fitted close upon a short hollow cylinder of glass or wood, the reed 
remained at rest, although placed within one fifth of an inch of the screen. 

{d) A cylindrical magnetic bar revolved rapidly in an exhausted medium, 
when within one fifth of an inch distance from the disc ; but only deviated 
from the meridian 40 or 50 degrees when the screen above mentioned was in- 
terposed. The disc in this experiment revolved at the rate of 400 revolutions 
in the minute. 

(e) Needles of glass, w^ood, and metallic substances not permanently mag- 
netic, remained at rest when the rotation exceeded 600 revolutions in a minute, 
whether suspended by filaments of silk, or otherwise placed on points and sup- 
ported on the glass screen. When the rotation exceeded 1000 revolutions in 
a minute, and the exhaustion was inconsiderable, they were sometimes slightly 
moved. 

(/) Rotating magnetic discs and bars induced motion in metallic discs 
freely suspended at one fifth of an inch distance, when their thickness was 
about four times as great as ordinary tinfoil, and when the rotation exceeded 500 
revolutions in a minute ; the rotating body being screened by any intervening 
substance except iron, which last, as already observed by Mr. Herschel and 
Mr. Babbage, completely intercepted the effect *. But light discs of wood and 
paper, and discs of paper covered with silver or gold leaf, remained at rest when 
within 2 %ths of an inch distance from the rotating body. 

(g) A disc of iron or tempered steel did not communicate motion to any 

* Philosophical Transactions of the Royal Society for 1825, 

Although a sheet or two of tinned iron completely intercepts the influence of a revolving magnet on 
metallic discs generally, it does not appear to do so when the disc acted on is also of iron. I found, 
however, that a screen of sheet iron of about one fourth of an inch thick materially diminished the in- 
fluence even on an iron disc, so that the rotation of an iron disc by the mfluence of a revolving magnet 
is reduced nearly to that of a copper disc of the same dimensions when the iron screen is not present. 
This curious effect of screens may possibly lead to some further elucidation of the nature of magnetic 
influence. 
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substance not permanently magnetic ; nor could motion be induced by the 
action of such substances on each ©tber^ however near they could be placed 
with an intervening screen ; although the rapidity of the rotating body was 
caused to exceed 1000 revolutions in a minute. 

{h) A needle of soft iron was not influenced by a copper disc revolving at 
the rate of 600 times in a minute ; but rotated freely when surrounded by a 
helix transmitting an electro-magnetic current. 

(i) A disc of tempered steel not magnetic, after simple contact with a power- 
ful magnet acquired sufficient force to induce motion in metallic rings. 

(k) A needle of tempered steel was not influenced by a rotating disc of soft 
iron at the distance of one fifth of an inch, and revolving at the rate of 600 
times in a minute, but the needle revolved rapidly after simple contact 
with a magnet. 

(/) Magnetic needles delicately mounted on an horizontal axis so as to admit 
of motion in a vertical plane, remained at rest when the axis was perpendicular 
to the radius of the revolving disc ; but the needles appeared to be carried in 
the direction of its motion when the axis was turned in the same plane. 

10. The above facts seem to show very clearly, that the presence of permanent 
magnetism, and a susceptibility of magnetic induction are essential conditions 
in the phenomena of rotation hitherto observed ; at least this deduction is fair 
for all distances between the bodies at which they can be well placed with an 
intervening screen : without a screen it seems extremely difficult ever to arrive 
at a satisfactory result ; since even in a very rare medium (Exp** {a), (b), (c), 
(d)) vortices are produced by the action of a rapidly revolving body, although 
with perfectly rounded and smooth edges, capable of carrying round light sub- 
stances ; and although separated from such substances by a considerable in- 
terval. So far therefore as this method of examining the influence which bodies 
not permanently magnetic can exert on each other extends, it seems not sus- 
ceptible of the requisite precision ; and is, therefore, in a great degree inade- 
quate to detect any very minute and delicate force, which can be supposed to 
arise from such an influence. 

1 1 . The law according to which metallic or other discs in a state of rotation 
influence a permanent magnet seems to be directly as the rapidity of the rota- 
tion, and inversely as the squares of the distances between the attracting 


MDCCCXXXI. 


L 



74 


ME. HARRIS ON THE TRANSIENT MAGNETIC STATE 


bodies : Rt least for such distances as can be conveniently resorted to with m 
intervening screen. In order to investigate thi^ I resorted to tibe machine 
already described (G) and represented in fig. 3 & 8. By a few previous trials 
such weights were found as might in a short time impart to the rotating disc 
the respective velocities of 178.5, 357 and 714 revolutions in a minute ; which 
numbers are to each other as the numbers 1, 2, 4 : and by means of the index 
and graduated circle x, fig. 3 & 8, the deflections of a magnet could be taken 
when these velocities were attained. This point was determined by means of 
a valuable chronometer of a peculiar description which my friend Lieut.-CoL 
H. Smith, F.R.S. was so good as to lend me for the purpose ; it can be set 
going, and stopped again at pleasure, and is capable of registering an observa- 
tion to the ^Vth part of a second. As the graduated circle is divided into 
twenty parts, it is presumed that the rate of motion can in this way be ascer- 
tained with sufficient accuracy ; and thus any little acceleration caused by the 
descending weight is not of consequence. 

12. A magnetic bar being suspended as in fig. 3, was in the first place 
accurately adjusted at the point of contact to the plane of the body intended 
to be put in motion, and which consisted of a flat ring of copper of an inch 
wide, and about 0.05 of an inch thick. The bar was then raised from the ring 
through a distance equal to five turns of a micrometer-screw at D, each turn of 
the screw being equal to the i\fth of an inch : the screen s was then interposed, 
and the whole covered by a receiver, and exhausted. 

(«) The machine being set in motion, the deviation of the bar amounted to 
24° when the velocity was 357 revolutions in a minute : on increasing the velo- 
city to 714 revolutions in a minute, or double the former, it amounted to 56°. 
The exhaustion in these experiments was carried to within 0.5 of an inch. 
Taking the sines of the angles of deviation as a measure of the force urging the 
bar, we have the respective numbers .829038 and .406737, which are very nearly 
in the same ratio as the respective velocities ; that is to say as 2 : 1. 

(o) The bar being adjusted to within a distance of the ring equal to four 
turns of the screw, the deviation of the needle amounted to 38° when the velo- 
city was 357 revolutions in a minute : on raising the bar by four additional 
turns of the screw, the deviation decreased to 9°, Taking the sines of these 
angles as before, we have for the corresponding distances, the numbers .615661 
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and .156434, which may be considered as very nearly in the inverse ratio of 
the squares of the respective distances. 

In the following Table are given the deviations of the bar, corresponding to 
other distances and velocities. 


Table I, 


(A) (B) (C) 


Velocity of rotation 

178.5 

( Velocity of rotation, 357. 

• Velocity of rotation, 714. 

Distance 
in turns of 
Mic*’- Screw. 

Angle of 
Deviation. 

Sine of 
Deviation. 

Distance 
! in turns of 

1 Mic''-Screw. 

Angle of 
Deviation. 

Sine of 
Deviation. 

Distance 
in turns of 
Mic’‘-Screw 

Angle of 
Deviation, 

Sine of 
Deviation. 

4 

o 

18 

.309017 

1 4 

o 

38 

.615661 


o 


5 

U 

.307913 

I 5 

24 

.406737 

5 

56 

.829038 




i 6 

16 

.275637 ! 




8 

4.5 

.078459 

1 8 

9 

.156434 j 

i 



10 

3 

.052336 

i 10 

6 

.104528 

1 10 

12 

.207912 


It appears by the above Table, that the influence of the ring is directly as 
the rapidity of the motion, and inversely as the squares of the distances : we 
observe a little discrepancy in some of the numbers, but the general agree- 
ment is very close and remarkable. A complete agreement cannot be expected ; 
for supposing even the most perfect manipulation, there will alwa 3 rs arise in 
experiments of this kind many causes which disturb a numerical identity=*^. 

13. Being desirous to extend these inquiries concerning the transient mag- 
netic state, of which various substances appear to be susceptible, I subsequently 
laid aside the rotating discs, as a means of detecting these minute forces for 
the no less refined, and perhaps still less exceptionable method of a vibrating 
bar; since what is termed the magnetism of rotation, seems in fact to be 

* In estimating the distance between the surfaces of the attracting bodies, the revolving disc was 
purposely made as thin as possible, so as to admit of its being considered without any sensible thick- 
ness. With respect to the magnet, the foregoing experiments with screens clearly show, that an inter- 
vening ferruginous mass completely mtercepts the attractive force upon non-ferruginous substances. 
If any portion of the bar beneath the surface contiguous to the revolving body be supposed to operate 
upon the ring, such portion must necessarily act through the intervening iron ; which it cannot do 
(Exp./) (11). This view seems to derive much confirmation from experiment, since on vibrating an 
extremely thin needle of sheet steel over a metallic disc, the comparative results do not vary from 
those obtained by means of a bar of hsdf an mch thick. 

l2 
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nothing more than the presence of a temporary magnetic development induced 
in successive points of a bcxiy by the action of a permanent magnet^ the body 
being supposed in motion. If the body therefore be at rest, this development 
will restrain the motion of a bar vibrating near it, and so diminish the ampli- 
tude of its oscillations ; and thus by determining the number of vibrations per- 
formed in a given arc, we may from thence arrive at a comparative value of 
the force in action. 

To this effect the bar already mentioned (12) was suspended, and exposed to 
the influence of different substances, in the following manner. 

Two perpendicular rods of glass r r, r' r', fig. 1, furnished with foot- and cap- 
pieces are fixed in a solid block of mahogany r r', fig. 1 ; these rods by the in- 
tervention of a short wood cylinder /, and two horizontal rods, also of glass, 
rl, rl, sustain a glass tube tt which slides with friction through the cylinder. 
This tube is furnished with a cap-piece at through which passes a brass rod : 
the magnetic bar is suspended from this rod by a filament of silk, and is finally 
raised or depressed to the required altitude by a micrometer-screw at t \ the 
altitude of the glass tube I being previously fixed. The centre of the maho- 
gany block is hollowed into a cylindrical cavity as represented in fig. 10, and 
is firmly fixed upon the pump-plate by means of the screw and shoulder pro- 
jecting through the brass collars (4). Its outer part is also depressed, leaving 
a cylindrical projection of about one fourth of an inch deep, 4./ inches diameter, 
and 1 .25 inch wide. 

The graduated circle of stout card-board D already mentioned (6) slides 
with friction between the glass rods, so as to be easily adjusted at any given 
point. The bar is retained at the given angle from its meridian, and again set 
free, when the exhaustion is sufficiently complete, by means of the lever and 
double stop before explained (4), and which moves in the interior circular 
cavity of the block, fig. 10. 

This method of arresting the bar seems to be of some consequence to 
the experiment ; for if one pole only be checked, the force operating on the 
other, will for an obvious reason, give the bar a swinging motion, which is very 
undesirable, but which is here effectually prevented ; so that when set free it 
will appear to oscillate as if mounted on a fixed centre. The checks by which 
the bar is thus arrested, are so contrived as to be independent of each other, 
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and are moveable with friction in a small tube of brass as at ss, figs. 2 and 10, 
and may consequently be adjusted with great nicety. The tube in which the 
checks are fixed is sustained in a horizontal direction in the extremity of the 
rod, which passes into the receiver through the centre of the pump-plate. 

14. The substances to be submitted to experiment, are formed into rings as 
at R, fig. 11; in these the bar is caused to oscillate. Each ring is about one 
inch in height, of any convenient thickness, and 4.75 inches interior dia- 
meter, so as to admit of its being accurately adjusted on the cylindrical 
shoulder of the circular base, fig. 10. 

15. In applying the method of an oscillating bar to the investigation of 
minute and transient magnetic forces, it seems essential to keep in view the 
following interesting fact ; viz. the influence of bodies, not susceptible of per- 
manent polarity, on the state of oscillation is such, that the amplitude of the 
vibrations only is diminished, not their duration : that is to say, whether a 
bar vibrate in free space, or otherwise near plates, or in rings of these sub- 
stances, still the number of oscillations in a given time, considered as a unit of 
time, does not vary, although the bar is sooner brought to rest Vhen under the 
influence of such bodies, than when freed from them, whatever substance be 
employed, and at whatever distance the influence be exerted. 

This fact seems materially to distinguish the peculiar influence of non-mag- 
netic substances, from a case of permanent polarity ; by which last, an oscil- 
lating bar is not only brought to rest in less time, but the rate of vibration is 
very sensibly increased. We cannot therefore, as in the latter instance, resort 
to the common law of pendulums, and take the square of the number of oscil- 
lations performed in a given time as a measure of the force in action, since 
the time of each oscillation does not sensibly vary ; we must therefore adopt 
some other method. 

1 6. In order to arrive at a comparative value of the influence of any sub- 
stance on a vibrating bar, I have been led to employ the following for- 
mula, — l^r, which seems to apply in a very remarkable manner to 

the results of experiment ; in which a represents the number of oscillations 
in a given arc in free space, h the number in the same arc, when exposed to the 
influence of a substance not permanently magnetic, and r the retarding force 
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by wMch the bar tends to rest in free ^mce ; the c^itti^ons bdng snj^i^ 
to take plia^ in an exh^isted receiver. Thn% if in free space 4^ osdl- 
l^ons are f^rformed before the arc of vibration is redact fi»rii 45® to 10®, 
and tbe number of vibrations in the same arc, are SO and 20 respectivdy, 
when the Imr vibrates under the influence of two given substances t^en in 
succession, and whc^ magnetic energies we propose to oom{mre with 

other ; then the energy of the one may be expressed by r, and tl»t 

of the other by — 1^ r ; that is to say, their energies will be to each 
other as 13 : 20 

17 . deviously to examining the sus^ptibility of substances generally to 
magnetic influence, the number of vibrations was first determined between 
45° and 10° in air, nnder a glass-shade ; then the number in the same arc 
also in air, when the bar was surrounded by a ring of wood of one fifth of an 
inch thick, and an inch deep ; each pole being /?yths of an inch distant from 
the interior of the ring : this being carefully ascertained, the same was repeated 
in an exhausted receiver ; the results are as follow : 


Table II. 


1 Number of Vibrations from 45° to 10°. 

1 In air. 

In exhausted recdrer. 

Vibrations 
in space. 

Vibrations in 
ring of wood. 

Vibrations 
in space. 

Vibrations in 
ring of wood 

232 

210 

420 

308 


It may be seen in this experiment that the ring of wood exerted a very 
sensible retarding power on the vibrations of the bar, which is more apparent 
when the impediment to motion arising from a resisting medium is removed. 
I submitt^ to experiment in this way, in a pneumatic vacuum, a few rings of 

* A magnetic bar whilst vibrating under (he influence of any substance, must be considered to be 
curated on by two retarding for<^ ; one by which it would be eventually brought to rest, supposing 
the given substmice away ; and another resultmg from induction. The number of vibrations m a 
given arc, or their differences, therefore do not seem to be a measure of the latter force, sim^ some 
portkm of the former wfll always enter into the result of flm experknent. 
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(iilfereiit similar to the ahove^ and found thek influence on the 

vlhiationi dedded, ahhough the difference in their rep€cti\re n^gi^tic 
energ^e was ^t ¥eiy apparent Tte substances tried, with the repective 
number of Tibmti<ms, mid their comparative energie as deduced from tte for- 
mula, are giv^ in the ensuir^ Table, 


Table III. 


Substances. 

Vibrations from 45® 
to lOP. 

ComparatiTe ^orgies 
as deduced from 
fannula. 

Distilled water, temp. 1 
20° Fa HR J 

330 

0.27 

Honduras mahogany . . . 

308 

0.36 

Statuary marble .... 

306 

0.37 

Freestone j 

308 

0.36 

Annealed glass, TV-i^chl 
thick 

310 

0.35 


18. By employing the above substances in larger masses, the effect on the 
bar seemed to be greatly increased : although the difference in the compa- 
rative energies of wood and marble, the only two substances which I had an 
opportunity of trying, is still not very great. In the following Table are given 
the results of some experiments with a ring of statuary marble of 1.75 inch 
thick, and with a similar ring of Honduras mahogany, as compared with the 
influence of two rings of the same substances of only one fifth of an inch in 
thickness. 


Table IV. 


Sub^ances, 

Wood. 

Maible. 

Thickness of ring in inches .... 

0.2 

1.75 

0.2 

1.75 

Vibrations from 45° to 10° . . 

308 

280 

306 

265 

Bslio of magnetic induenee as 1 
deduced from dsmiahi . . . . j 

OM 

0.50 

0J5 

0,50 


19. The influence of die substances being observed to depend in great 
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measure m the mass^ it seemed of consequence to a^ertain how the enai^ 
might vary with the density. Several kinds of wcwKi themfoi^ of the above 
dimensions were subjected to experiment, whose ^ecific gravitks 
varied; but there did not appear, after many trials, any perceptible difference 
on 280 vibrations. The woods tried were. Lignum Vitae, Yellow Hne, African 
Oak, Honduras Mahogany, and Teak. Ail these reduced the vibrations of 
the bar from 420, the number performed in free space, to 280, the number 
performed when surrounded by the wood ; the vibrations being taken from 
45° to 10°, in an exhausted receiver, 

20. I endeavoured to detect the magnetic energy of fluid bodies by vibrating 
the bar in an exhausted receiver, with its poles within the -gVth of an inch of 
the glass ; the receiver being surrounded at that part opposite the pole of the 
magnet by the particular fluid, the subject of experiment. In this case the 
fluid was retained in its situation by means of an external check of glass ground 
to a glass-plate, on which the whole was sustained ; the plate being supported 
on a ring of glass placed over and in connection with the pump-plate below ; 
and the surfaces of contact ground, so as to fit air-tight. I failed however 
in arriving at any decided result ; the amount of the retardation with sul- 
{fliuric acid, for example, not appearing greater than was fairly attributable to 
the influence of the glass alone : even a saturated solution of sulphate of iron 
did not seem to exert in this way any sensible influence. By means of a very 
great number of vibrations, and a powerful bar, however, the energy of fluids, 
if such exist, might possibly become appreciable. 

21. The inductive influence on metallic bodies being the most decisive, 
they are perhaps better adapted to the purposes of experiments relating to the 
influence of mass and density, or to the law according to which the inductive 
effect increases, as the distance from the magnet decreases, than any other 
kind of substance. Before examining, therefore, the comparative energies of 
various metals, I endeavoured to arrive at some further conclusions in this 
interesting part of the inquiry. In order to examine the comparative energies 
when the quantity of matter was varied, twelve concentric rings of copper 
were employed similar to the former ring of wood ( 17 )> except in thickness, 
which amounted to .025 of an inch : these rings were turned up with suffi- 
cient accuracy, and fitted veiy fair and close one within the other, The num- 
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l^r of vibrations was first determine in the interior ring alone, after which a 
second was added, and the number of vibrations again detennined, and so on 
to eight rings ; when the incireased effect became alm<^t inappreciable. 


Table V. 


Number of 1 
rings J 

1 

2 

3 

4 

5 

6 

7 

8 

Vibrations .... 

44 

30 i 

24 

21 

19+ 1 

17 

16+ 

16 

Ratio of force . 

8.54 

13 

16.5 

19 

21 + 

23 

24+ 

25 


The increments in the effect on the bar appear by the above Table conti- 
nually to decrease, so that after a certain number of laminae they seem to be no 
longer appreciable ; hence the numbers expressing the comparative energies 
would become at last equal, and such was found to be the case, the number of 
vibrations with twelve rings being no greater than with ten*. 

22. The quantity of matter in the foregoing experiment being actuaUy di- 
vided into concentric rings, I endeavoured to ascertain how far the above results 
depended on the sum of the whole, or of any number of them ; with this .view 
the number of vibrations was determined for each ring, when opposed to the 
bar in the same relative situation which it occupied in the mass, so as to ob- 
tain the separate effect due to any particular ring. These separated results 
were as follow. 

* It is not improbable that some principle of this kmd is the immediate cause of the curious re- 
sult arrived at by Professor Barlow in the course of his magnetic inquiries ; who observed that a 
hollow sphere of iron exerted the same influence on a compass needle, as if it were a solid mass. If 
we consider the sphere to be made up of concentric laminse, then, by the for^omg experiment, the 
number of lammae equivalent to exhaust the inductive energy of a small comp*^ needle, will, espe- 
cially in iron, (ll) (Exp. jf note,) be very few ; consequently, all the interior may be removed. This 
IS likewise consistent with a subsequent observation of the same distinguished philosopher ; a certain 
depth of metal bemg found necessary. If the experiment were accurately tried, it is probable that 
die depth of metal requisite, would vary with the force of the compass baa* ; although for small needles 
the differences are so inconsiderable as not to be appreciable. For very powerful m^nets, however, 
some fitf ther quantity of metal would be required ; but, perhaps, in no instance could we employ a 
mapiet of sufficient power to influence die whole mass of a solid iron sphere of large dimensions, 
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Table VI. 


K#. of tbe rii^ 

1st 

Sod 

3rd 

4th 

&ih 

6th 

7th 

SHk 

.... 

44 

76 

94 

124 

148 

166 

186 

210 

Ratio of force. 

8.54 

4.52 

3.45 

2.38 

1.83 

1.53 

1.25 

1.0 


In comparing the above numbers with those in the preceding Table^ the 
energy of any number of rings^ taken together^ appears to be very nearly the 
sum of the same rings, taken separately, and is a curious deduction by the 
formula above given (16). Thus the energy of three rings combined is by 
the preceding Table 16.5, which is about the aggregate amount of the first, 
second, and third, as deduced above, and so on. It is true that some of the 
other numbers are not in such complete accordance as in this instance, but the 
approximation is nevertheless very remarkable. The intervening rings do not 
therefore intercept any very sensible portion of the inductive influence of the 
bar ; a result quite consistent with what is observed in tlie case of rotating 
discs, when covered with non-ferruginous screens ; and with this further con- 
dition, that whilst the inductive energy thus penetrates the intervening metal, 
it disturbs at the same time its magnetic distribution. 

23. The foregoing deductions were verified by combining a few rings not 
immediately successive, so as to leave an interval between them. The results 
are as follow. 

Table VII. 


R,ings combined . 

l8t+4tb 

4th -1- 8th 

1st 4- 4th 4- 8 th 

Vibrations ...... 

-37 

100 

4-33 

Force. 

11.3 

3.2 

-11.7 


In these, as in the foregoing instances, it may be perceived, on comparing 
the actual observation, as given in this Table, with the values of the respective 
rings in the preceding one, that the numerical approximations are very close. 
Hie energy of any ring therefore may be estimated by subtracting from the 
aggregate efifect, the sum of the others with which it is combined. 

24. It wouM not be difficult, from the above investigation, to arrive at some 
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geneml eoiM^usions as to tl]ie pmjise ratio ia which the energy increases with 
the separate quantities of matter, and decrea^s with the distance ; sinc^ both 
are involved in the experimental results. In the following Table m ^ven the 
observed efikjt of ^ich separate ring, as corniced with the corres|WMiding effect 
deduced by calculation from the first experiment, on the supposition that the 
energy is directly as the quantity of matter, and inversely the squaics of the 
respective distances ; and it will be seen that the differences are not greater 
than may, from the somewhat compliesded nature of the experiment, be ex- 
pected. 

Table VIII. 


Rings 

No. 1. 

No. 2. 

No. 3. 

No 4. 

No. 5. 

No 6. 

No. 7. 

No. 8. 

Energy by cal- 1 
culation . ... j 


4.5 

3.05 

2,19 

1.65 

1.28 

1.04 

0.84 

Observed energy 

8.64 

4.52 

3.45 

2.38 

1.83 

1.25 

1.25 

1.0 


25. There appears reason therefore to conclude, as a general principle, that 
the transient magnetic energy of any substance, not supposed to contain iron, 
varies in a direct ratio of the quantity of matter within the sphere of the action, 
and in an inverse ratio of the squares of the distances from the magnet ; the 
matter being supposed to be condensed into a stratum not having sensible 
thickness, and taken at some mean point of distance within the surface, 
where the sum of the forces may be imagined to produce the same effect as if 
exerted from every part of the mass; and the respective distances estimated 
between this mean distance and the opposed surfece of the magnet*. 

26. It is a consequence almost necessarily resulting from the foregoing in- 
vestigation, that, supposing all other circumstances alike, the energy of the 
same substance is directly qb its density, although such did not actually appear 
in the foregoing experiments with various species of wood (25) ; but this may 
be readily supposed to arise from the circumstance, that the energy of wood is 

* The reason why such should be the case for the magnet has been abready giTen (12): it is 
equally applicable when the energy of the extrenuties only is supposed to be exerted : and it may 
be further observed, that although on either of the sides of a magnetic bar, the point of greatest at- 
tiraction of that particular side seems to fall (a little) within the extremity, yet the maximum of force 
oi every emnmon bar will be finind mvmriably on the surfiu^, termmati^ the extreme ends. 

m2 
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altt^ther tcMj feble to admit of saoh becmnmg by tbe 

n^aBS mnployed. In metidlie bodi^, bowover, the faot appeaj*s to Im very dc^ 
cid^ ; thiB, in three sp^imenis of copper, whose dimensions were vm^ n^rly 
the ^me, bnt whose sp^ific gravito varied, the r^nltii]^ en^gies were ob- 
serve to be the gprmtest m those which had the greatest sj^ific gmvity ; as 
for example, when the specific gravities were to each other as 8,30 to 8.40, the 
resulting number of vibrations amounted in the one instance to twelve, in the 
other to fifteen. To obtain more than rough approximations to the precise 
law by this method, would be extremely diflacult, since the metals, as it is 
evident, ^ould be procured in a state of great purity, and the dimensions, 
previously to taking the specific gravities, adjusted with an accuracy which 
only the most refined workmanship can effect ; there is however little doubt, 
if the experiment could be accurately tried, that the energy of the same 
metallic substance would, as a general result, be in the direct ratio of its 
density. 

27- It is of importance therefore, in estimating the comparative magnetic 
influence of metals, to take into account their density ; without which the 
inquiry might prove unsatisfectory. The energies of various metallic bodies, 
and some few alloys, were estimated by determining the number of vibrations 
of the bar between 45° and 10° in a ring of each ; the metal being within 
0.1 of an inch of its poles. The more common metals were cast in a mould, 
and all the rings adjusted to the same dimensions. 

28. 1 endeavoured to estimate the energy of mercury at —50° of Fahrenheit, 
by freezing it into a solid ring, of the same dimensions as the preceding, in a 
mould of wood, accurately adjusted for the purpose ; but could only obtain 
satisfactorily, as a general result, the place it appeared to hold in the scale of 
magnetic energy. The ring was fully and completely solidified, and the mould 
so constructed as to admit of its interior part being removed, so that the needle 
could oscillate, whilst the metal remained externally enveloped in the freezing 
mixture. The thermometer, previously to removing the interior of the mould 
mid adjacent salti^, stood at —56°. I had not an opportunity of repeating 
this interesting experiment, which is sufficiently practicable, and seems to pro- 
mise the development of some new phenomena in magnetism. The energy 
of mercury in its fluid state, in a vacuum, was examined by inclosing it be- 
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tw^a two glsm circular checks^ so as to obtain a ring of nearly tbe same 
dimensions as tbe others, subs^jnently separating tbe inflnence dne to the 
gla^ alone. 

29. Ibe place which the following metals appear to occnpy in the scale of 
magnetic energy, and their compamtive influence, as resulting from this 
inv^tigation, is given in tbe succeeding Tables. 


Table IX. 


Me^s. 

Rolled 

Silver. 

Rolled 

Copper. 

Ct»t 

Copper. 

Rolled 

Gold. 

Cast 

Zinc. 

Cast 

Tm. 

Cast 

Lead. 

Solid* 

Mercury. 

Cast 

Antimony. 

Maid 

Mercury. 

Cast 

Bismuth. 

Compara-n 
tive magne- > 
tic energy . J 

39 

29 

20 

16 

10 

6.9 

i 

3.7 

2.0 

1.3 

1.0 

0.45 


Table X. 


Alloys. 

Cast Copper and Zinc 
in equal parts. 

Cast Copper and Bis- 
mudi m equal parts 

Cast Zinc and Bismuth 
in equal parts. 

Comparative j 
energy . . \ 

12 

2.3 

1.4 


30. Although considerable pains have been taken to make the foregoing Table 
as perfect as possible, yet it cannot be considered as an 3 d:hing more than a 
useful approximation ; there are many conditions peculiar to this inquiry to 
be yet investigated, which seem for the present to preclude the possibility of 
obtaining results quite conclusive. The metals employed were in as great a 
state of purity as they could be obtained in the orchnary way of commerce ; 
some of them, more especially the copper, gold, and silver, may be considered 
as very nearly without alloy. 

31. If the preceding investigations are of any importance, they seem to be 
in great measure conclusive, as to the cause of the influence of a rapidly 

* The comp^tive of solid mercury must be taken as a rough approximation; tbe bar in 

this rii^ in air, as nearly as could be ascertained, performed about 150 vibrations between 45° and 
10°; whilst, in an analogous ring of rolled copper it performed about fourteen vibrations; m free 
space in air, it performed 2S2, 
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rotating metallic disc on a freely snspended magnet ; whilst at the same time 
they are in accordance with the opinion of M, Arago, that almost every known 
substance can exert an influence on the compass-needle. Every species of 
matter therefore may be considered to be more or less susceptible of a state 
of transient magnetic energy, arising from induction. 

32. The hypothesis advanced by Mr. Herschel and Mr. Babbage in expla- 
nation of some of these phenomena is extremely simple, and to a great extent 
very satisfactory ; inasmuch as it agrees with all the observed operations of 
magnetic induction, and, as stated by them, supersedes the necessity of ad- 
vancing any new hypothesis in magnetism ; it is nevertheless considered by 
M. Arago as insufficient^. This celebrated philosopher appears to deny, that 
the limit of the motion produced by any force, which can be supposed to re- 
side in the induced poles, even if their existence be admitted, can exceed a 
minute of a degree : whereas, in order to explain the rotation, it should ex- 
ceed 90®. It may be observed however, that a ring of metal, copper for ex- 
ample, immediately surrounding the poles of the needle, can, as first stated by 
M. Arago, diminish the amplitude of its oscillations, and, as seen in the fore- 
going experiments, so fetter its motion, as to reduce the vibrations in a ^ven 
space from 420 to 14. We must therefore necessarily conclude the force in- 
duced in each consecutive point of the ring to be very considerable. With 
non-metallic bodies, the force is certainly very much less ; but these do not 
fetter the motion of the needle to anything like so great an extent, nor will 
these substances rotate, as far as I can find, by the influence of a magnet 
revolving in an exhausted receiver without sensible vibration, notwithstand- 
ing the rapidity of the rotation exceeds 700 revolutions in a minute, 

33. After considering with much attention the hypothesis just alluded to, I 
am led to offer a few additional observations, with a view of extending the 
principle it involves, and which may possibly be useful in further elucidation 
of the perceived effects ; whilst, at the same time, they will not be found in 
any way inconsistent with the known laws of magnetic action. 

The facility with which a magnetic development is induced in bodies, may 
be designated by the term susceptibility” ; the time during which this effect 
of induction remains in them retentive power”. These terms have been 

* Edin. Philos. Journal, vol. v. p. 326. 
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already employed by Mr. Babbage and Mr. Heeschel, and they are sufficiently 
explanatory. In the case of magnetic energy induced in a body by any of 
the ordinary methods, it may be observed as a general fact, tlmt the energy 
is acquired in somewhat less time than that in which it is ^in lost. This is 
particularly the case in soft iron rendered magnetic, by an electro-mapietic 
spiml ; a simple contact between a magnet and a mass of soft iron wfll fre- 
quently convey to it an attractive force, which it retains for a comparatively 
long space of time. In regard to the susceptibility of different substances, it 
is found to vary considerably ; and depends on some peculiar property not yet 
explained ; it seems to be in some inverse ratio of their retentive power. Thus 
it is not without difficulty that hardened steel is made permanently magnetic, 
whilst its retentive power is considerable: soft iron, on the contrary, is observed 
to be comparatively feeble in its retentive power, whilst its susceptibility of 
magnetic change is great. It may be hence inferred, that in non-ferruginous 
masses, the mere susceptibility of magnetic change, is in fact also conside- 
rable, but then their retentive power is so feeble, that the subsequent attraction 
does not ensue to any great extent. This probably arises from some peculiar 
state of the particles of these substances, which allows what may be termed 
the new magnetic distribution, to tend more rapidly to the previous state of 
neutrality, immediately the tension passes a certain point. In every observed 
instance, however, more time seems necessary to restore perfectly, the original 
state of the body, than was required to disturb it, the former being the insult 
of a progressive operation, whilst the latter is effected by a sudden and con- 
centrated force. 

34. The attraction, as usually observed, between a magnet and a mass of 
iron, is invariably preceded by this new magnetic distribution in the iron ; 
and unless such new distribution can occur, it seems, as in the analogous 
operation of electrical action, that no attractive effect can ensue ; indeed 
this is made evident by the repulsive efforts of two similar magnetic poles ; 
the repulsion may be conceived to be really the immediate consequence of 
an inductive effort, since an attempt is made to reverse the magnetic dis- 
tribution in the opposed bars, which action the already existing polarities re- 
sist : when, however, as in the case of opposing either pole of a very powerful 
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magRet to the similar pole of a very wealc one, this new distribution emi be 
effected, an attractive force immechately follows- 

3§. Ihere are some circumstances connected with this curious rcndt of mag- 
netic action, which seem to apply immediately to the qu^thm under cona- 
demtion, but which have not been generally observed. If two similar m^- 
netic poles of very unequal force be opp<^ed to each other, the greatest r^ul- 
skm, takii^ into account the difference in distance, will be a little within the 
limit of their action : that is to say, the increments in the repulsive energy are 
comparatively less, as the magnets approach each other : evidently resulting 
from the change which begins to take place in the magnetism of the bars. 
Now if one of the bars be extremely powerful in regard to the other, the new 
distribution in the weaker bar is effected even before the point of contact The 
precise point at which the existing polarity of the weaker bar becomes changed 
varies with the force of the stronger magnet. This point may be foimd by 
experiment in the following way. Let a small cylindrical magnet be suspended 
by a silk line from a delicate wheel, whose axis rests on friction rollers; 
and let it be counterpoised by a small weight at the extremity of a short cylin- 
drical piece of wood partly immersed in a jar of water. If one pole of a power- 
ful bar be now carefully approximated towards the like pole of the suspended 
magnet, by fixing the former in a brass frame carrying a micrometer-screw, 
the ktter will be observed to recede from the bar, until the opposed poles 
are within a certmn distance of each other ; when the repulsion will cease, and 
a weak attractive effect ensue. The cylinder of wood as it becomes gmdually 
immersed *, continually furnishes an equivalent to the repulsion, in the quan- 
tity of water displaced. 

We do not generally perceive the attractive effect resulting from this induc- 
tive action in non-ferruginous masses ; for, as already observed, their feeble 
retentive power admits of the magnetic neutrality being more rapidly restored, 
when the tension passes a certain point. So that in fact, the opposite magnetic 
state never becomes sufficiently intense to evince an attractive force, cogni- 
zable by the ordinary means. 

* A more detailed account of this experiment may be found in the Transactions oi the Royal Society 
of Edinlmrgh. 
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36. Wb^5 a <Msc of any ^bstan<^ is |mt into a state of n^ion 

under a suspended magnetic bar, i^^josite poles are induced in that |®rt of the 
di^ immediately under the bar ; ttee induced pote may be su|^o^ to pass on^ 
and being retained for a short portion of time, mil, if the mo^n be more rapid 
than the time during which the impression remains, be trmisferr^ toward the 
opposite poles of the magnet, and exert upon them a repulmTe action up to 
that point of distance (35) at which the poles of the magnet again rev^ae the 
transient poles impressed on the disc, and substitute opposite poles, to be 
a^^in reversed as before. 

37. Thus if NsSn (fig. 12) be a metallic disc revolving in the direction 
N s S n under a magnetic bar N S free to move npon a central point C, and 
of which N is the north pole, and *9 the south, the effect of this rotation will 
be, to impress upon the semicircle Ns S a south polarity, and upon the semi- 
circle SnN a north polarity, in consequence of the points sss and nnn having 
passed under the poles N and 5. Now if the time required to restore the ori- 
ginal magnetic distribution of the plate, be less than that necessary to disturb 
it, these impressed polarities remain for a small portion of time, and hence 
there will always be an attractive force in advance of the poles of the bar, 
and a repulsive force in arrear of them ; consequently the bar becomes driven, 
as well as dragged in the direction of the revolving disc by the resolved portion 
of the oblique actions acting for the most part near the extremiti^. And there 
is little doubt, that any substance in the least degree susceptible of a transient 
magnetic state, might cause a magnet to rotate ; provided that the rapidity of 
the motion be greater than the time necessary for the restoration of the origmal 
magnetic distribution of the body acted on ; supposing such j^pidity of rota- 
tion possible. 

38. A rotating disc, therefore, circumstanced as above (37), may be consi- 
dered as a circular magnet such as that already mentioned (5), one of the 
semicircles having a north polarity, and the opposite semicircle a south pola- 
rity ; and which polarities eventually neutralise each other about one of the 
diameters ; the only difference being, that the ms^etism of the revolving disc 
is transient, and constantly changing its position ; so that the neutral points 
are always near the poles of the suspended bar. The bar therefore by a well- 
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kBown law of umgnetic attraction^ will be constantly end^wmi^ to place 
at right angl^i to tl^ magnetic equator of the whilst thye position d 
the latter vari^ in iti turn with the porition^ of the bar.: is in filet owii^ to 
this drcnm^^e that the bar at length revokes with the m may be in 
great measitio seen by substituting for the disc a similar ^sc of sted made 
pemanently magnetic i in whkh case tiie suspended bar will i^t revoke, it 
will be merely put into a state of disturi>ed vibration. 
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V. On the Nature of Negatwe and of Imagmary Quantitdes. 
By Davies Giusebt, Esq. P.R.S. 

Read November 18, 1830. 


I AM desirous of submitting to the Royal Society some observations on the 
nature of what are termed Negative and Imaginary Qmntities^ tending as I 
hope to clear away the obscurity that has hitherto surrounded them. 

The subject has occupied my attention for many j&slts, and however plain 
and simple may be the results, they have not been obtained without much 
patient investigation ; and, in the event of their being found correct, ttey will 
add one authority more to an observation frequently made, and confirmed by 
extensive experience, — ^That paradoxes and apparent solecisms, involving th^- 
selves with facts or with deductions known to be true, may always be found 
near the surface, owing their mcistence either to ambiguities of expression or 
to the unperceived adoption of some extraneous additions or limitadons into 
the compound terms used for definition, which are subsequently taken as con- 
stituent parts of their essence. 

The first misapprehension appears to consist in our considering any quan- 
tity whatever as negative per se, and without reference to another opposed to 
it, which has previously been established as positive. 

In applying our arithmetic to whatever is continuous, some neutral point or 
zero must be selected, as in time, in space with reference to itsi;hree dimen- 
sions, in forces, in velocities ; and the opposite directions from this point will 
be mutually negative in respect to each other, and must be distinguished by 
appropriate marks or signs. But space to the left is no more essentially nega- 
tive than space to the right, nor descent than ascent, nor time past than time 
that is to come. 

I would therefore adopt for the present investigation, and to avoid pre- 
viously formed association of ideas, (a) and (b) as marks or signs for prefixing 

n2 
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tskm m iii^r tliaa ^ wmm 

^ fii^ aM 

la ^ wbsA I^k ^9 1 bel^ tl^ tibe law th£ mgm hm nmet i^ted 
to It^ lyi gm^^izatioa. 

M mmmm togtiafe, md for c^rdi^ay pai|iDi^ ai^tplk^oa is ccmU 
^i^mma^broriii^ad^oa; bat it would a i^^Maous waste of ti®e 
to dasua^tmto iNsfore this Society that multipliimtiQa is always aa a^ir of 
ratios. Length and br^dth mtiltiplied together give areas^ becan^ an unit of 
lengtib by an unit of breadth has previously b^n established as the superfidal 
unit, L^gth, width, and depth give solidity for the same reason, and from the 
want M such a pr^stablished unit, aris^ the utter absurdity of a question, hem- 
tofo^ proposed in vmious treatises on arithmetic, for multiplying some deno- 
mif^on of coin by itself, smd ascertmning the product. 

When a multipUeatlon c€ two quantities is therefore to be made, imity must 
be understood as the antecedent ; but here an extran^us limitation insinuates 
l^lf u^erceived. Hie common antecedmt taken in nsual practice is not 
amply an unit, but unity in tbe scate of (a). With this limitation the law of 
Urn signs is coned, namely that like signs produce (a), and unlike signs pro- 
duce (b). But let unity, the common antecedent, be taken in the scale of (b) ; 
^ law mil then immediately change to like sigi^ producing 0), and unlike 
signs producing (a). 

Hie general nde therefore must be, that like signs give the sign of the 
umversdi mitecedent, and unlike signs the contrary. 

Admiteing, theref(we, that both scales are in themselves equally affinnative, 
and that either may be tak^ as negative to the other, it necesi^rily follows 
iJto by usu^ the of (b)^ mid consequently by assuming the unit of that 
as the nmv^i^ aiE^^lent, all even roots in tibe scale of (a) will become 
imginary ; mid thus the appar^t discrimination of the two scales is entirely 
removed : and in riie ^me way, and by varying the signs according to the scale 
m wlmdi tte uaiv^ial antec^ent m taken, all formulie will becmne equally 
i^l^ble to Ik^. 

example: ,{^plateIIL) 

md their l^ari^ms will 1^ for both scml^ 

by cwrires m dm following figure, where al oidin^^ 
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alMiFE aad Mow tte Mae ctf the are ledpoeal to each 

otter; and tteir ptodi^ equal to the square of eitter oMiuato at the s^o 
pmt, which, in tte pcmitlou of tte curves correspon&ig to ^ uatoral sy^m, 
is whm the fluxions of £ and y are equal. 

It m obvious from Inspecting this figure, that if m be a natuml nimiter mid 
M its lo^rithui, b<H;h in the scale of (a), and M be taken in tte scale of (J), or 

—(a), it will become tte logarithm of ~ ; but M in the scale of (S) is also 

tte logarithm of m in the ^me scale ; and M taken as at first in the ^jale of 

(a), cr —(5), is the logarithm of 

If the two curves are moved on each other, so that the two ordinatas mea- 
suring 2.302585 in reference to the former unit be made continuous, and that 
length be taken as a new unit, they will then represent the tabular logarithms 
in both scales. 

I flatter myself with having now clearly established the principle, that all 
properties belonging to the scales of (a) and (5) are mutually interchange- 
able ; and that consequently imaginary quantities will be found in the even 
roots of either scale, as the univeri^ antecedent is taken in the other. And 
this leads to the question. 

What are imaginary quantities ? 

I answer. Creations merely of arbitrary definition, endowed with properties 
at the pleasure of him that defines them, the whole dispute respecting imagi- 
nmy quantities turning on the point contested from the earliest times between 
the hostile sects of Realists and Nominalists, descending through Plato, Ari- 
stotle and the Stoics, to the Philosophers of Alexandria, and from them to the 
Schoolmen, who imbittered their discussions with theological controversy and 
persecution. 

If the conceptions of the mind, all abstractions and generalizations, were 
coc^dered as substantial forms, possessing existences distinct from the intelli- 
gences contemplating them ; or, as some writers have expressed themselves 
autousia gaudentes, the immutable and eternal, which united to matter 
constitute the universe, nothing could be equally absurd with the supposition 
of impoisible or ima^ary quantities; but according to the theory now so uni- 
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versally preTalmt m s(m«5elj to admit of a ^gle ^seeptibB miioBg 
who mate the p&wers of the hommi mind the suhjeet of, their peculiar researdb; 
Classifications, Ahstiactions, Generalizations are adow^ to he mere creators 
of the reasoning faculty, existing nowhere but in the mind by which they are 
contemplated. To such unsubstantial existences any qualities may be imputed ; 
but the only one known or useful in algebra, is the supposed eren root of a 
real quantity taken in the scale opposite to that which has given the universal 
antecedent. The sign or mark indicating the extraction impossible to be per- 
formed, veils the real quantity, and renders it of no actual value until the sign 
is taken away by an involution, or the reverse of the supposed operation which 
that mark or sign represents, although by its arbitrary essence the quantity so 
veiled is in the mean time made applicable to all the purposes for which real 
quantities are used in all kinds of formulae. 

While therefore the sign of the supposed extraction of a root remains, the 
quantity to which it is prefixed has no more than a potential existence ; but 
it stands ready to exist in energy whenever that sign is removed. 

Consequently, without experience, it is impossible to know whether an im- 
plicit function of such an ideal quantity, will or will not be cleared by deve- 
lopment of the symbol indicating the supposed extraction of a root, that is, 
whether any actual value does or does not belong to such a function. 

Subject to the above conditions, namely, that the quantity veiled by the sign 
of a supposed extraction shall be treated in expansions and formulse according 
to the laws applicable to real quantities, and that it shall exist in energy when- 
ever an involution has reversed the supposed extraction of an even root, — 

Let (A) be supposed equal to j/ — 1 to find (A) ; 

Then, according to the established laws of real quantities arbitrarily extended 
to these that are imaginary, the log. of A = — 1 X log. of v' — 1 ; but 

by a well known theorem. 


tin log. ory - i = (7 - 1 - - j(y- 


And this series X 4 ^ — 1 becomes — 2xf — f + f — f &c. each alternate term 
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v^isMag. But 2 — |4-f + T“”| == quadraatial wcc of a circle to 

radius unity. - - 

Therefore the log. of A = — quad, arc. 

And A = e " = 0.2078796. 

Consequently, i/ — 1 * is an abbreviated mark or symbol, according to the 

above arbitrary conditions, for the radix of the natural system of logarithms 
raised to a negative power, indicated by the quadrantial arc of a circle to radius 

unity. And in the event of -v/ — 1 ^ ^ ever occurring in the solution of a 
problem, e or 2.71828 or 0.2078796 may be substituted for it. 

And this is what practically happens in regard to all expressions apparently 
ima^nary, which are found to represent real quantities, as is well known in 
cases of circular arcs and logarithms. These mental abstractions have more- 
over extended the bounds of analysis far beyond the utmost limits it could 
otherwise have attained ; they have bestowed harmony and simplicity of form 
on its most recondite investigations, and eminently has their use been im- 
portant in equations, by resolving them into a number of simple factors equal 
to the dimensions of the equation in its highest term. 

It appears from these considerations, that several ingenious mathematicians 
have taken an incorrect view of ideal quantities, by mistaking incidental pro- 
perties for those which constitute their essence ; as, for example, when they 
are supposed to be principles of perpendicularity, because they may in some 
cases indicate extension at right angles to the direction here designated by (a) 
and (^), but with an equal degree of propriety might the actually existing 
square root of a quantity be considered as the principle of obliquity ; because, 
in certain cases, it indicates the hypothenuse of a right-angled triangle. 

I would here notice an error in reasoning (as it appears to me), fallen into 
by all authors who have endeavoured to explain the mode of arriving at a true 
conclusion respecting the sines and cosines of multiple arcs ; which reasoning 
imputes actual properties to ideal quantities, instead of deriving them all from 
mere arbitrary convention. 

Given the sine, and consequently the cosine of an arc, to find the sine and 
cosine of w times that arc: 
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Let z the original arc, v the sine, and^ the cosine, x the cosine of the arc n z, 
then as « : — ^ : 1 : ^ 1 — */ therefore 


s y 

*/\ —3^ ^ 

No integration can however be effected of these quantities in their actual form; 
but changing the signs of the terms in both denominators. 


= ».- 


and 


*s/ — \ * -/y — 1 

the nat. log. of (x + — l) = w X the nat. log. of (t^ + ^ i) 

and X + ^ — 1 = (2/ 4 ” _ 1 ~ ^ . h/y^ — 1 


« — 1 n- 2 


+ «-2-y 


— , — 1 « — 2 , 




But since y is taken as the cosine of the original arc, and x is the cosine of 
the multiple arc, and consequently each less than unity, it is obvious that 
the second term on the left of the equation, and that every even term of the 
expansion on the right, can exist only in the potential form of an ideal quantity ; 
and a conclusion has thence been drawn (but as it seems to me on no solid 
principle whatever), that since real and imaginary quantities occur on each 
side of the equation, and they are of a nature completely heterogeneous one 
to the other, each must be respectively equal ; but this mode of reasoning 
clearly imputes qualities to mere symbols beyond those originally imparted to 
them. The double equality, on my principles, depends entirely on its being as- 
sumed ; as in the solution of cubic equations. 

When a + 5 have been substituted for x in the equation x^ — gx + r = 0 , 
and it becomes changed into 0 ^ + 6 ^ + (3 ad’-gf) Xa + ^ + r = 0, two un- 
known quantities exist with but one relation; another may therefore be 
assumed ; and that which obviously reduces the expression to the most simple 
form is obtained by making 3 a ^ = 0. 

In the same manner x and y, the cosines of two arcs, having but one rela- 
tion, admit of another being assumed; any relation might be taken, but the 
one clearly indicated is that which makes the real terms on both sides equal : 
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this assumption leav^ the ideal quantities in their actual ste-te without any 
change, and when the sign of an imaginary operation has been removed in the 
usual way, they also become truly equal on each side of the equation, and from 
this double equality, series readily present themselves expressing the sine and 
cosine of the multiple arc required. 

On the whole, it appears to me that mystery and paradox are entirely ba- 
nished from the science most powerful in eliciting truth, and where they ought 
least to be found, — by considering all quantity as affirmative per se, and admit- 
ting plus and minus only as correlative terms ; consequently, by extending the 
law of the signs, so as to make the multiplication of like signs g^ve that of the 
scale in which the universal antecedent has been assumed, and the multiplica- 
tion of unlike signs the contrary ; and, finally, by excluding all actual exist- 
ence, and thereby all inherent properties, from the symbols of quantities veiled 
by the mark indicative of an operation incapable of being performed, but ar- 
bitrarily endowing them with the properties of real quantities in all expansions 
and formulas, and with the ultimate quality of regaining their actual existence 
whenever the veil is removed, by an operation the inverse of that which had 
originally induced it. 
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VI. On the probable Eleciric Origin of all the Phenomena of Terrestrial Mag- 
netism ; with an iUusirative Experiment, By Peter Barlow, Eq, F.R.S. Cor. 
Mem, Inst, of France^ of the Imperial Academy of St, Petersburghf ^c. %c. 

Read January 27, 1831. 

In order to show the incompatibility of the observed laws of terrestrial mag- 
netism with the supposition of the earth itself being a m^net, and at the ^me 
time their accordance with the laws which appertain to a body whose mag- 
netism is induced by electricity, it will be necessary to take a retrospective 
view of the several discoveries which have been made, connected with these 
subjects, since the commencement of the pr^ent century, and particularly 
within the last ten or twelve years. Up to the period of the scientific travels 
of M. Humboldt, it must be admitted that all the facts with which we were 
acquainted, relative to terrestrial magnetism, were a mere collection of obser- 
vations and phenomena, uncertedn in themselves, unconnected with each other, 
and irreducible to any specific laws ; but the confidence inspired by the high 
character of this distinguished ti*aveller, his accuracy of observation, and the 
perfection of his instruments, gave a new feature to the inquiry, and laid the 
foundation of our present knowledge in this science. 

M. Biot was the first to undertake the difficult ta^ of reducing these results 
to some principle of calculation. Considering the earth as a magnet, he 
assumed an indeterminate distance to represent the distance of its two poles ; 
and then, supposing their power to vary inversely as the square of their distance 
from the point on which they acted, (a law which had been alimdy established,) 
he obtained a general expression for the direction of a magnetic needle. He 
then made his indeterminate distance vary ; and comparing at every step his 
results with those observed, it was found that the nearer the poles were made 
to approach, the nrarer the computed and observed results corresponded ; and 
finally, that the errors were reduced to a minimum when the two pol^ were 
coincident, or indefinitely near to each other. 

o 2 
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Hiis is a highly important determination as it relates to the present inquiry; 
for here we have at once a demonstration that the earth is not a magnet, or at 
least that it does not act according to the laws of a permanent magnetic body, 
the distinguishing characteristic of which is, the existence of two poles, distinct 
and distant from each other ; whereas it is shown by this investigation, that in 
the earth these two poles are indefinitely near to each other and to the earth’s 
centre. 

M. Biot’s results, however, in consequence of the generality he had given to 
his first assumption, were involved in a very intricate formula ; but in the 
mean time a similar task had been undertaken by M. Kraft, of St. Petersburgh, 
on different principles. This philosopher contented himself with attempting to 
determine empyrically some mathematical formula to connect the different dip 
observations with each other ; and he discovered this very simple relation, viz. 

That the tangent of the dip of the needle in any place is equal to double the 
tangent of the magnetic latitude of that place.” M. Biot, in consequence of 
this deduction, re-examined his former investigation, and found that his for- 
mula after certain reductions, of which he was not before aware it was suscep- 
tible, became identical with that of M. Kraft ; and thus the fundamental law 
of terrestrial magnetism was confirmed by two philosophers acting apart and 
independently of each other, and on principles entirely different. It followed 
also from M. Biot’s formulse, that the intensity of the dipping needle ought to 
vary inversely as the square root of 4 mimis 3 times the square of the sine of 
the dip ; and that of the horizontal needle inversely as the square root of 3 flus 
the square of the secant of the dip : conditions which have since been verified, 
at l^t approximatively, by observations, extending even to within one or two 
degrees of the pole itself. And these laws, I beg again to repeat, are entirely in- 
consistent wdth those which appertain to a permanent magnetic body, while 
they will be shown, in what follows, to be the fiindamental laws of a body 
which receives its transient magnetism by induction. We see thus how it hap- 
pened, that those philosophers of the last century, who endeavoured to illus- 
trate the laws of terrestrial magnetism by what they called terrellse, or round 
mdnral magnets, with distinct poles, failed in all their attempts on this sub- 
ject to establish any mathematical principle of calculation. 

It has been seen that up to the year 1809, the phenomena of terrestrial mag- 
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had r^isted every prior attempt to reduce them to the power of ana- 
lysis. It will now he necessaiy to refer to those which relate to the reciprcKjal 
acrion of iron bodies and a magnetic needle on each other, which were still 
more uncertain, and apparently more anomalous, than the former. 

In 1819 I undertook this investigation, and, after an extensive series of ex- 
periments, I succeeded in reducing this reciprocal action likewise to very 
simple laws, derived empyrically from the results I had obtained, but which 
were obviously only approximative, although the approximation was very cl<^ : 
in the course of these experiments also a very remarkable fact was discovered ; 
nmuely, that all the magnetic power of an iron sphere resides on its surface. 
These first experiments, with the exception of the fact last mentioned, which I 
had not then discovered, were presented to the Royal Society in 1819. I after- 
wards extended my first researches, and published the whole in a small tract, 
entitled, An Essay on Magnetic Attraction.” 

The simplicity of these results, and particularly the circumstance of the 
magnetic power residing on the surface only of the sphere, led Mr. Charles 
Bonnycastle, (at present mathematical professor in the University of Virginia,) 
to undertake an investigation of the laws which an iron sphere ought to ex- 
hibit according to a certain hypothesis relative to induced magnetism ; and he 
succeeded in eliciting most of the formulae I had obtained empyrically from my 
experiments. In the second edition of my Essay, I also examined the subject 
analytically, making a slight alteration in the hypothesis employed by Pro- 
fessor Bonnycastle ; and by this means have been enabled to deduce all my 
experimental laws without exception, and to supply the small corrective part 
which was obviously wanted in the several formulae as they were first obtained. 
Since that time, M. Poisson has employed his powerful analysis to investigate 
the subject in all its generality ; and I have had the satisfaction of seeing con- 
firmed by ’so distinguished a mathematician all my original propositions ; and 
an action considered till that time anomalous, reduced to laws nearly as 
general and certain as those which govern the planetary motions. 

The application of these deductions to the present inquiry is important. It 
follows from these laws, that if an iron sphere, such as we have supposed in a 
transient state of magnetic induction, be made to act upon a magnetic needle, 
isolated from the terrestrial magnetism, it will produce in that needle all the 
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phenomena which M. Humboiot observed, and which MM. Biot ^d Kraft 
reduced to determinate laws of action * ; the two poles in this in that, 

being indefinitely n^ to each other, and to the centre of the sphere. Henc^ 
then it follows, 

1. That the laws of terrestrial magnetism are inconsistent with thc^ wMch 
belong to a permanent magnetic body. 

2. That they are perfectly coincident with those which appert^ to a body 
in a transient state of magnetic induction. 

These results were incontrovertible ; but an insuperable obstacle seem^ 
still to oppose itself to any rational hypothesis relative to the cause of the 
earth’s magnetic power. Up to this period we knew of only one means of in- 
ducing magnetism, which was by the approximation of a permanent magnet to 
a ball or mass of simple iron, and one or two other metals : but what body 
could be imagined capable of inducing this power in the earth ; particularly as 
the earth preserved its magnetic energy constantly in nearly the same direction, 
whereas its position with regard to any exterior body was hourly changing ? 
Its magnetism could not therefore be induced by any foreign body; and as no 


• The formula indicating the position of a magnetic needle freely suspended from the combined 
acticm of the ^rth and an iron sphere upon it, is 

. SCOS0. sin A 

where A is the deflection from the axis of the sphere, p the complement of the magnetic latitude, 
M the magnetic power of the earth, r the radius of the iron sphere, d the distance of the needk from 
its («ntre, and C a constant coefficient dependent on the magnetic power of the iron. Li this expres- 
sion making M vanish according to the above supposition, and substituting ^ for A> so that 
becomes the compl^ent of the dip, we have 

which after an easy reduction becomes 

2 tan s= tan or tan 5 = 2 tan X 

witere S is the dip, and A the magnetic latitude. By a similar process, calling I and I' the intensity of 
the dipping and horizontal iteedle, we find 


I = andI' = 2A^3 


which mre predsely M. Biot’s formulae. — See Ess^ on Magnetic Attmctitms, page i9S, 
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power in its^ conld be concmed capable of producing tMs effect, the de- 
ductions above made, although they would have stood inccmtrovertible, yet 
the causes of them would have rem^ed inexplicable, but for the important 
discovery <ff Mr. Oersted, which threw a new light upon m^netic investi- 
gations. 

This philosopher discovered that a wire conducting an di^iic current was, 
during the interval of transmission, in a state of magnetic induction. Such a 
discovery, at such a time, was most fortunate ; and not on this point only, but 
on various others, it excited the attention of all the most distinguished philo- 
sophers of Europe. The number of interesting facts which were thus elicited 
will always form a prominent feature in the scientific history of the nineteeuth 
caitury, but the greater part of them are unconnected with the present inqrary ; 
I shall therefore only refer to one or two, which have an important bearing 
upon the question under investigation. As soon as I was informed of this 
interesting discovery, I was anxious, by experiments as nearly similar, as cir- 
cumstances would admit, to those I had adopted with the iron ball, to elicit in 
this case also the laws which govern the reciprocal action of the wire and the 
needle ; and after a pretty long series of experiments I arrived at this conclu- 
sion, viz. — 

That the force of each particle in the wire on each particle of the needle 
varies inversely as the square of the distance, and that the nature of the force 
is tangential, that is, such as would place a needle, neutralized from the earth’s 
magnetism, always at right angles to the direction of the wire, and to the 
direction of the line joining the needle with the centre of action of the wire.” 
This law, with an account of the experiments from which it was derived, w^ 
read to the Royal Society, May 22nd, 1822, and was afterwards published in 
the second edition of my Essay above referred to. 

While I was thus engaged in endeavouring to elicit the law of action be- 
tw^n the wire and the needle, M. Ampere had entered upon a much more ex- 
tensive investigation; that is, not only of the reciprocal action between the wire 
and the needle, but also between different wires and galvanic currents on each 
other. Galvanic needles, both dipping and horizontal, were constructed, which 
possessed all the properties of the i^ual magnetic needles. The law of action 
of galvanic currents on each other was reduced to that of attraction; and by 
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turning the m^netism of the iie^le to be due to an infinite number of gal- 
vanic currents parallel to each other and at right angles to the axis, the ^ticm 
of needles on each other, of these on galvanic currents, th^e currents on eadi 
other, and of the earth itself on each, were all reduced to one general principle, 
admitting of accurate and determinate calculation. 

The view which I had taken of the subject was more limited. Having ob- 
tained a law which expressed a particular class of these phenomena, I pro- 
ceeded no further; but it was satisfactory to me to find, that as far as these 
extended, the expressions were identical, and that all the observed phenomena 
due to every variety of experiment were equally explicable on the one or the 
other hypothesis. It will not be necessary to enter further into the many beau- 
tiful effects which were obtained by the various arrangements of different gal- 
vanic conductors. I shall therefore proceed at once to describe the Experi- 
ment alluded to in the head of this article, which is intended, if not to prove, 
at least to show the high degree of probability, that all terrestrial magnetic 
phenomena are due only to electricity, and that magnetism, as a distinct 
quality, has no real existence. 

Having, as stated in the preceding part of this paper, discovered that the 
magnetic power of an iron sphere resides only on its surface; having also 
shown that when we suppose the earth’s magnetism to vanish, the fundamental 
laws of terrestrial magnetism are exhibited by this superficial action, — the re- 
sulting expressions being identical with those obtained by M. Biot for the 
earth ; it occurred to me, by a very natural induction, that if I could distri- 
bute over the surface of an artificial globe a series of galvanic currents, in such 
a way that their tangential power should every where give a corresponding 
direction to the needle, — such a globe ought to exhibit, while under electrical 
induction, all the magnetic phenomena of the earth upon a needle freely sus- 
pended above it, the needle itself being neutralized from the Orth’s mag- 
netism, so as to l^ve it wholly under the influence of this superficial action. 
Hiis idea was put to the test of experiment as follows. 

I procured a wooden globe sixteen inches in diameter, which was made 
hollow for the purpose of reducing its weight ; and while still in the lathe, 
grooves were cut to represent an equator, and parallels of latitudes at every 
each way from the equator to the poles ; these grooves were about one 
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eighth of aa inch and broad : and lastly, a groove of the same breadth, 
but of double the depth, was cut like a meridian, from pole to pole, half round. 
These grooves were lor the purpose of laying in the wire, which was effected 
thus. The middle of a copier wire, nearly ninety feet long and one-tenth of 
an inch in diameter, was applied to the equatorial groove, so as to meet in the 
transverse meridian ; it was then turned down that groove, one end towards 
one pole, the other towards the other pole, as far as the first parallel ; it was 
then made to pciss round this parallel, returned again along the meridian to 
the next parallel, then passed round this again, and so on till the wire was 
thus led in continuation from pole to pole. 

The length of wire still remaining at each pole was bound with varnished 
silk, to prevent contact, and then returned from each pole along the meridian 
groove to the equator : at this point, each wire being fastened down with 
small staples, the two wires for the remaining five feet were bound together 
to near their common extremity, where they opened, to form two points for 
connecting the poles of a powerful galvanic batteiy. When this connection 
was made, the wire became of course an electric conductor, and the whole 
surface of the globe was put into a state of transient magnetic induction ; and 
consequently, agreeably to the laws of action above described, a neutmlized 
needle freely suspended above such a globe, would arrange itself in a plane 
passing from pole to pole through the centre, and take different angles of in- 
clination according to its situation between the equator and either pole. 

In order to render the experiment more strongly representative of the actual 
state of the earth, the globe in the state above described was covered by the 
gores of a common globe, which were laid on so as to bring the poles of this 
wire arrangement into the situation of the earth’s magnetic poles, according 
to the best observations we have for this determination. I therefore placed 
them according to the mean results of Sir Edward Parry and Captain Foster 
in latitude 72 ° N. and 72 ° S., and on the meridian corresponding with longi- 
tude 7 ^^ W., by which m^ns the magnetic and true equators cut one another 
in about 14° E. and 166° W. longitude. 

Hie globe being thus completed*, a delicate needle must be suspended above 

* This globe was constructed in 1824, and exhibited by Dr. Birkbeck, March 26th of that year, 
at the London InsUtuticm. 
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itj neutmiked from the effect of the eailL’s m^netism, according to the prin- 
ciple I employed in my observations on the daily variation, amd d^ril^ in 
the Philosophical Transactions for 1823 ; by which means it will become en- 
tirely under the superficial galvanic arrangement just described. Conceive 
now the globe to be placed so as to bring London into the z^th ; then, the two 
ends of the conducting wire being connected with the poles of a powerful bat- 
tery^, it will be seen immediately that the needle, which was before indifferent 
to any direction, will have its north end depressed about 70 °, as nearly as the 
eye can judge, which is the actual dip in London ; it will also be directed 
towards the magnetic poles of this globe, thereby also showing a variation of 
about 24° or 25° to W., as is also the case in London. If now we turn the 
globe about on its support, so as to bring to the zenith places equally distant 
with England from the magnetic pole, we shall find the dip remains the same; 
but the variation will continually change, becoming first zero, and then gra- 
dually increasing to the eastward as happens on the earth. If again we turn 
the globe so as to make the pole approach the zenith, the dip will increase, till 
at the pole itself the needle will become perfectly vertical. Making now this 
pole recede, the dip will decrease, till at the equator it vanishes, the needle 
becoming horizontal. Continuing the motion, and approaching the south 
pole, the south end of the needle will be found to dip, increasing continually 
from the equator to the pole. Where it becomes again vertical, but reversed as 
regards its verticaHty at the north pole. 

Nothing can be expected nor desired to represent more exactly on so small 
a scale all the phenomena of terrestrial magnetism, than does this aitificial 
globe : besides, we know from the mathematical laws of motion which have 
been referred to, that it is not merely an exhibition of effects, but that if we 
could increase our currents indefinitely, every circumstance of dip and direc- 
tion would admit cff actual and accurate computation. 

I may therefore, I trust, be allowed to say, that I have proved the existence 
of a force competent to produce all the phenomena of terrestrial magnetism, 
without the aid of any body usually called magnetic, except perlmps it may be 

* My battery consisted of twenty zinc and twenty copper plates, ten inches square : but the expe- 
riment imy i^own satisfactorily by Stubgeor’s circular battery widi alKiut two feet of copper 
and one of zinc. 
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mid tha small n^dle employed for exhibiting the eff^ts; and even this, but for 
its necessary minuteness, might be replaced by a ^Ivanic needle on M. Am- 
pebe’s construction. At the same time, I must beg again to observe, that it 
follows from the laws obtained by M. Biot, that no position of a single magnet, 
nor the arrangement of any numbers of such bodies within the globe, could by 
possibility exhibit the same phenomena, particularly as relate to the intensity 
of the needle. 

I am quite aware that, after all, this does not amount to a demonstration 
that the magnetic phenomena of the earth are produced only by electricity ; 
yet seeing as we do, in every operation of natural effects with which we are 
acquainted, that the agents employed are not more numerous than necessary, 
it will perhaps be admitted that I have at least shown the high probability that 
all terrestrial magnetic phenomena are due to some particular modification of 
electricity, and that magnetism, as a distinct quality, has no real existence in 
nature. 

It is true, that as far as the discovery of Mr. Oersted goes, we have no idea 
how such a system of currents can have existence on the earth, because, to 
produce them, we have been obliged to employ a particular arrangement of 
metals, acids, and conductors ; but, fortunately, a subsequent step, not less im- 
portant than the former, was made by Professor Seebeck of Berlin, who dis- 
covered that the mere application of heat to a circuit composed of two metals, 
was competent to produce the same development of galvanic and magnetic 
effects as those above described; and there can be no doubt, that if the con- 
ducting wire of the globe I have described, were removed, and each parallel 
made complete in two metals, that all the phenomena it now exhibits by aid 
of the galvanic battery might be represented by the application of heat only. 

The effect of heat is so obvious in the production of magnetic developments, 
that I have seen a rectangular circuit on Professor Seebeck’s principle, con- 
structed by Messrs. Watkins and Hill, which, by the momentary application 
of a spirit lamp, became sufficiently magnetic to deflect the needle several de- 
grees, and even the minute change of temperature that could be produced by 
contact with the hand, exhibited a sensible effect : this circuit, however, was 
formed of two metals as proposed by Professor Seebeck ; but Mr. Sturgeon of 
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Woolwich has been enabled to produce a similar effect with a rectangle of 
bismuth only. 

This important discovery of M. Seebeck brings us therefore, as it were, a 
step nearer to our object, by referring us to the sun as the great agent of all 
these phenomena ; indeed but one link seems wanted to connect together a 
chain of highly interesting phenomena, and thereby to reduce to simple and 
intelligent principles what has hitherto been considered amongst the most 
mysterious laws of nature. 

P.S. I have not in the above article made any reference to the irregularity 
of the magnetic lines on the earth. I have spoken of the law as deduced by 
M. Biot, as if it answered accurately all the conditions required : it is however 
very well known that there are irregularities which it will not reach, and much 
credit is due to Professor Hansteen for the talent and industry he has ap- 
plied in the collection of results, and the reduction of them to principles of cal- 
culation. These discrepancies however are by no means opposed to the fore- 
going view of the subject, but are, on the contrary, rather favourable to it ; 
for if, as is implied in the preceding remark, the development of terrestrial 
magnetic phenomena be due to the transmission of caloric and inequality of 
temperature, we ought to expect the same kind of irregularities in this action 
as we know to exist in the temperature and climate of places situated geogra- 
phically the same. 
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VIL On the Equilibrium of Fhiidsy and the Figure of a Homogeneous Planet in 
a Fluid State, James Itoby, A,M, F,R.S. Instit, Reg, Sc. Paris, Corresp. 
et Reg. Sc. Gottin. Corresp. 

Read January 13 and 20, 1831. 


I. Equilibrium of Fluids. 

I. The nature of the ultimate particles of a fluid, and the peculiar manner 
of their mutual connection, are entirely unknown to us. We conceive that 
they obey the same mechanical laws to which all matter is subject. Experiaice 
shows that the particles of a fluid move freely among one another, yielding to 
the least pressure in any direction ; and this is the most general property of 
such bodies that has yet been discovered. The perfect mobility of their par- 
ticles must therefore, in the present state of our knowledge, be considered as 
constituting the definition of fluid bodies, and as the foundation of all our rea- 
soning concerning them. We here confine our attention to a fluid in equili- 
brium, or at rest, in which state every particle is pressed equally on all sides. 
It is evident that the mobility of the particles among one another, and their 
readiness to obey any new impulse, is nowise impeded by the magnitude of 
their mutual pressure, since this acts at every point with the same intensity in 
all directions. 

If we set aside the effect of gravity, and of all accelerating forces, it follows, 
from the definition, that the pressure will be equal in all parts of a continuous 
fluid at rest. In this state we must conceive that the particles are equally 
distant, and arranged similarly about every interior point. Their mutual 
distance, it is natural to think, must be connected with the magnitude of 
pressure ; so that when they are more pressed, they will approach one another, 
and the volume will be diminished ; and, when they are less pressed, they will 
recede from one another, and the volume will be enlarged. Accordingly it is 
found that no fluid is perfectly incompressible. But in some, such as water 
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and other liquids^ a veiy gimt external force must a{^li^ to produce an 
almost imperceptible varktion of bulk ; while in others, such as air and the 
gases, very notable changes of volume are caused by moderate compression. 
In the investigation of the properties of the first sort of fluids, to which our 
attention is here exclusively directed, we shall throw out of view the very small 
degree of compr^ibility they possess, and shall suppose them to retain the 
same bulk whatever changes of figure or pressure they may undergo. 

In a fluid in equilibrium, the action of the accelerating forces that urge the 
particles must be counterbalanced by the pressure propagated through the 
mass : to find the relation between these opposite forces must therefore be the 
firet object of research. 

2. Assuming three planes intersecting at right angles which, by the co-ordi- 
nates drawn to them, ascertain the position of the particles of the fluid, we 
shall suppose two points or particles (jr, z) and (j? -f- ^ ^ t/, -f S js) 

at the infinitely small distance ^ s from one another ; and we shall put tu for 
the small base of an upright cylinder or prism of the fluid placed between 
the two points, and having I s for its length : then the density of the fluid being 
invariable and represented by unit, and the quantity of matter of the cylinder 
or prism being denoted by dm, we shall have 

dm = 6f X 

Let all the accelerating forces which act upon the particle z) be 
reduced to the directions of the coordinates ; and put X, Y, Z for the sums of 

the reduced forces respectively parallel to x,y,z\ then because || are 

the cosines of the angles which the line $ ^ makes with x, y, z, the partial forces 

urging the particle in the direction of 5^, will be X ^ , Y Z and, if 
we put 

/=Xr* + Y|f + z|f, 

the whole accelerating force urging the particle {x, y, 2 ) in the direction of § s, 
will be equal to /. Multiply now by the equal quantities dm and and 
the result will be 


fdm = »(X^a? + Y^^ + Z^ 2 ). 
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As the 4 4^, 4^^, 4^, n* may be a^umed as small as we please, the 

force / may be considered as raining the same value for all the imrticles of 
the cylinder or prism ; and therefore /dm is the motive force of the cylinder 
or prism, or the effort it makes to move in the direction of 4^ from the point 
(o’, y, z) to the point {x + lx,y 4y, + 4 

Let p represent the hydrostatic pressure of the fluid at the point {x^y^z). 
This term is used to denote the pressure relatively to the surfiwje pressed : it is 
the whole pressure any surface sustains divided by the extent of surface ; or it 
is the actual pressure reduced to the unit of surface. The hydrostatic pressure 
is obviously variable in the different parts of a fluid, the particles of which are 
urged by accelerating forces ; and as it can vary only when its point of action 
is changed, it must be a function of the coordinates of that point. The whole 
pressure upon the end of the cylinder or prism at the point {x, y, z) will be 
equal to p X for we may suppose that p undergoes no change in the small 
extent of the surface a : and, in like manner, the whole pressure upon the 
opposite end will be equal to (p + 4p) X As the pressures upon the two 
ends act against one another, their effect to move the cylinder or prism in the 
direction of 4 5 from the point (a? + 4 j?, p + ^ to the point (r, y, z) 

will be equal to 4p x a' ; and this force, on the supposition that the particles 
of the fluid are at rest, must be equal to fdm, the directly opposite effect 
caused by the accelerating forces. We therefore have this equation for ex- 
pressing the non-effect of the equal and opposite forces, viz. 

4px (k>-\-fdm^Ox 

and, if we substitute the value off dm found before, we shall get 

4p + X4a? -}- Y4y + Z4;2 = 0. (1) 

This equation must take place at every point of the mass of fluid without any 
relation being supposed between the variations Ix^ly^lz; which condition 
will not be fulfilled unless p be a function of the three independent variables 
X, y, z. We therefore have 
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and, if we substitute tMs in the forEnuia ( 1)5 tte indb^i^nee of 

the variations will require these three separate ^uatiorai, 

V 

1 ^ 4 ? — 




From this it appears that the algebraic expressions of the forces are not en- 
tirely arbitrary ; for they must be equal to the partial differential co^cients 
of a ftinction of three independent variables. By differentiating we shall 
readily obtain the following equations which do not contain the function p. 


dp dx^ dz dx^ dz dp‘ 


Unless the forces possess these properties, which are the well-known conditions 
of integrability, the equation ( 1 ) will not hold in all parts of the mass of fluid, 
and the equilibrium will be impossible. But in the physical questions that 
actually occur, the forces of nature being either attractions or repulsions di- 
rected to fixt centres, and proportional to certain functions of the distances 
from those centres, they necessarily fulfil the conditions of integrability. 

The whole of what has been said is succinctly expressed by the two follow- 
ing equations, 

^=y"(X<f 47 -l-Y dy Xdz), 

P=zC - (p, 

Here (p represents a function of three independent variables r, y, z without any 
arbitrary quantity ; the constant C required by the integration is necessary 
only in the expression of p. 

3. The hydrostatic pressure at every point of the mass of fluid in equili- 
brium, is expressed by the second of the equations ( 2 ), viz. 
p = C — <p. 

But at all those parts of the outer surface of the fluid which are unconfined 
and entirely at liberty, there is no pressure ; wherefore we have, for the equa- 
tion of all such surfaces, 

^ = C. 
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It may be proper to remark, that although this equation is universally tnre!, 
yet it is no new or independent condition of the equilibrium ; it is merely an 
inference from the general expression of the hydrostatic pressure. 

If we assume two points (x, y, z) and (x dx, y + dy, dz) indefi- 
nitely near one another in a part of the outer surface at liberty, we shall have, 
in conseqaence of the foregoing equation. 


or, which is the same thing, 

X d? -f" Y dy 2 j d z ^ 0 \ 

and li ds represent the distance of the two points, we obtain 
X^+Y^+Z^=0. 


§s’ ^ cosines of the angles which the directions of the 

forces make with the line ds ; wherefore the expression on the left side of the 
foregoing formula is the sum of the partial forces which act in the direction of 
ds\ and as this sum is equal to zero in all positions of the line ds round the 
point {x, y^ z), the resultant of the forces produces no elfect in the plane touch- 
ing the surface, and consequently its whole action is perpendicular to that 
plane. The nature of the case requires further, that the same resultant be 
directed towards the surface of the fluid. 

What has been deduced from the algebraic expressions is evident in another 
view. For, could we suppose that the resultant of the forces is not at every 
point perpendicular to the surface at liberty, it might be resolved into two 
partial forces, one acting in the tangent plane, and the other perpendicular to 
that plane ; and as the first force is opposed by no obstacle, it would cause the 
particles to move, which is contrary to the equilibrium. 

If we suppose that p is constant in the general formula of the hydrostatic 
pressure, we shall have an equation, 

^ = C-p, 

which is exactly similar to that of the surface at liberty, and which will deter- 
mine an interior surface at every point of which there is the same intensity of 

Q 
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pieesurB. diifermlaMing Oie eqmtioB of llie interior surface, we f^tain 
X a? + Y df ^ + 2 *f « = 0 ; 


from which we deduce, by the like reasoning as before, that such surfaces are 
perpendicular to the resultant of the accelerating forces urging the particles 
contained in them. The interior surfeces in question were named level sur- 
faces by CiiAiRAUT ; and they are distinguished by the two properties of being 
equally pressed at all their pmnts, and of cutting the resultant of the forces at 
right angles. They spread through the mass, and ultimately coincide with 
those parts of the outer surface which are at liberty. It may be observed, that 
what essentially constitutes a level surface is its equation, which must differ 
from the equation of the outer surface at liberty in no respect, except that the 
constant C — p takes the place of the constant C ; for we shall afterwards find 
that, in some cases of the equilibrium of a fluid, the two properties of being 
equally pressed, and of cutting the resultant of the forces at right angles, belong 
to more sets of interior surfaces than one. 

4 . In what goes before, we have supposed that the density is constant, but 
it is easy to extend the investigation to heterogeneous fluids. Let § be put for 
the function of the co-ordinates which expresses the variable density ; then 
admitting that ^ has the same value at every point of the small elementary 
cylinder or prism, we shall have 
dm = §eohs; 


but, /being the whole accelerating force, urging every particle of dm m the 
direction of I s, we have 


/=x|f+Y? 




wherefore. 

The equation expressing that the action of the accelerating forces is equal 
and opposite to the variation of pressure, is the same as before, viz. 


atX^p-\- fdm = 0 ; 


and by substituting the value off dm, we deduce 


^p + f(X^j?4-Y^^ + Z^z)=0. 


( 3 ) 
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Thi# ^uation must hold ^ every point of the mass dP lind witlmat any rela- 
tion being supposed between the variations, wherefore p must be a function of 
thr^ independent variables ; and in consequence the foregoing equation im- 
plies the three separate equations following, viz. 

dx ^ ’ • dy f ^ dz ^ * 

It now appears that the conditions of integrability must be fulfilled, viz. 

<^.gX _t?.gY <^.gX d.q% f?.gY _ rf.g Z 

dy da: ’ dz da: ’ dz dy ‘ 

and unless the forces possess the properties expressed by these equations, the 
equilibrium will be impossible. 

Without pursuing the investigation in all its generality, we shall confine our 
attention to the case in which 

Xda; -[- + Z dZ) 

is an exact differential ; a supposition that comprehends all the applications of 
the theory. If we represent the integral of the differential by so that 

+ Y dy + Zdz\ 

and convert the variations of equation (3) into differentials, we shall obtain 
+ gc?<p = 0 ; 

and hence 

p = c —f fdp. ( 4 ) 

From this we deduce the equation of those parts of the outer surface which are 
at liberty, by making jt? = 0 ; and that of a level surface, by assigning to p 
some constant value. And if we differentiate the same equation (4) on the 
supposition that p is invariable, we shall get 

§d(p=z g (Xdo? “h Ydy -j- Zdz) = 0, 

which differential equation is common to the outer sur^e at liberty, aad to 
all the interior level surfaces ; and from which we deduce by the like r^son- 
ing as before, that all such surfaces are perpendicular to the r^ultant of the 
accelerating forces urging the particles contained in them. 

The quantity under the sign of integration in the formula, 

p~c -fgdp. 
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be an eKaet dil^rential, for p must be a tiinction of the co-ordinates ; 
wWch condition will not be . fulfilled unless f a function erf p. Thus both 
the pressure p and the density ^ are functions of the i^me quantity f , and they 
are both invariable where p is constant. The density is therefore the same at 
all the points of any level surface. If we conceive a heterogeneous fluid in 
equilibrium to be divided into thin strata by level surfaces infinitely near one 
another^ the density will be the same throughout every stratum, but it will 
vary from one stratum to another. 

5. We have now placed before the reader the general points of the theory of 
the equilibrium of fluids. What has been said comprehends all that can be 
determined when a fluid is conceived to extend indefinitely; but in applying 
the theory to limited masses, it is necessary besides, that the pressures propa- 
gated through the interior parts either be supported or mutually balance one 
another. 

In treating of the equilibrium of fluids, another mode of investigation is 
sometimes employed, which it would be improper to pass by without notice, 
as it is useful on many occasions to fix the imagination, although it leads to no 
n^w results. We allude to the narrow canals supposed to traverse the mass 
in various ways, of which so much use has been made by Clairaut and other 
authors. 

Let two points s°) and (x', y, z^) be assumed in the interior of a 

mass of fluid in equilibrium, and conceive an infinitely narrow canal of any 
figure to pass between them ; we may suppose that the whole fluid, except the 
portion within the canal, becomes solid without any change taking place in 
the position of the particles, or in their mutual action upon one another ; for, 
as this supposition makes no alteration of the forces urging the particles con- 
tained within the canal, these particles will remain at rest after the solidifica- 
tion as they were at first. Suppose that the canal is divided into infinitely 
small parts by sections perpendicular to its sides ; at any point (x, y, z) let 
be the section ; hs the infinitely small part of the length of the canal ; dm the 
quantity of matter in the length h s, that is, the product of the volume and the 
density, or ^ x X \ and f the sum of all the partial forces that urge the 
particles of dm in the direction of the canal ; then, the motive force of dm, or 
its efibrt to move, will be equal to fUm. Further, p being the hydrostatic 
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pressure at the point (a?, y, %), the like pressure at the distance of will be 
p + h pi therefore the opposing pressures which act upon the two ends of the 
part the canal in the length will be p x and (p4- X & i and 
X will be the effective pressure which pushes dm towards the point 
(a?, y, z). Because every part of the canal is supposed at rest^ the tendencies 
of dm to move in opposite directions must be equal, and we shall have this 
equation, 

^p X 6>+ f dm = 0; 

consequently, 


^p4- 



and by taking the sum of the similar quantities in all the parts of the canal, we 
obtain 


A+/^~=o. 


Butp being a function of three independent variables, the sum of its variations, 
supposing the flowing quantities to follow any arbitrary law of increase or de- 
crease, is equal to the difference of p' and 'f, the final and initial values of the 
function ; wherefore we have 

Now/fl?m, that is the quantity of matter multiplied by the accelerating force, 
is the impulse or pressure in the direction of the canal caused by all the forces 

urging dm ; and as this pressure is exerted on the surface a, is the same 

pressure reduced to the unit of surface. Therefore, whatever be the figure of 
the canal, it follows from the foregoing investigation, that the difference of the 
pressures at its two extremities is equal to the sum of the impulses of all the 
contained molecules of fluid, every impulse being reduced to the direction of 
the canal and to the unit of surface. 

If the extremities of the canal be both in the parts of the outer surface which 
are at liberty, the pressures p' and 'f will be both evanescent, and there will 
be no effort of the fluid either way, and no tendency to run out at one end. 
Further, if a canal be continued through the fluid till it return into itself, the 
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initial and final pr^sures being the ^nae^ the impairs of the mcdmiles in the 
^ole circuit will balance one another. But in this ea^, the reasoning we 
have employed will not be exact, unless p, the algebraic ^pr^ion ctf the 
pressure, be such a function as admits of only one value for any three given 
co-ordinates ; a restriction however, which, in every point of view, seems in- 
dispensable. 

6. The whole theory, it will readily appear from the foregoing investigations, 
is built on the assumption. That the hydrostatic pressure at every point of the 
fluid is the same function of the co-ordinates of the point. The accelerating 
forces are represented by the partial differential coefficients of the .pressure ; 
and therefore they are likewise the same functions of the co-ordinates of their 
])oint of action in every part of the mass. The whole reasoning rests on these 
fundamental points ; and if the state of a fluid were such that they are not 
verified, the equations for determining the required figure could not be formed, 
and the equilibrium would be impossible. As the hydrostatic pressure is known 
only by means of the given accelerating forces, it seems most suitable to em- 
ploy the properties of the latter in laying down what is required for the equi- 
librium of a mass of fluid. It is necessaiy, and it is sufficient for the equili- 
brium of a homogeneous fluid, first, that the accelerating forces acting in the 
(iirections of the co-ordinates be, in every part of the mass, the same functions 
of the co-ordinates ; and, secondly, that these functions possess the conditions 
of integrability. When these two conditions are both fulfilled, the determina- 
tion of the figure of equilibrium is reduced to a question purely mathematical. 
For we can form the equation (1) which makes the accelerating forces balance 
the variation of pressure ; and, by integrating this equation, we obtain the hy- 
drostatic pressure, from which is deduced the equation of all those points at 
which there is no pressure, or in other words, the equation of all those parts 
of the outer surface which are at liberty. Nothing more is required for se- 
curing the perman^ce of the figure of the fluid, except that the pressures pro- 
pagated through the mass be either supported or mutually balance one another. 

The conditions for the equilibrium of a homogeneous fluid, as they are here 
laid down, do not enable us in all cases to form immediately the equation of 
the figure of equilibrium. If the particles attract or repel one another, the 
accelerating forces will, for the most part, vary as the fluid changes its form. 
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and they may not be at eyeiy point the same functions of the co-ordinates in 
all the figures, of which it is susceptible ; but, notwithstanding the equilibrium 
may still be possible, because this indispensable condition may be fulfilled when 
figures of a certain class are induced on the mass. In such cases, the deter- 
mination of the equilibrium necessarily requires two distinct researches ; of 
which one is to find out what are the particular figures into which the mass 
must be moulded, so as to make the accelerating forces at every point the same 
functions of the co-ordinates. After these figures have been found, we can 
apply to them the equations expressing the conditions of equilibrium, and ac- 
complish the mathematical solution of the problem. But if it shall appear that 
no figure whatever capable of fulfilling both the conditions laid down above 
can be induced on the fluid, the equilibrium will be absolutely impossible. 

In the usual exposition of this theory, the equilibrium is made to depend on 
conditions that do not exactly coincide with those at which we have arrived. 
According to Clairaut and all other authors who have written on this sub- 
ject, it is necessary, and it is sufficient, for the equilibrium of a homogeneous 
fluid, first, that the expressions of the accelerating forces possess the criterion 
of integrability ; secondly, that the resultant of the forces in action at all the 
parts of the outer surface which are at liberty, be directed perpendicularly to- 
wards these surfaces. We may throw out of view what regards the criterion 
of integrability, about which there is no difference of opinion, and which in 
reality is always fulfilled by the forces that occur in physical researches. The 
perpendicularity of the forces to the outer surface is a property of the differen- 
tial equation of that surface, and will necessarily take place whenever it is pos- 
sible to form that equation. Nothing more is required for forming the equa- 
tion mentioned, than that the accelerating forces at every point of it be ex- 
pressed by the same functions of the co-ordinates of the point.* It follows 

* Tfie forces are perpendicular to every surface in which the pressure is constant. The outer sur- 
faces are those at every point of which there is no pressure. In all the questions that have occurred^ 
the forces at the outer surface of the fluid are the same functions of the co-ordinates of the pmnt, what- 
ever geomelarical figure the fluid is supposed to assume ; and on this account the equation of the outer 
surfiice can be formed without reference to any particular class of figures. But this is not sufficient , 
for, according to the fundamental assumption laid down by Ci/A1kaut himself, the theory of equilibrium 
cannot be applied, unless the forces be the same functions of the co-ordinates of their point of action 
m eyery jmrt of the mass. 
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therefore, that the difference between the conditions of equilibrium hitherto 
universally adopted, and those laid down above, amounts to this : according 
to the former it is required that the expressions of the accelerating forces be 
the same functions of the co-ordinates at every point of the outer surface, this 
being all that is necessary for forming the differential equation of that surface; 
according to the latter, the forces will not balance the pressure, and the laws 
of equilibrium will not be fulfilled unless the forces be the same functions of 
the co-ordinates at every point whether situated in the outer surface, or in the 
interior part of the mass. 

If a homogeneous fluid, of which the particles are urged by accelerating 
forces be in equilibrium, all that is required by Clairaut’s theoiy will un- 
doubtedly be fulfilled ; but the converse of this cannot be afiirmed. It is no 
where proved generally by unexceptionable arguments, and indeed no proof 
can possibly be given, that the forces in the interior parts of the fluid will 
balance the pressure, merely because the resultant of the forces in action at 
the outer surface is perpendicular to that surface. Ail the attempts that have 
been made to demonstrate this point, tacitly assume that the expression of the 
forces is the same at the surface and in all the interior parts ; which is not uni- 
versally true. 

In a very extensive class of problems the difference between the two ways 
of laying down the conditions of equilibrium disappears. This will happen 
when the accelerating forces are independent of the figure of the fluid, as will 
be the case if the particles exert no action on one another by attraction or 
repulsion. In such problems the forces impressed upon every particle, what- 
ever be its situation, and whatever be the figure of the fluid, are by the hypo- 
thesis, the same given functions of the co-ordinates. The figure of equilibrium 
will be the same whether, following Clairaut, we obtain the equation of the 
outer surface by means of the forces in action at that surface, or, makiE^ use 
of the property that the pressure vanishes at all the points where the fluid is at 
liberty, we deduce the same equation from the pressure that prevails generally 
throughout the mass. 

But Cjlairaut’s theory cannot be extended to the solution of other problems 
than those of which we have been speaking. In no other cases is it evident 
without inquiry that the proposed accelerating forces urging a particle, are, in 
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every p^t of tbe maaSj the ^«ne functions of the coordinates of the particle ; 
ami unless this be verified, the theory of equilibrium cannot be applied. In a 
homogeneous planet in a fluid state, there are forces which prevail in the in- 
terior parts and vanish at the surface ; and, as Clairaut’s theory notices no 
forces except those in action at the surface, it leaves out some of the causes 
tendipg to chmige the figure of the fluid, and therefore it cannot lead to an 
exact determination of the equilibrium. 

II . Application of the foregoing Theory to the Question of the Figure of the 

Planets, 

7. Having now explained the general theory of the equilibrium of fluids at 
sufiicient length, I proceed to apply it to the question of the figure of the 
planets, in which it is required to determine the equilibrium of a fluid entirely 
at liberty, and unconfined by any obstacle or support. The problem is one of 
considerable difficulty. It is necessary to distribute the investigation under 
distinct heads. It would otherwise be impossible to preserve perspicuity and 
precision of ideas in an inquiry essentially different in different hypotheses. 
The equilibrium of a homogeneous fluid must occupy our attention before that 
of one having its density variable. For although it may at first appear that 
the latter problem is tbe more general, and includes the former, yet it will be 
found that the equilibrium of a fluid of variable density, depends upon that of 
a homogeneous fluid, and is deducible from it. And even with regard to 
homogeneous fluids, distinctions must be made, because what is required for 
the equilibrium varies with the nature of the accelerating forces. In this 
respect we distinguish these two general cases, of which we shall treat in two 
separate problems ; First, when the accelerating forces depend only on the co- 
ordinates of their point of action, and are explicitly known when tbe coordi- 
nates are given ; Secondly, when the accelerating forces depend not only upon 
the coordinates of the particle on which they act, but likewise upon the figure 
of the whole mass of fluid ; as happens for the most |mrt when the particles 
attract or repel one another. 
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Problem Ist.^ — ^To determine the equilibrium of a homogeneous mass of fluid 
which is entirely at liberty, when the accelerating forces are known func- 
tions of the coordinates of their point of action. 

The equilibrium of a mass of fluid which is entirely at liberty, can depend 
only upon the action of such forces as tend to change the relative petition of 
the particles with respect to one another. It is not affected by any motion 
common to all the particles, nor by any force which acts upon them all with 
the same intensity in the same direction ; the effect of such motion, or of such 
force, being to displace the centre of gravity of the whole mass without altering 
the relative situation of the particles. In estimating the accelerating forces 
upon which the figure of equilibrium will depend, we must therefore begin 
with reducing the centre of gravity, if it be in motion or urged by any force, 
to a state of relative rest ; which is accomplished by applying to every particle 
a force that would cause it to move with the same velocity as the centre of 
gravity, but in a contrary direction. In the investigation of this problem we 
may therefore suppose that the centre (ff gravity is at rest and undisturbed by 
the action of any accelerating force. 

Suppose now that a mass of homogeneous fluid entirely at liberty, is in equi- 
librium, and conceive three planes intersecting at right angles in the centre of 
gravity of the mass, to which planes the particles of the fluid are to be referred 
by rectangular coordinates. Let x, y, z, represent the coordinates of a particle, 
and having resolved the accelerating forces acting upon it into other forces 
that have their directions parallel to the coordinates, put X, Y, Z, for the sums 
of the resolved parts respectively parallel to x, y, z, and tending to shorten 
these lines. According to the hypothesis of this problem, the forces X, Y, Z, 
depend only upon the coordinates of their point of action ; and they are at 
every point the same functions of those coordinates. The equilibrium will 
therefore be impossible unless 

X<?^ + Y«/y + Zdz 

be an exact differential, this being necessary in order that the hydrostatic 
pressure be a function of three independent variables as the fundamental 
assumption of the theory demands. Let p denote the integral, and p the 
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hydrostatic pressure at the point Zy ) : the equations that determine the 
equilibrium will be these two % 

p = J* Q^dx dy Zdz)y^ 

p = C — J 

If we make p = 0, we shall obtain the equation of the outer surface of the 
fluid, viz. 

?> = C. 

The difierential equation, 

or which is the same, 

X. c? iT "1" Y dy -f~ Z z ~ 0, 

is common to the outer surface and to all the interior level surfaces at every 
point of which there is the same intensity of pressure ; and it shows that the 
resultant of the accelerating forces is perpendicular to all such surfaces 
The figure of the fluid being determined, it remains to inquire whether the 
equilibdum is secured. By varying the coordinates in the formula for we 
obtain 

which equation proves that, if a particle be moved from its place a very little 
in any direction, the variation of the intensity of pressure is equal and opposite 
to the action of the accelerating forces. A particle has therefore no tendency 
to move from inequality of pressure. But we must not from this hastily con- 
clude that there is no cause tending to change the figure of the fluid. For, as 
in the simple case of a fluid contained in a vessel, the equilibrium requires not 
only that the accelerating forces balance the inequality of pressure, but like- 
wise that the total pressures tending outward at the boundaries of the mass, be 
supported by the sides of the vessel ; so in the problem under consideration, 
there being no external support, the figure of the fluid will not be permanent 

♦ Equation (2) § 2. f Eqimtion (2) $ 3, 

R 2 
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unless the pressures propagated inward, which increase as any point sinks 
deeper below the surface, mutually compensate and destroy one another. 
Some further discussion is therefore necessary in order to prove that the equi- 
librium is completely established. 

The function in which we may suppose there is no constant quantity, can 
contain no term having the coordinates for divisors ; for, were this the case, 
the pressure would be infinite at all those points where such coordinates are 
equal to zero. Let the terms of p be arranged in homogeneous expressions of 
one, two, three, &c. dimensions ; then 


p = (Aia; + + A, 2) 

+ (Bix2 + + B5X z + 

+ + DjzS + 4- &c.) 

+ &c. 


Dilferentiate this expression, and after the operations put x = 0, = 0, 

^ = 0 : then 


d 


A ii- A 
di/ — ^ dz—^y 


But the differentials of p are no other than the expressions of the accelerating 
forces acting on a particle ; consequently Aj, Ag, A3 are the forces in action at 
the origin of the coordinates, that is, at the centre of gravity of the mass. 
Wherefore, according to what was observed, we shall have 

Aj =0, Ag = 0, A3 = 0, 

(p = + B3 22 4- B4a;^+ Bjj-z +Bt3^2) 

+ (Dia3 + D2y’ + D3z3+D4i^^/ + &c.) 

+ &c. 

That the expression of p must be of this form is required by the nature of the 
problem : for p must be always positive, and it must increase continually from 
the centre of gravity to the surface of the fiuid. 

Let us now put 

X = r cos ^ = r f , 

y = r sin ^ cos 4 = ^ 

2: = r sin ^ sin 4/ = r 
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then r will be the line drawn from the centre to the point {x, z) ; and the 
arcs ^ and 4^ determine the direction of r, B being the angle between r and the 
axis of the coordinates parallel to a?, and the angle which the plane containing 
r and the same axis makes with the plane of x,y. By substituting, we get 

P = r2(Bi? + B2;,* + B 35 *+B 4 S» + B 5 l? + B6,0 
+ r*(Dil* + + &c.) 

- 4 - See. 

The symbols ^ represent three rectangular coordinates of a point in the 
surface of a sphere having unit for its radius ; and, in order to simplify, I shall 
write Q2, Q3, and generally Q„, for homogeneous functions of of two, 

three, and n dimensions : then, 

= r2 ^ ^ &C. 

For the sake of distinction, let R represent a line drawn from the centre of 
gravity to the surface of the fluid ; and r a line drawn from the same centre 
to any interior point at which the pressure is jo, the directions in which R and 
r are drawn being determined by the arcs B and *4/ : the equation of the fluid’s 
surface, and the expression of will be as follows, 

C= R2Q2 + R3Q3 + R 4 Q, + &c. 

p=:C- (r2Q2 + r 3 Q 3 + r 4 Q„+&c.) 

By means of these equations a radius, R or r, will be known when the arcs B 
and which determine its direction are assumed ; and in this manner we may 
find all the points of the outer surface, and of any interior level surface in 
which p has any assigned value less than C. All these surfaces will return into 
themselves and inclose a space : because in whatever direction we proceed 
from the centre of gravity to the surface, the function p passes through every 
gradation of magnitude between zero and the maximum. 

It is now easy to complete the demonstration of the equilibrium, A stratum 
of the fluid between the outer surface and any interior level surface will evi- 
dently be in equilibrium, if we suppose that the level suiface maintains its 
figure, or rather, that there are no forces urging the particles contained within 
that surface : for, the upper part of the stratum cuts the resultant of the forces 
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at right angles, and the flnid presses p«’pendiciilarly and with the sanote inten- 
sity at every point of the lower surfeee which supports the ^ratum. What is 
here affirmed is true, however near the levd surface be to the centre of gravity ; 
and as the accelerating forces urging the particles within the surffiee decrease 
without limit in approaching that centre, they may finally be regarded as eva- 
nescent when the internal body of fluid is no more than a drop occupying the 
centre of gravity. Wherefore, by taking the radius of the level surface small 
enough, the inclosed fluid may be considered free from any accelerating forces, 
and subject only to the external pressures ; and, these being perpendicular to 
the surface, and acting with the same intensity, the whole mass of fluid will 
be in equilibrium by the known laws of hydrostatics. 

It may be proper to add that the mass of fluid has no tendency to turn upon 
an axis. For no motion of this kind can be produced by the pressures propa- 
gated inward from the surface, the directions of which pass through the centre 
of gravity. Neither can the accelerating forces urging the particles, cause 
any such motion, these being wholly employed in counteracting the inequality 
of pressure. 

For the sake of illustrating the problem we have solved, we shall add one 
example, which is besides intimately connected with the principal subject of 
our research. 

Example . — ^To determine the figure of equilibrium of a homogeneous mass 
of fluid entirely at liberty, the particles being supposed to attract one another 
with a force directly proportional to the distance at the same time that they 
are urged by a centrifugal force caused by rotation about an axis. 

At first view the proposed problem may seem one in which the accelerating 
forces depend upon the figure of the fluid, since it is supposed that every par- 
ticle is attracted by every other. But, in the particular law of attraction 
assumed, the force which urges any particle is directed to the centre of gravity 
of the whole mass of matter, and is proportional to the distance from that 
point The hypothesis of the problem is therefore equivalent to the suppo- 
sition that the particles of the fluid are attracted to a fixt centre with a force 
proportional to the distance ; so that the accelerating forces are independent 
of the figure of the fluid. 


Prin. Math. Lib. i. Prop. 88. 
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As the ceatre of gravity of a mass of fluid in equilibrinm must be free from 
the action of any force, except what is common to all the particles ; and as the 
attractions of the articles balance one another at that point ; the centrifugal 
force must likewi^ be evanescent at the same point, and cemsequently the 
axis of rc^tion must pass through it. Let three planes intersecting at right 
angl^, one being ^^rpendicular to the axis of rotation, pass through the centre 
of gravity ; and assuming any particle of the fluid, let r denote its distance 
from the same centre, and 2 *, z its coordinates, % being parallel to the axis of 
rotation : further, let g represent the attractive force of the whole mass of fluid 
at the distance equal to unit from the centre of gravity ; and /the centrifugal 
force (that is, its proportion to g) at the distance equal to unit from the axis 
of rotation : then g r will be the central attraction urging the particle, and g x, 
gy, gz, will be the resolved parts of the same force in the directions of the 
coordinates : also, + y^ will be the distance of the particle from the axis 
of rotation ; — / + y% the whole centrifugal force estimated as tending 
to shorten the coordinates ; and —/«, —/y> the resolved parts of the same 
force, parallel to a? and y : collecting, now, the partial forces which urge the 
particle in the respective directions of the coordinates, we shall find, 

X = te-/)x, Y=(g--/)y, Z = gz. 

The equations of equilibrium will, therefore, be 

J'(Xdx + Ydy + Zdz) = i{{g — /) +3^^) 

p = C- i {(g - f) + g 

The equation of the surface of the fluid will be found by making p = 0, viz. 

C = iig-f){a^+y‘‘)+igsiK 


f 

And, if we put e* = the same equation may be thus written. 




ar 


which bdongs to an elliptical spheroid of revolution having the equatorial 
semidiameter equal to a, and the polar semi-axis to a ^1 — 

8. The order of discussion that has been laid down now brings us to the 
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more dijficult part of this research, when the accelemting* forces urging the 
particles of the fluid, depend upon the very figure of equilibrium which is to 
be investigated. This must happen in fluids consisting of j^rticte that 
mutually attract one another, if the attractive force acting upon a particle vary 
with the figure of the attracting matter. In this dividon of our subject, the 
law of attraction that prevails in nature being in reality the only one which it 
is of much Importance to consider, will chiefly engage attention. 

Problem 2nd. — ^To determine the equilibrium of a homogeneous fluid entirely 
at liberty, the particles attracting one another with a force inversely 
proportional to the square of the distance, at the same time that they are 
urged by a centrifugal force caused by rotation about an axis. 

The fluid being supposed in equilibrium, the axis of rotation must pass 
through the centre of gravity of the mass. For, abstracting from any motion 
or force common to all the particles, that centre may be considered at rest 
and free from the action of any accelerating force ; and, as the attractive forces 
balance one another at that point, the centrifugal force must likewise vanish 
at the same point. 

Conceive three planes intersecting at right angles in the centre of gravity of 
the mass, one of them being perpendicular to the axis of rotation : let j?, y, z 
represent the coordinates of a partkile in the surface of the fluid, x being 
parallel to the same axis ; and put V for the sum of the quotients of all the 
molecules of the mass divided by their respective distances from the particle : 
then the attractive forces urging the particle inward in the directions of x, y, z, 
will be respectively equal to 

dx’ dy’ dz‘ 

Further, if / denote the centrifugal force at the distance unit from the axis of 
rotation, the action of the same force at the distance ^Jy'^ + from the same 
axis will be / ^y‘^ -f ; and the resolved parts of this force urging the par- 
ticle to move in the prolongations of y and z, will be fy and fz. Wherefore 
the total forces parallel to x, ;s, and tending to shorten these lines, are 
respectively. 
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and the condition that the resultant of these forces is perpendicular to the 
surface of the fluid is expressed by this difierential equation, 

d^+^di/ + ^dz+f(ydt/ + zdz) = 0; 
and the integral, viz. 

c = y + {if+z% 

is the equation of the surface of the fluid in equilibrium. This is incontestably 
the true equation of the surface in equilibrium, since all the forces in action at 
that surface have been taken into account. 

Using .r, z to represent generally the co-ordinates of any particle of the 
mass, and the symbol V, to denote the function of x, which is equal to 
the sum of the quotients of all the molecules of the mass of fluid divided by 
their respective distances from the particle, it will be convenient to have some 
means of pointing out whether V belongs to a point in the surface, or to one 
differently situated. For this purpose we shall put r = tjx for tlie 

distance from the centre of gravity, and shall write V (r) for the value of V 
relatively to a point within the mass ; and we shall suppose that r becomes R 
at the upper surface, so that V (R) will denote the value of V for a point in that 
surface. According to this notation, the foregoing equation of the surface of 
the fluid in equilibrium, will be thus written, 

C=V(R>+'f («,!* + 2=). (1) 

The attraction of the whole mass and the centrifugal force, which are the 
only forces that urge a particle in the upper surface, likewise act upon every 
particle in the interior parts of the fluid. It will contribute to perspicuity if 
to these forces we give the name of Xht principal forces, in order to distinguish 
them from any other forces which an attentive examination may enable us to 
detect. Assuming any molecule in the interior parts, r being its distance from 
the cmtre of gravity, and x, y, z its coordinates, we have only to proceed as 
before, writing V (r) for V, in order to find the resolved parts of the principal 
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farces which urge the molecule inward in the respective directions of %, 
viz. 



and if these forces be multiplied, each by the variation of its direction, the sum 
of the products will be the variation of the intensity of pressure, which is equal 
and opposite to their action, according to equation (1) of the general theory; 
thus, we have, 

ir~^^ j^S2-/(ySjf + !sS2) = 0; (2) 

and, as this equation is true at every point of the mass, we further obtain 

j.=V(r) + =f (y2 + 22)-C, (3) 

the constant being the same as in the equation (1) of the upper surface, be- 
cause the two equations must coincide when the interior molecule ascends to 
the surface. It must be observed that p represents the intensity of pressure 
caused by the principal forces alone, and not the whole pressure upon the 
molecule, if besides these forces there exist other causes of pressure in the in- 
terior parts. 

From the nature of the function V or V (r), it has its maximum at the centre 
of gravity of the mass, or when r = 0 ; for at that point we have the equations 


d.\{r) 

dx 


= 0 , 


^.V(r) 

dy 


= 0 , 


rf.V(r) 
d z 


0 , 


because the attractive forces balance one another. While r, without any 
change in its direction, increases to be equal to R, V (r) continually decreases. 
In whatever direction the radius R be drawn to the surfece, there is always a 
point in it, the coordinates of which will satisfy equation (3), supposing that 
f has any assigned value less than the maximum which takes place at the 
centre of gravity. All the points in which p has the same given value will 
form an interior sui^ce, returning into itself and pressed with equal intensity 
by the action of the principal forces upon the exterior fluid. Such interior 
suites are likewise perpendicular to the resulfatnt of the prindpal forees 
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iirgiaf the articles c^iatalHed in them^ as will remiily be proved by differen- 
tiating equation (3), making p constant. 

In order to place what has been said in the clearest light, let ABC repre- 
sent the mass of fluid, the surface being determined by the equation, 

c = V(R) + |cy2 + ^2). 

and suppose that o ^ c is an interior surface, obtained by making p constant in 
the equation, 

i>=V(r) +^(y + 22)-C; 

then, if the narrow canal A a m M 
stand upon the molecule am oi the 
interior surface, and extend to the 
upper surface of the fluid, the in- 
tensity of pressure upon a m, or the 
given quantity will be equal to 
the sum of all the impulses caused 
by the action of the principal forces 
upon the molecules contained in 
the canal, every impulse being re- 
duced to the direction of the canal 
and to the unit of surface. The 
same thing is true of any other mo- 
lecule in the same surface upon which there stands a similar canal BdnN. 

If we attend to the conditions of equilibrium required by the general theory, 
it will readily app^r that the equilibrium of the mass ABC will be impossi- 
ble, if at any point, as a m, of the interior surface a be, any other pressure exist 
besides that represented by p, or any other forces be in action besides those 
expressed by the coefficients of the variations in equation (2). For, at the 
upper surffice, there are no forces in action but the principal forces, and the 
equilibrium will be impossible if other forces prevail in the interior parts be- 
sides the principal forces. On the other hand, the matter contained in the 
stratum betw^n the two surfaces will attract every particle, as a m, situated 
in the interior surface. The attraction of the stratmn is an indelible force not 
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to be destroyed, which will produce its full effect according to the figure and 
quantity of the attracting matter and the situation of the attracted point. The 
equilibrium will therefore be absolutely impossible, unless such a figure can be 
induced on the mass of fluid as will set free every particle in the surface ah c 
from the attraction of the stratum. If such a figure can be found, every mole- 
cule of the mass will be urged by the principal forces only; because a surface 
such as a 6 c, at every point of which these forces alone will be in action, may 
be described through any interior molecule a m arbitrarily assumed. We must 
therefore turn our attention to investigate such figures, if there be any, as will 
make the irregular attraction in the interior parts disappear, so as to leave the 
principal forces alone in action ; for, unless this can be effected, the fluid can- 
not maintain a permanent form. 

According to the notation we have used, if r denote the distance oi am from 
G, V (r) will represent the sum of the quotients of all the molecules of the 
whole mass divided by their respective distances from am\ let V' (r) denote 
the same thing, relatively to the interior mass abc, that V (r) does, relatively 
to the whole mass ABC; then V (r) — V' (r) will denote the sum of the quo- 
tients of all the molecules of the stratum divided by their respective distances 
from am. Take a point {x-\- dx, ^4- dy, z dz) in the surface ah c infi- 
nitely near a m ; and, differentiating in the surface, the expressions, 

d.(V{r)-V'(r)) d-(V(r)- V'(r)) <i.(V(r) - V'(r)) 

rfx ’ dy ’ dz ’ 

will be equal to the attractive forces of the stratum upon the particles of a m, 
in the respective directions of x^y^z \ but, as we have shown, the equilibrium 
indispensably requires that these attractions be evanescent, so that we have 
these equations, 

<J.(V(r)- V'(r)) ^ d.(V(r)-V'(r)) d.(V(r)- V'(>))* 

dj “ Ji ~ 


* The perpendicularity to the surface a5 c, of the attraction of the stratum upon a m, is ex presided by 
this equation, 

^.(V(r)- V-(0) ^^ ^ d.(Y(r)-V(r)) ■ (VW - V'W) , . _ 


dy 


dy + - 




and it is a consequence of the differential equations in the text. The neglect of this consideration, and 
the assumption that the level surfaces depend solely upon the outer surfiure in every ease, is the great 
blemish of Claikaut’s theory. 
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which are no other than the partial differentials of the equation, 

V (r) — V' (r) = constant. (4) 

This equation must hold at every point of every interior surface, such as a & c ; 
and, as its differentials are separately equal to zero, it must not contain the 
coordinates of the surface. If such a figure can be induced on the mass of 
fluid as will possess the property expressed by equation (4), every particle of 
the mass will be urged by the principal forces alone, the equilibrium will be 
possible, and it will be determined in the very same manner as in the first 
problem. 

We have now obtained a mathematical property that distinguishes the figures 
with which the equilibrium is possible from all others. We have also, in an- 
other place*, investigated the figures that alone possess this property ; and it 
appears from what is there shown, that ABC can be no other but an ellipsoid, 
and that every interior surface, a be, is similar to the outer surface, and simi- 
larly posited about G. 

Having demonstrated that the fluid in equilibrium must be an ellipsoid, it 
readily follows that the axis of rotation must be one of the three axes of the 
geometrical figure. For, as the axis of rotation passes through G, the centre 
of gravity, it is a diameter of the ellipsoid ; and the centrifugal force being 
evanescent at the extremities of this diameter in the surface of the fluid, the 
only force in action at those points is the attraction of the mass of matter. 
But the whole force urging every particle in the outer surface of the mass in 
equilibrium, is perpendicular to that surface ; wherefore, the attractive force 
of the ellipsoid is perpendicular to its surface at the extremities of the diameter 
about which the fluid revolves ; and as there are no points on the surface of 
that geometrical figure at which the attraction of its mass is perpendicular to 
its surface, except the extremities of its three axes, it follows that with one or 
other of these, the axis of rotation of the fluid in equilibrium must coincide. 

Let us now determine the relations between the axes of the ellipsoid and the 
centrifugal force. Of the three planes of the coordinates, one, which is per- 
pendicular to the axis of rotation, is a principal section of the ellipsoid ; and 
we may suppose that the other two coincide with the two remaining principal 
sections. We may therefore compute V (R) for a point in the surface ; and 
by substituting this value in the equation, 

• Phil. Trans, for 1824. 
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0 = V(R)+4(y* + 2=‘)-C, 


and making the result coincide with the geometrical equ^ion of the figure, we 
shall obtain the expressions of the axes in terms of the centrifugal force. But 
it will be more simple to use the differential equation. 




which expresses the perpendicularity of the forces to the outer surface, 
quantities. 


The 


d'.V(R) 
dx ^ 


d,ViR) 

■ > 


V(R) 
dz ’ 


are the attractive forces of the ellipsoid, urging a particle of the surface in di- 
rections parallel to the axes ; and these forces, by the nature of the ellipsoid, 
are proportional to the coordinates of the point on which they act, and may be 
represented by A' oc, B' 3/, C' z, the coefficients A', B', C being known quan- 
tities depending upon the ratios of the axes of the ellipsoid; wherefore, these 
values being substituted in the differential equation, we shall have, 

A' xdx + (B’ —/)i/dy + {C —f)zdz=iO; 
and by integrating, 

B' — f C' —f 
H ^ ~ constant. 


Now, if h', ¥ represent the axes of the ellipsoid, h being that about which 
the fluid revolves, the equation of the surface of the figure will be, 


and with this equation the foregoing one must be made to coincide. On ac- 
count of the arbitrary constant, we have only to equate the coefficients of 
and z^, and the resulting formulas may be thus written, 

f=B'-^,A\ f=G-^,A. 

But, on examining the functions that A!, B', C' stand for, it will readily appear 
that the expressions on the right side of the two formulas will not be positive, 
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and consequently they cannot be equal to f, unless ^3 and ^ be both less than 

unit: and supposing that h is the least of the thr^ axes, the two values of / 
will not be equal, unless =as C, and hi = A", in which <^e both the formulas 
coincide in one, viz. 

In conclusion, it follows that the figure of the fluid in equilibrium is an oblate 
elliptical spheroid of revolution, of which the equation is 

^ + **) 

the mass turning about h the less axis, and the relation between the centrifugal 
h 

force and the ratio of the axes, being determined by the equation 

The complete solution of the problem is now brought to the discussion of this 
last equation ; and as this is a question purely mathematical, but slightly con- 
nected with the physical conditions of the equilibrium, which we have under- 
taken to investigate, we shall refer to the M 4 canique Celeste of Laplace and 
to the Th^orie Analytique du Syst^me du Monde of M. de Pontecoulant, in 
which works this point is amply treated. 

The foregoing solution, being perfectly general, proves that the equilibrium 
is possible only when the elliptical spheroid is oblate at the poles. When the 
spheroid is oblong, and the axis of rotation h greater than the other axis the 
expression that must be equal to the centrifugal force is negative; and as that 
force is essentially positive, the equilibrium becomes impossible. 

It will not be necessary to retrace the steps of the foregoing analytical pro- 
cess of reasoning, in order to show synthetically that the equilibrium will be 
secured if the conditions d^luced be fulfilled. For, as soon as such a figure is 
found as will make the forces that actually urge every particle of the mass the 
same functions of the coordinates of their point of action, this problem comes 
under the hypothesis of t]^e first 01^, and may be demonstrated in the very 
same manner. 
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The method of solution we have here followed may be applied to all pro- 
blems concerning the equilibrium of a mass of fluid, when it is possible to form 
the equation of the outer surface ; that is, when the forces in action at all the 
points of the outer surfoce are the same functions of the coordinates of those 
points, whatever geometrical figure the mass may be supposed to assume. This 
in reality comprehends every question that has hitherto occurred ; and, as the 
conditions which we have laid down are necessary and sufficient for the equili- 
brium in every hypothesis of the forces that can be imagined, we shall not 
enter into any further discussion of this point. 

9. The preceding analysis, by which we have investigated the figure of equi- 
librium of a homogeneous planet is direct and unexceptionable in point of 
rigour. It seems hardly possible to express simply in algebraic language, all 
the forces that urge the interior particles of the fluid ; and this makes it neces- 
sary to have recourse to peculiar modes of reasoning for determining the figure 
of equilibrium. The problem, being one of great importance and difficulty, 
which has much engaged the attention of geometers, and which requires for its 
solution principles diflerent from those that have so long passed current witlj- 
out suspicion of their accuracy, it may not be improper to add another investi- 
gation of it by a process of reasoning very diflerent from the foregoing. 

Second investigation. 

We shall begin with laying down the following lemma. If a mass of homo- 
geneous fluid, consisting of particles which attract one another inversely as the 
square of the distance, be in equilibrium when it revolves with a certain angu- 
lar velocity about an axis ; any other mass of the same fluid, the particles at- 
tracting by the same law, will be in equilibrium, if it have a similar figure, and 
revolve with the same rotatory motion about an axis similarly placed. 

Take any two particles similarly placed in the two bodies, and having the 
same proportion to one another as the whole masses ; it is proved in the Prin- 
cipia of Newton, and in the works of other authors, that the resultants of the 
attractive forces acting upon the particles, have similar directions, and are pro- 
portional to the linear dimensions of the two bodies. Further, the centrifugal 
forces urging the two bodies to recede from the axes of rotation, are propor- 
tional to the respective distances from the axes, that is, to the linear dhnen- 
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sions of the two bodies. Wherefore the joint action of all the forces is to urge 
the two particles in ^milar directions with intensities proportional to the linear 
dimensions of the bodies. And as the same thing is true of all particle simi- 
larly situated in the two bodies^ if there be an equilibrium in one case, there 
will be an equOibrium in the other ; for the forces which urge the particles of 
one body are in no respect different from the forces which urge the particles of 
the other, except in being all increased or all diminished in the same given 
proportion. 

This lemma being premised, let ABC repre- 
sent a mass of homogeneous fluid in equilibrium, 
by the attraction of its particles in the inverse pro- 
portion of the square of the distance, and a cen- 
trifugal force caused by revolving about the axis 
PQ. The axis P Q will pass through G, the cen- 
tre of gravity of the mass. For, abstracting from 
any motion or force common to all the paiticles, 
that centre may be considered at rest ; and, as 
the attractive forces of the particles balance one 
another at that point, the centrifugal force must likewise vanish at the same 
point. 

Let any radius G B, drawn from the centre of gravity to the surface of the 
fluid, be divided in a given proportion at 6 ; and supposing it to turn round 
G so as to be directed successively to all the points in the outer surface of the 
fluid, the radius G b, being always the same part of G B, will describe an in- 
terior surfece similar to the outer one, and similarly posited about G. And be- 
cause the whole mass A B C is in equilibrium, it follows from the lemma that 
the interior mass a be, which Is similar to the whole mass, and revolves with 
it about the common axis P Q, will be separately in equilibrium, supposing the 
exterior stratum of matter were taken away or annihilated. 

In the interior surface abc assume any molecule a m : the forces that act 
upon am are; first, the resultant of the centrifugal force and the attraction of 
the mass abc\ secondly, the attraction of the stratum of fluid between the 
two surfaces. Because the Interior body of fluid abcv& separately in equili- 
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Muia, the first of thesse for^^ xmmelj, tihe r^iltant of the e^trifof^ fwce 
and the attraction of the mass abc^is perpen<Mc^ar to the sur^e abc^ and 
destroyed by the resistance of the fluid within that surfec^ ; and from this it 
follows that the attraction of the stratum upon a m, must likewise be perpen- 
dicular to the same surface. For, if it acted obliquely to the surfece a ^ e, it 
might be resolved into two partial forces, one perpendicular, and the other 
parallel, to the plane touching the surfiaee ; and as there is no obstacle to op- 
pose the latter force, it would cause the molecule a m to move, which is c<m- 
trary to the equilibrium of the whole mass ABC. It appears therefore that 
two distinct and independent conditions are required for the equilibrium of 
the fluid mass : for all the particles situated in any interior sui^ce abc simi- 
lar to the outer surface, and similarly posited about the centre of gravity G, 
must be urged perpendicularly to the surface in which they are centred, not 
only by the resultant of the centrifugal force and the attraction of the interior 
mass, but likewise by the attraction of the exterior stratum of fluid. 

Conceive three planes intersecting at right angles in the centre of gravity 
of the mass, one of them being perpendicular to the axis of rotation P Q : let 
X, % represent the coordinates of the molecule a m, and r = ^3^ + y^ + 
its distance from G, x being parallel to P Q ; and put V (r) for the sum of the 
quotients of all the molecules of the whole mass A B C, divided by their re- 
spective distances from am: further, let V' (r) denote the same thing relatively 
to the interior mass abc, that V (r) does relatively to the whole mass ABC: 
then V (r) — V' (r) will be the sum of the quotients of all the molecules of 
fluid contained in the stratum between the two surfaces, divided by the re- 
spective distances of the molecules from a m. According to the known pro- 
perties of this function, the partial attractions of the stratum upon a m, in the 
directions of x, y, z, and tending to lengthen the^ lines, will be resp^tively 
equal to 

d.(V(r)-V'(r)) rf.(V(r)-V'(r)) <J.(V(r) - V'(r)) 

dx ^ dy ^ dz * 

Take any point {x + dx, t/ + dy, a + da) in the surface abc, Bt the infinitely 
small distance from am: then the resultant of the foregoing attracting 
forces in the direction of d^ wiD be equal to 
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^.(V(r)^VUr)) ^.(V(r)-V'(r)) d.(Y{r)^T{r)) 

dx ' d$ * dy * d% * ds' 

luid this resultant must be equal to zero in whatever direction d ^ is drawn^ if 
tibe attraction of the stratum upon am he perpendicular to the surface a 6c, 
Wherefore we have, 

i.(V(r)-V'(r)) ^ d.(V(r)-VM) . <?• (V(r) - V (r)) ^ ^ 

Cdx + —^ ^dy + -^ 25 iz=0: (5) 

and, by integrating, 

V (r) - V (r) = Constant, (6) 

which equation must be true at every point in the surface a be. 

Again, the attractive forces of the interior mass urging the molecule am 
inwards in the direction of a?, y, z, are respectively equal to 

_ _ d.Y'jr) _ d. Y' (r) 

dx ’ dy ^ dz 

Let f denote the centrifugal force at the distance unit from the axis of rota- 
tion ; and, the distance of a w from the same axis being -4- z^, the centri- 
fugal force of the particles of a wi will be 2 ^ ; and the resolved parts 

of this force acting in the prolongations of y and Zy will be fy and fz. Where- 
fore the total accelerating forces urging am in the directions of j?, y, z, and 
tending to shorten these lines, are respectively, 

and, the condition that the resultant of these forces is perpendicular to the sur- 
fece abcy is expressed by this differential equation, 

+fy) dy - +fz) dz = 0 (7) 

In the equations (5) and (7) the forces expressed by the co-efficients of the 
differentials, act on the same particles and have opposite directions in the 
same lines ; wherefore by subtracting the former from the latter, we have, 

T 2 
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in which the co-efficients of the differentials express the whole forces urging 
the molecule in the directions of %. 

It is obvious that the equations (7) and (8) must be identical ; for they are 
both true at every point of the same surface ahc. But if the co-efficients of 
the differentials of these two equations be identical, the like co-efficients in the 
equation (5) must be separately equal to zero ; and this proves that the co- 
ordinates of the surface ah c not enter into the equation (6), which there- 
fore contains such quantities only as remain invariably the same at all the 
points of that surface. 

The equations (7) and (8) being identical, the latter will belong indifferently 
to all the similar surfaces in the interior parts, and to the outer surface which is 
their limit. Wherefore, if for the sake of distinction we suppose that.r becomes 
R at the upper surface, we shall obtain the equation of that surface by inte- 
grating, viz. 

C = V(R) + =f (y2+ 22). (9) 

The integral of (8) will likewise give the equation of any of the interior sur- 
faces, as a ^ c, viz. 

;) = V (r) + y (y2 + z2) — C, (10) 

the quantity C being absolutely constant in all circumstances, and the same as 
in the equation of the upper surface, and being a new quantity which is con- 
stant when the co-ordinates are taken in the surface ab c, but varies when 
the co-ordinates belong to any point of the mass not contained in that surface. 
At the upper surface p vanishes j it changes its value in passing from one of 
the interior surfaces to another ; and it is evidently the hydrostatic pressure at 

dx) dj} d V 

every point of the mass, because — are equal to the co-effi- 

cients of the differentials in equation (8) and to the accelerating forces which 
oppose and destroy the variation of pressure. The equations (6) and (9) mid 
(10) at which we have arrived by this new train of reasoning are the very same 
with the ^nations (4) and (1) and (3) of the first investigation; and as the 
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remaiader of the solution is deduced entirely from these equations, it would 
be superfluous to repeat here what has already been fully explained. The same 
procedure as in the first investigation will prove, that the figure of the fluid in 
equilibrium is exclusively an oblate elliptical spheroid of revolution turning 

about the less axis and that the ratio ^ of the two axes is derived from the 
centrifugal force by means of the equation 

/=B'-pA'. 

10. The level surfaces of the mass in equilibrium are properly the interior 
surfaces similar to the outer surface, and similarly posited about the common 
centre. Such surfaces agree with Clairaut’s definition ; for they are perpen- 
dicular to the resultant of the forces urging the particles contained in them, as 
appears from the differential equation (8), which is common to them all. But 
as every particle within the mass is acted upon by several forces, it may be- 
come a question whether there are not other interior surfaces besides those 
similar to the outer one, which possess the properties of being equably pressed, 
and of being perpendicular to the resultant of the forces in action. It is this 
point that we are now to investigate. 

Suppose that ABC represents an oblate elliptical 
spheroid of homogeneous fluid in equilibrium by re- 
volving about the axis P Q ; and let a ^ c be an oblate 
elliptical spheroid within ABC, the centres, the less 
axes, and the equators of the two figures coinciding : 
taking any particle (^, z) of the interior mass a 5 c, 
the attractions of the whole mass ABC urging the 
particle in the respective directions of the co-ordinates, 
may, as before, be represented by 

A'^, B'y, B'a: 

and in like manner the attractions of the interior mass a6c upon the particle, 
may be denoted by 



B"s: 
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EiMi the attrac^ons of matter between tSbe two surfed npim the pmticla, 
win be 

As these forces act upon every particle of the mass a be, they will cause an in- 
ternal pressure ; let p‘ denote the hydrostatic pressure at the point (x, p, 
caused by the attraction of the external matter ; then, by the geneml theory, 
we shall have 

dp' + (A — A") a^da? + (B' — B") (pdp + a«?2) = 0; 
and, by integrating, 

p' = c- (A'- A") f* - (B' - B") . (1 1) 

Further, the joint effect of the centrifugal force and the attraction of the 
whole mass ABC upon the particle z) in the respective directions of 
the coordinates, is expressed by these forces, 

A'w, (B'-/)y, (fi'-f)z-. 

and if JO be the pressure thence arising, we shall have 

dp + A' xd37-^ (W-^f)(^dp-hzdz) = 0; 

and consequently, 

p = C-A’^-(B'-/).^ ( 12 ) 

which is equivalent to the equation (10), and expresses the whole hydrostatic 
pressure at every point {x, y, z) within the mass ABC. 

In order to form a just notion of the pressures p and y, we shaU suppose 
that the point z) is in the interior surface, at am: conduct a narrow 
c^al from G to a m, and continue it outward to the upper surface of the fluid, 
at A M. Now p is the effort of all the molecules in the caiml A a m M pro- 
duced by all the forces that urge them along the canal ; and p* is the effort of 
the canal a G m caused by the attraction of the matter between the two sur- 
faces upon the particles contained in the canal. Ibe pressure p is almys 
directed inward ; but the dir^tion in which j/ acts will depaid upon the na- 
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twte ei tlie intador ^^3^oi<L If k be more obl^ than the estoior spheroid 
ABC, will grater than and the attraction (A' — A") ^ tendu^ from 
the equator, the pressure of the canal aGm will 1^ outward and oppo^ to 
that of the caiml AamM, On this supposition, therefore, the whole action 
of the matter exterior to the spheroid a5c will cause a pressure upon the mole- 
cule am, equal to p — p'. By subtracting the equations (1 1) and (12) we get 

p-/=C-C'-A''|- ( 13 ) 

and we have now to inquire whether a spheroid can be found that will satisfy 
this equation, on the supposition that p — p' is the same at all the points of 
the surface of the spheroid. 

The equation (13) evidently comprehends the level surfaces, which are similar 
and similarly situated to the upper surface ABC: for, on the supposition that 
the figures are similar, we have A^ = A", B' = B", p' = C, and the equation 
(13) is identical to the equation (12) which, by giving different values top, de- 
termines all the level surfaces. The equation (13) is similar in its form to the 
equation (12), A" and B" being the same functions of the excentricity of the 
spheroid a be, that A' and B' are, of the excentricity of the spheroid ABC; 
and the centrifugal force / enters alike into both equations. It is therefore 
evident that the solution of the latter, supposing p constant, and the solution 
of the former supposing p — p' constant are both contained in the equation, 

and, as from this two values of ^ are in general ol^ned, one of these results 

determines the spheroid ABC and its level surfaces, and the other determines 
the interior spheit>id a be, the surface of which sustains the same pressure at 
every point by the action of the exterior fluid, and which is therefore sepa- 
rately in equiUbrium. 

There is riiis difference between the level surfaces and the otlmr surfaces of 
equable pr^sure, tltot the former spread through the whole mass and ultimately 
comdde with the upper jsurfeee, where£^ the latter, <m account of the dissi- 
mikrity of %iir^ are ctmfined to a fwt of the mm. Of the two spheroids 
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answering to the same centrifugal force, when the exterior one is the less 
oblate, the greatest interior surface of equable pressure, which is not a level 
surface, stands upon the equator ; and the rest arc within this, similar and con- 
centric to it, as in this figure 



Wlien the exterior spheroid is the more oblate of the two, the greatest inte- 
rior surface is described on the less axis, and the rest are similar and concen- 
tric to it, as thus, 



When the centrifugal force f has a certain relation to the attractive force, 
the two dissimilar spheroids ABC and ab c coincide in one ; and in this case 
there are no interior surhices of equable pressure except the level surfaces. 

It has now been demonstrated that, in every oblate spheroid in equilibrium 
by a rotatoiy motion, there *are two sets of interior surfaces equably pressed by 
the action of the exterior fluid ; and, in consequence, that there are two dif- 
ferent figures of equilibrium, and only two answering to the same velocity of 
rotation. But in the hypothesis of the first problem of this paper, and accord- 
ing to the theory of Clairaut, which as far as regards a fluid entirely at liberty, 
is equivalent to that problem, there is in every case of equilibrium, only one set 
of interior surfaces equably pressed by the exterior fluid ; and this is an incon- 
trovertible proof that the theory of the French geometer is insufficient for de- 
termining the figure of equilibrium of a homogeneous planet in a fluid state. 
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Maclaurin first demonstrated synthetically the equilibrium of an oblat(‘ 
elliptical spheroid when it revolves about the less axis with a certain angular 
velocity. In examining the equation of the surface of the fluid, D'Alembert 
discovered that it admitted of being solved more than one way, that is, he 
found that there are spheroids of different oblateness which will be in equili- 
brium with the same velocity of rotation ; and Laplace proved that there are 
two such spheroids and no more. Of this truth, first made known merely as 
a mathematical deduction from an algebraic equation, we have here attempted 
to give the physical explanation. 

Having now fully treated of the equilibrium of a homogeneous fluid, the 
order of discussion laid down would lead us to investigate that of one of vari- 
able density; but the length of this paper makes it advisable to reserve this 
part of our subject for another occasion. 
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VIII. On a simple Klectro-chemical Method of Ascertaining the Presence of 
different Metals ; applied to detect minute quantities of Metallic Poisons. By 
Edmund Davy, F.R.S. M.R.I.A. S^c. Professor to the Royal Dublin Society. 

Read November 25, 1830. 

1. Introduction. 

It is now nearly a quarter of a century since the late Sir Humphry Davy, by 
a train of masterly researches, developed the general principles of electro- 
cheini(!al action, which subsequently led him to many fine discoveries and 
important practical apjdications. Some years since, I repeated most of the 
interesting experiments noticed in his excellent Bakerian Lecture “ On the 
chemical agenei(!S of Electricity*.’’ On the decomposition of metallic salts by 
tlu! Voltaic battery, Sir Humphry is very brief. He clearly ascertained, how- 
ever, that when metallic solutions were placed in the circuit, metallic crystals 
or depositions were formed on the negative surface -f- and that ‘‘ the metals 
passed towards tlu* negative surface, like the alkalies, and collected round it 
In the course of my exp(Timents on this subject, phenomena occurred whicii 
led me to think that some novel results might be obtained by instituting a 
series of experiments on metallic salts, using as a Voltaic arrangement the 
fee!)le power produced by the contact of small slips of different metals, with 
solutions of the common metallic salts. Operating in this manner, I could 
readily detect very minute quantities of different metals, coat platina with 
gold, silver, copper, &c,, or cover gold with a surface of these metals, and tin, 
copper, brass, iron, &c. Several of those facts I have been in the habit of 
bringing fonvard and illustrating in my^ annual courses of lectures delivered 
both in the Royal Cork Institution, and in the Royal Dublin Society. Circum- 
stancos which it is unnecessary to mention, have hitherto prevented me from 

• Philosophical Transactions of the Royal Society, 1807. 
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giving greater publicity to tbose feicts. In the course of the ]n*4^nt stimmer 
my attention has b^n directed to apply sknilar me^is to tbe of 

metallic poisons, a subject of acknowledged and incrmsing importence ; imd 
the results I have obtmned, and now beg leave to submit to the Society, a^^r 
to me both novel and interesting, and afford, if I mistake not, mmns more 
simple, ddicate, and effectual, than any at present known for detecting the 
common metallic poisons. 

The fear of trespassing too much on the time of the Society, induces me to 
limit the present paper to one part only of the subject. At no distant period 
I promise myself the pleasure of communicating the remaining part, which 
will embrace the different electro-chemical experiments I have made on the 
other metals and their compounds, together with the application of the facts 
to the processes of gilding, silvering, tinning, &c. 

In the following pages I shall notice the simple electro-chemical apparatus, 
(or electro-chemical method as I shall call it,) employed in my experiments ; 
offer proofs of its efficacy to detect different metals, particularly metallic 
poisons ; adduce instances of the extreme delicacy and facility of the method ; 
and lastly, show, by similar evidences, that its accuracy is not impaired by the 
presence of organic substances whether vegetable or animal, or mixtures of 
both ; and that the method is therefore applicable to the detection of metallic 
poisons in all cases. I shall be under the necessity of making some minute 
(and I fear tedious) details, which I trust will be excused, as they are closely 
connected with the elucidation of the subject. 

It forms no part of my object to examine the numerous known methods of 
detecting metallic poisons. Experience, I may presume, has made me tolerably 
familiar with the details of them. The electro-chemical method here proposed 
appears to me to rival the very best of them in point of accuracy, whilst in 
facility, simplicity and delicacy, it seems superior to them all. 

2, Of the Electro-chemical Apparatm, 

The electro-chemical apparatus I used was of the simplest kind. It con- 
sisted of two different metals, generally zinc and platina, which, according to 
Sir H. Davy, form the most efficient combination ; the zinc being jM^itive, and 
the platina negative, with regard to ^1 the other metals. Hie zinc was usually 
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in sfete of foil^ or of fchin sheet platiim was in ^me cases a small 
cmcible, m* a spatula living a spoon at the end of it, hut more freqij^tly 
platiim foil wm em^o^ed. The foil was ^out two inches long, and two thiMs 
of an inch mde. Ihe zinc foil varied from about one third to one dghth of the 
size of the platina foil. The size and thickness of eitter metal may vary inde- 
finitely, without imiterially altering the results. This simple arrangraaent is 
most e^ily applied to the decomposition of a great number of nmtaUic com- 
pounds. It is only necessary to mix a drop or two of acid with a little of such 
compounds, whether solid or fluid, asd apply the zinc foil, when the pMina 
will be soon coated with the reduced metal. Solutions of many metallic salts 
do not require the addition of acid, I may remark flbat the small slips of 
platina and zinc foil are very convenient for many experiments on metallic 
poisons ; as where the object is to ascertain the presence of arsenic or mer- 
cury, in a fluid in which it may exist in considerable quantity ; or to determine 
whether any powder contain either of those metals in combination. One slip 
of platina will answer for an indefinite number of such experiments ; one slip 
of zinc, too, may be ^ployed for mmiy experiments. It is only necessary 
eith©* to dip the end, after being used, into a little water, and wipe it, or to cut 
the mere point off at once. The platina spatula with a spoon at the end of it, 
is well adapted for concentrating, or boiling nearly to dryness, fluids which may 
contain metaUic poisons, but in such minute quantity, as to render concen- 
tration indispensably necessary to the success of the electro-chemical method 
of detecting them. . The small platina crucible is a necessary appendage to the 
apparatus, in cases, where from previous trials by the platina foil, or spoon, and 
zinc, the existence of a metallic poison has been proved in a fluid or solid, in 
order to collect it in sufiicient quantity, and exhibit it in a separate state. 


3. Experimental proofs of the ^cacp of the Electro^chemical method to detect 
d^erent metals^ and especially metallic poisons. 

Solutions of gcdd, silver, mercury, copper, tin, lead,&c. are not decomposed, 
as is well known, by platina ; but if a drop of each of those metallic salts, con- 
taining excess of acid, be severally {daced on a surface of platina, and a slip 
of zmc brotigbt in contact with both, each salt will be decomposed, and the 
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respective metal deposited od the platina. Ere a few li^timces of the 

apparent reduction of metallic ssdts on platina by ^ agency of Voltaic elec- 
tricity. It would be extremely easy to extend the Msl to mi Inde&ai^ number 
of other casas^ did I not fear to anticipate details which more pn^iiy l^mg 
to the subsequent part of the subject. 

The compounds of arsenic, mercury, lead and co|q>er afford the prinm^l 
metallic poisons ; and a knowledge of their properties, and of the best means 
of detecting them, derives interest from many considerations, but is jmrticu- 
larly valuable from the paramount importance justly attached to chemical 
evidence in cases of accidental or intentional poisoning. I shall proce^ to 
offer proofs of the efficacy of the electro-chemical method to detect the com- 
pounds of those metals in the order in which they have been enumerated. 

{ Grejdsh black arsenic, protoxide of Berzeltits, or 
fly-powder. 

White oxide of arsenic, or arsenious acid. 

When half a grain, or less, of either of those solid compounds is placed 
on a slip of platina foil, mixed with a drop or two of muriatic acid *, and 
the zinc applied -f-, the arsenic will presently be reduced to the metellic 
state ; one part will be deposited on the platina, and the other part mixed in 
thin filaments with the fluid. The surface of the platina will become iridescent 
or exhibit variegated colours (resembling heated steel), as blue with tints of 
red, yellow X, Much of the arsenic is thus strongly attached to the platina, 

and cannot be removed by wiping or rubbing it with the finger or a cloth, nor 
by cold strong muriatic or sulphuric acid, nor by hot solutions of caustic 
alkalies ; but it instantly disappears on being touched with the smallest drop of 

* By ** muriatic acid ” in this paper, the common strong acid of commerce is meant. I hare used it 
in preference to the pure acid, from the facility with which it can be procured. 

f By the words ** zinc applied/’ used here and in other pl^s, is meant bringing the zinc in contact 
both with the platina and the substances to be acted on ; or moving the zinc about on the platina, which 
seems the readiest way of effecting the reduction of many metallic compounds. 

I Diluted muriatic acid occg^ions analogous effects, but they are more slowly produced, probdily be- 
cause the undiluted acid is a better solvent of the arsenical compounds, and a better conductor of elec- 
tricity. Like effects occur with strong sulphuric acid, if the zinc be moved about on the platina, but 
they are not produced with strong nitric acidor aquafortis, and only very gr^tally by tiiaie acub when 
diluted. 



OF ASClETAimnO TM& mESEKCl OF OIFREREKT METALS, Ul 


stmmg nitric acid, or of tibe aquafortis ei commerce. Ilie au^k is also rea- 
dily removed by exposing the foil to the moderate heat of a spirit lamp, when 
it rises in tbe form of an^nicms add ; birt previous to this eff^t, the alliac^us, 
or g^lick4ike odour, so chamcteristic of diis metal, is strongly produced * 
and the surface of the platina remains unaltered. 

l^e following ars^ical compounds, when exposed to similar treatment, 
afford analogous results, viz. 

Ar^nious acid in solution. 

Arsenites of potash, lime, &c. 

Arsenic acid. 

Arseniates of potash, lime, &c. 

Chloride of arsenic. 

Sulphurets of arsenic, obtained by passing sulphuretted hydrogen gas through 
solutions of arsenious and arsenic acids. 

In cases where the quantity of any arsenical compound in solution is very 
minute, the fluid should be concentrated, or boiled nearly to dryness, previous 
to the addition of the muriatic acid, and subsequent trial on the platina foil by 
zinc. 

Some arsenical compounds require a treatment somewhat different from those 
already enumerated, in order to exhibit the arsenic in a satisfactory manner. 
This is the case with the native sulphurets of arsenic, which being scarcely 
acted on by muriatic acid, require previous treatment with nitric acid. Thus, 
a little realgar or orpiment, in powder, was mixed with a drop of strong nitric 
acid in the platina spoon, heated, and the excess of acid expelled ; a drop or 
two of muriatic acid being incorporated with the residual substance, the zinc 
was applied, and the arsenic readily reduced on the spoon, exhibiting its cha- 
racteristic appearance. Arsenical pyrites, too, requires the previous addition 
of nitric acid. In operating on such arsenical compounds as require the use 
of nitric acid, as little as possible should be employed, and any excess ex- 

* * Dt. Chnstsion, ia his valn^e work " On Poisons,” proposes to discard this test altogether, chiefly, 
it would seem, ftom its being obscttred entirely by the presence of a irery small portion of vegetable or 
animal matter j but as this objection does not apply to the electro-chemical mode of detecting arsenic, 
the alliaceous odour is regarded, especially ia these experiments, as a striking character, exhibited by 
no ott«r metal, as far my exjterience extends. 
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pdUed^ m a miaiite quantity of tliis add retardi the redudion of the ai^iiio, 
^ re-4isi^lves it. 

Ihe metallic arsemtes and ar^niat^, where two metals me fa^ent, a{q>^T 
also in ^^eml to require a modified treatmmit, according to ttie object in 
view, and seem to offer proofs of the elegance of this mode of detecting 
m^als. To give an instance or two, in the cme of the arsenite or arseniate of 
copper. If a little of either of these compounds be dissolved in a few drops of 
muriatic acid, by heat, in the platina spoon, and a few tolerably quick contacts 
be made with zinc foil, the arsenic only will be reduced ; part of it will be 
deposited on the spoon, and part will remain in the fluid as a dark grey or 
blackish substance. 

If a little of either of the above compounds be dissolved in a few drops of 
diluted nitric acid, (consisting of one volume strong acid to three of water,) 
in the platina spoon ; boiled nearly to dryn^s, and water added just enough 
to obtain a solution ; if the point of a slip of zinc be now applied to the centre 
of the bulb of the spoon, the copper alone will presently be reduced on the 
platina, exhibiting an unusual metallic lustre, and forming a circle round the 
zinc. If the zinc be now removed, the copper will be re-dissolved by the slight 
excess of acid present. If the contact of the zinc be continued, in a short time 
the arsenic will form a circle on the platina, round the zinc, whilst beyond it 
the copper will make its appearance. 

I found by repeated experiments, that the arsenic precipitated by zinc on 
platina foil from solid arsenious acid, or from arsenical solutions, and muriatic 
acid, could be readily obtained in the form of arsenious acid, by coiling the 
dried foil, and exposing it to the heat of a spirit lamp, in a tube closed at one 
end, or open at both, and stopped with a cork or corks, so as to allow the ex- 
panded air to escape. 

With a view to gain some approximation as to the actual quantity of arsenic 
that could be detected by the electro-chemical method, and to ascertain if it 
could be procured from the platina in the metallic state, I placed on a new 
slip of platina weighing 22.14 grains, five drops of an aqueous solution 
of arsenious acid, and three drops of muriatic acid ; a slip of zinc being 
applied, the arsenic was soon raluced, and much of it adhered to the pla- 
tina, which, after being washed in pure water and dried, acqmred an in- 
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itf s^th part erf a ^ki*. The platlna was pat into a small retort, 
which was then exhmist^, tmee filled with pure carbonic acid gas, and hmted 
QV& a jar ^ the same gas, nntil all the arsenic rose and oemdensed in the tipf^r 
erf the bidb of the retort as an extremely delicate whitish film, exhibiting 
no metellic lustre, eren by the aid of a magnifying gh^ ; nor could this be 
exp^t^ from the minute quantity of arsenic present, and the extent of sm^e 
over which it was spread by sublimation. The platina was found perfectly 
clean, and of precisely the same weight as at first. Some pure water was put 
into the retort, and occasionally agitated in contact with the sublimate, but 
after thirty hours a recent solution of sulphuretted hydrogen occasioned no 
change in the water. The actual quantity of arsenic attached to the platina 
in the foregoing experiment, was ascertained to be r^jyth part of a grain. But 
this is very fer from conveying a just idea of the degree to which this mode of 
detection may be carried : for a single drop of the aqueous arsenious acid 
would have afforded ample evidence of the arsenic as it respected colour, inso- 
lubility in muriatic and sulphuric acids, alliaceous odour, and volatility ; which 
would give the yyWth part of a grain. Even this very minute quantity gives us 
by no means the extreme limits to which this truly microscopic method of de- 
tecting metals may be carried. It is, however, quite unnecessary to pursue 
the subject further. 

In cases when the small platina crucible was used, the results were equally 
delicate, and much more simple and satisfactory. I put a single dr<^ of 
aqueous arsenious acid, with about an equal bulk of muriatic acid, into the 
crucible ; the zinc being applied for an instant, the arsenic was reduced on 
the platina. The crucible was then rinsed with pure water, dri^, covered 
with a piec^ of plate glass, and heated with a spirit lamp ; arsenious acid rose 
mid condensed on the glass, whilst the surface of the crucible remained un- 
changed, The results were precisely similar, when a single drop of arsenic 
acid, of arsenite and of arseniate of potash, were exposed to similar treat- 
ment. 

I put Twth part of a grain of solid arsenious acid into a very small platina 
crucible, which I coated with gold on the inside, and nuxed with it about half 

V In my experiments I nsedl a^iy dlelkate Imlance of RoB];Nsoif*s omsnuedon, which turns with 
the T^rth pmrt of a grtna, iih^a with one hundred grains. 
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a ^rap of mariatie acid. A small slip of zinc l^log appMM^ the bemme 
cf a dark steel-grey colour with a tint of green at edge. Bomn pare 
being pat into the cracihle, some extremely nanate films ci met^lk ar^nle 
^)^ml on the sa Ace oi it. The croeible, afte bdng wasiM md dried, wm 
h^ted, when the arsenic rose, leaving the gold su Ace analtared. 

Into the crucible used in the preceding ^perimaat, I put ^ e grmn of 
solid areenious acid, and dissolved it in about five drops of muriatic m^id. I 
then applied a slip of zinc for about half a minute ; as soon as tlm contact of 
the zinc was made, the variegated colours from the arsenic were beautifiilly 
produced at the bottom of the crucible, an effect which was succeeded by a 
rioknt action, and all the arsenic was reduced. The crucible was now filled 
with pure water, and numerous steel-grey coloured filaments of metdlic arsenic 
floated on the surface ; some being collected on a slip of platina and heated, the 
idliaceous odour was strongly produced, and they were dissipated in a white 
vapour. The crucible being washed, and a few drops of dilute muriatic 
acid put into it, it was rinsed in pure water and dried, when its gold surface * 
was so completely coated with arsenic of a Ark steel-grey colour, that no 
vestige of the gold at the b<^tom of the crucible could be seen, even witb the 
aid of a magnifying glass, though the surface was full of little inequalities. The 
arsenic on the emcible did not sensibly tarnish by exposure to the air for some 
Ays ; a portion of it was then expelled by a heat of nearly 400° Fahr., when 
the gold became partially visible ; the remainder of the arsenic continued of a 
steel-grey cx>lour. 

Though it ^ms unnecessary to bring forward more experiments in proof of 
the efficacy of the dkctro-chemical method to detect ai’senic, it may be proper 
to recur to the evidmce that arsenical compounA are by this method redu^d 
to the metallic state. The experiments with the platina gilt crucible aflbrd the 
unequivocal proofs o£ metallic arsmc ; whilst thme with the platina foil 
and spoon, though s^mingly more ambitious, wiU, on examiimrion, I pres 2 i^> 
be found scarcely less satisfactory. Thus the partial oxidation of the suAce 
€^bited m vari^t^ colours ; the strong cohesimi of the ar^nie to the fa- 
rina, cbaim^ertstics of the metal. The alliac^us odour (In cases where 
po deoxygaoating substance can be presumed to exist) Is admitted to b^ong 
only to the metal ; insolubility in strong murk^ aAi, m a property of m 
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kH^wa G^de of arsenic, bnt of the metal. To which may he added the faet^ 
that I teive repeatedly coated thte aa^nic, deposited on platina, with eO|^er, 
and also with mercury ; and removed both, Without a^ecth^ the aiisenic. All 
tht^e circumstances seem to prove the accuracy of the st^en^nts made <m the 
subject. 

Though zinc and platina were the metals used in the el^ro-ch^ni<M ex- 
periments on arsenic already noticed, I have also employed severe other 
metals which generally afforded analogous results. Other met^s m%ht of 
course be substituted for zinc and platina, but as far as my experiments have 
extended I give these a decided preference. Iron and tin are much slower in 
their operation than zinc. Brass and copper are readily coated with met^llc 
arsenic ; but the objections to the use of the common metals as substitutes for 
platina, arise from the facility with which they are acted on by heat, air, acids, 
&c. and the diflBiculty with which arsenic is separated from them without in- 
juring their surfaces. The advantage of colour which gold has over platina, 
when a grey metal, as arsenic, is to be reduced in contact with it, is cheaply 
purchased by simply gilding part of the inside of the platina crucible. 

Compounds of mercury , — The compounds of mercury in general are readily 
reduced by being placed on a slip of platina foil, mixed with a drop of diluted * 
aquafortis or muriatic acid, and the zinc applied, when the mercury is soon 
either partly attached loosely, or amalgamated with the platina, and partly 
combined with the zinc. This is the case with the black and red oxides, white 
precipitate, the acetate, subsulphate, cyanuret, fulminate, &c. The cyanuret, 
however, appears to be reduced more readily, and with greater lustre, when 
muriatic acid, undiluted, is employed, and the acetate and subsulphate best, 
when diluted aquafortis is used. The compounds of mercury soluble in water, 
in geneial require not the addition of acid. 

From the importance of the compounds of mercury with chlorine, our de- 
tails respecting them may be more minnte. 

Corrosive sublimate , — ^If a drop of an aqueous solution of corrosive subli- 
mate be put on a bright surface of copper, it will soon, as is well known, ren- 
der the copper of a greyish black colour. If a similar exf^riment be made and 

* By " dituted ” as applied to eqaidbitis and nnmatic acid in this paper, is meant, the strong acids 
oC commerce^ te which an eqsal bulk of water has been added. 
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©nc appMM^ the mepciiry will pr^eQtly be r^acM to tbe i^taMie 
afid tbe cop^r will be whitened. The results will be anal^ous, if 
erperiments are made with solutions of cmrosive sublimate in alcohol and 
provided a little water be emplc^ed when the zinc is applied^ or if 
tina be substituted for the copper. 

The following is a beautiful and estremely delicate mode of reducing corn>- 
sive sublimate, and of obtaining the mercury in a sensible form ; and it may 
of course be applied to other compounds of mercury. Put a drop or two of 
an aqueous solution of corrosive sublimate into a small platiua crucible, add 
about an equal bulk of muriatic acid, and apply the zinc for a short time, 
when the mercury will be reduced ; part of it on the platina, which will appear 
of a brighter white colour, and part of it will amalgamate with the zinc, 
whiting it and making it brittle at the point of contact. Wash the crucible 
with pure water, dry, and cover it with a piece of plate glass, and heat it with 
a spirit lamp : the mercury will rise and be condensed as an extremely fine 
white powder without metallic lustre, and it may be easily collected from the 
glass by the finger, so as to be exhibited in minute globules, visible by a high 
magnifying power, even when a single drop only of the solution has been 
operated on. 

I repeated the preceding experiment in the platina gilt crucible. The instant 
the zinc was applied the surface of the gold was whitened. Afterwards the 
mercury was collected by sublimation on glass. 

The solution of corrosive sublimate may of course be readily reduced on 
platina when the zinc is applied vdthout the addition of any acid, as in the in- 
genious mode proposed some time since by Mr. Sylvester, and afterwards sim- 
{dified by Dr. Paris. I am disposed to prefer the use of platina to that of gold, 
not only on account of the great difierence in their commercial value, but be- 
(mxise I found the surface of gold tarnished after the mercury had been sub- 
Hmed from it, which was not the case with the platina. I did not, indeed, 
j^sertain if the gold I employed contained any alloy ; — ^it was supposed to be 
pnne. 

A very simple mode of detecting corrosive sublimate, whether solid or dis- 
solved in water, alcohol or ether, which I have not sem any where notie^, is, 
to fwit on a bright surface of copper, a bit of the solid compound, or a drop of 
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S€tolo% 1^ ^ add a drop of mtniiUie acid to when tbe ma^citry will be 
i^i^diately reda^, aad the copper wMten^. Staiilar e&cts also t^e pl^e 
whm a atuaber of idhaf compoaiwis mercury are simitoly treated, m the 
oxi^^ cymiuret, Ae yellow precipitate fi^m corrosive saMiniate by the feed 
ailkalies, the white precipitate by ammonia, &c, Acet^ of mercury d<^ not 
yield to such treatment, unless heat be ap{died, when the (x^pper is readily 
whitened ; but with dilated aquafortis, the acetate is easily reduced mi copper. 

Cahmel is slowly decomposed in a platina crucible, when mixed with di- 
luted murmtic acM, and the zinc applied j the reduced mercury is deposit^ 
on the platina and combined with the zinc, or in case gold is pr^nt, it is 
whitened. 

Ihe following is a much readier and better mode of treating calomel. Mix 
a little of this <?ompound, with a few drops of diluted aquafortis, and boil for 
an instant or two in a small platina crucible, add a little water, and apply 
the zinc ; the mercury will be readily reduced. Break the contact of the zmc 
with the platina, and the bright mercurial surface of the latter will at once be- 
come tswnished. Restore the contact, and the lustre of the surface will re- 
appear ; and these changes will occur as often as the contact is brcdten and 
renewed. Add some pure water whilst the zinc is in contact, and the surface 
will remain bright. The mercury may be collected by sublimation, as in the 
c^e of corrosive sublimate. Operating in this manner, the mercury from a 
very small quantity of calomel may be obtained. Calomel may also be imdiiy 
detect^, by placing it on a clean surface of copper, mixing a little muriatic 
or diluted muriatic acid with it, and applying a gentle heat ; when the mer- 
cury will be instantly reduced, and the copper whitened. 

Compounds of had , — The soluble compounds of kad, in genial, like those 
of mercury, are readily reduced to the metallic state when placed on a surface 
of platiim, and the zinc applied ; as the nitrate, acetate, &c. The ini^luble 
compounds, as tte oxides, patent yellow, the carbonate, sulphate, tartrate, &c. 
reipiire prcvious mixture with diluted aquafortis or murine acid. The lead 
thus reduced is usually of a dark grey colour, and exhibits little lustre, unless 
press^, m by the bkde of a knife, when its metaUie lustre b^omes quite ap- 
pir^. It quite ^ft the zinc is drawn over it. Its cohesion to the 
platina is gem^lly so feeble that hmM of it may be easily removed by a cloth 
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m the finger. It Is also pres^tly by to aqmi^s aA4 nnKmrtio mM 

of ccmainerce, and by stre®g nitiic acid. 

I coated one side of a idatina spatnla with gold^ a d^p of acet^ ^ 

lead with one of ddnted aquafortis, and applied to mm ; mkm to Imd b^ng 
reduced, the surface was wash^, ^d by slight friction mm% of to lead 
remoTed ; but there remained sufficient to show the colour mkd. lustre of to 
metal. It dissolved by diluted aqua regia, leaving the surfia^ of gold ap^ 
rently unaltered. 

Compounds of copper , — ^The soluble salts of copper, as the perchloito, per- 
muriate, sulphate, nitrate, &c. when dissolved in water, require only to be 
placed on platina, and the zinc applied, when to copper will be presently re- 
duced and cover the platina. The compounds insoluble in water, as the proto- 
chloride, proto-muriate, the carbonate, oxides, &c. when previously mixed with 
a little muriatic acid, or diluted aquafortis, are also readily reduced. The last 
acid seems best adapted in the case of different pigments of copper, as Olym- 
pian and Scheele’s greens, common verdigris, refiner’s verditer, &c. 

The copper reduced on platina, by zinc, usually exhibits the colour and 
lustre of the metal. Its surface is in some cases blackish, and requires gentle 
rubbing to show the metallic appearance. It has, in general, greater lustre, 
in cases when diluted aquafortis is used, and the acid only in slight excess 
when the zinc is applied. It is soluble in muriatic acid, but more readily in 
strong or diluted aquafortis. 

4. ExperimerUal evidences that the accuracy of the Electro^chemical method of 
detecting metals is not impaired by the presence of mixed vegetable and 
animal mbstances, when applied to the detection of metallic poisons ; par- 
ticularly to the common compounds of Arsenic^ Mercury^ Lead, and Copper, 
in such mixtures, 

I have ascertained that the electro-chemical method is competent to the 
detection of veiy minute quantities of the different metals, when their com- 
fmunds are mixed with vegetable and animal substances. But to object 
this ^ 0 ti<m is to notice briefiy a number of miscellaneous experiments on to 
principal well known poisonous compminds of ars^ie, mercury, lead, and 
c(q^r, when mingled with organic fluids and solids, 
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— I arabsed a mmUl ipaatky of ^dwi ai^emoo^ add in fwwder, 
idtli Ae followii^ snbstoi^, separately^ viz. whe^m flonr and its paste ; 

eake wida ^ar^ts mid caraway seeds; starch in powder^ and in ^u- 
dc® ; rice in powder, and Iw^ed with wMer to a palp ; potat<^s boiled, and 
; sagar in powder, and in syrnp; vinegar, and rasptery vinegar; port 
and sherry wines ; gruel, thick and thin, widi sugar and milk, also with sn^r 
and wine ; milk and cream; white and yolk of egg, both flnid and ccmgnlat^ ; 
gelatine (isinglass) in solution ; bile discharged from the stomach, miyed with 
i^va, and watery fluid. 

In a number of those instances, it was only necessary to put a little of the 
mixture into the platina spoon, incorporate a few drops of muriatic acid with 
it, and apply a slip of zinc, when the arsenic lyas readily precipitate on the pla- 
tina. In cases when the arsenious acid existed only in very minute quantity, 
or when the water present was considerable, the fluid was concentrated by 
boiling, or evaporated nearly to dryne^, previous to the application of the zinc, 
when the arsenic was in like manner deposited. 

Arsenious acid was also mixed with butter, lard, and oils ; some of the re- 
spective mixtures being boiled a short time in the platina spoon with muriatic 
acid, or in solution of fixed alkali, then muriatic acid added in excess, and the 
zinc applied, when the arsenic readily appeared. 

A few drops of an aqueous solution of arsenious acid were mixed with some 
sheep’s blood; muriatic acid was added ; the whole formed a deep wine yellow 
solution. A drop or two being put on the platina foil, and the zinc applied, 
coE^lation took place, and the arsenic pr^ipitated. Ox-bile being tr^ted in 
a similar manner aflbrded analogoi^ results. 

In one instance, I mixed five grains of solid arsenious acid in ^bout half a 
pint of tea sw^ened with sugar and milk. It was kept hot for some minutes, 
and occmsionaliy stirred, A little of the tea being put into the platina spoon, 
and muriatic acid add^, the application of the zinc product no immediate 
But on hoiUng the spoonfiil of tea nem’ly to dryn^, dien adding two 
or riiree drops of muriatic acid to the residual brown substmice, and agitating, 
a yellow solution was formed. A slip of zinc being now applied, a white coa- 
whkh soon changed to brown, af^^red, and the areenic was copiously 
precipitated on the spoon. 
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m^nmmt^ r swm3i d Rr§^bpi^ mpfrd^i^jps 

mixM with hot tm. Somm hcmm after it h^ it 

being treated as in the preceding experiment, the a^enk hi r flpter 

manner. CoRee, im being expose to like hr^tment^ ^bi^bdnn^goixa r^^ts. 

1 mixed ive gimns of pulverize arsenious add in a smidl of wm^ 
imd rather thick pea-soup, having fragments of the fibrous pirt of b^f 
fused through it. The platina sj^nful of it was boiled nes^lj to di^nei^ 
several drops of muriatic acid were added, and by agitation most of the solid 
matter was dissolved, forming a thickish fluid. The zinc bring allied, a white 
coagulum changing to brown appeared, and the arsenic soon covei^d the sur- 
fece of the spoon. Similar results were obtained when giblet soup was treated 
in like manner. 

Corrosive m/blimate. — A few drops of a solution of corrosive subUmate in 
water, were well mixed with a solution of gelatine (isinglass): a drop or two of 
the mixed fluids being placed on the platina spatula, and the zinc applied, the 
mercury presently precipitated; and this effect was more readily produced 
when a little diluted muriatic acid was previously added to the mixture. When 
a solution of nutgalls was added to the mixed gelatine and corrosive subli- 
mate, also when corrosive sublimate was added to yolk of egg, the results, by 
similar treatment, were precisely analogous. 

A small quantity of solution of corrosive sublimate was put into fluid albu- 
men (white of egg). To some of the precipitate in a platina crucible, a little 
diluted muriatic acid was added, and the zinc applied ; the albumen copu- 
lated, and in about a minute some mercury was reduced in the crucible, and by 
continuing the experiment for a few minutes the quantity increased consider*- 
ably. A similar experiment being repeated in a platina gilt crucible, in a short 
time the gold partially assumed a dark blueish grey colour. The mercury from 
both experiments was collected by sublimation on glass, m detailed before. 

When solution of corrosive sublimate was mixed with flour into a soft paste, 
put into the platina crucible, and diluted muriatic acM added, in the course 
of a few minutes after the zinc was applied, similar results as in the foregmp 
instani^, were obtained. 

Corrosive subHraate in powder was mixed with buttejc, mid dilute mmmiki 
acid was incoiporated with the mixture ; a little of the smne hebig plac^ on 
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tibe ipitak> aad ^ nnc applied to the ioM, Oie wm pre< 

llie experimcait wm successMi^ r^at^ with dUo^ aqtia> 
ia^ad of moriatk add. 

Bolistion of con^ve soblimate was r^j^tiyely mix:^ with ^ya^ i^^’s 
blood, imd ox bile ; the zinc being appbed to each, cm pla^na, the mercory 
was smn miuc^. 

A few drops of solution of corrosiye sublimate were mixed with ^me human 
bile, and watery fluid discharged from the stomach, and rather more than half 
its bulk of muriatic acid was added ; a small teaspoonfid of the mix^ fluids 
was put into the platina crucible, and the zinc applied for about two minutes, 
when the surfrce of the crucible had acquire a dark grey colom ; on being 
heated, metallic mercury w^ obtained. Hie experiment was repeated, with 
similar results, in a platina gilt crucible. 

A solution of corrosive sublimate, in small quantity, was mixed with milk ; 
muriatic acid, equal to about one half the milk, was added. Some of the mixed 
fluids was put into the platina crucible, and the zinc being applied a short 
time, a grey surface of mercury appeared on the platina. A dmilar experi- 
ment was made in the platina gilt crucible, which soon exhibited a partially 
whitened surface. From both experiments mercury was sublimed. 

A few drops of solution of corrosive sublimate were mixed in a cup of tea 
swe^ned with sugm* and cimm. About a teaspoonftil was put into the pla- 
tina crucible, with nearly an equal bulk of muriatic acid. A slip of zinc being 
applied for about a minute, a greyish sul^ance was found at the bottom of the 
mucible, which, when washed, dried, and heated, afforded me^llie mercury. 
Hbese experiments were repeated with succ^, both in the platina crucible mid 
in the platina gilt crucible ; and precisely similar results were ob^ned with 
coffee, under like treatment. 

It is proper to remark, that the experiments notion in this section, were, in 
general, earned on only for a few minutes, so that the decompositions were 
mostly paitial, and prolrnWy in no instmice comj^te. This statement is con- 
firaied by fects, for I repeatedly found that after a given effect had taken place 
in tbe platina crucible m a few minutes, a still former eff^t was soon pro- 
duct, by trmffeiTmg the ^tme materials to the pi^ina gilt enujible. 

Mncccxxxi. Y 
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Whm a df eom^ive sii>Braate (in qaan^) was a^M to 

some sliei^ port wine in a platkm crucible, and tbe zinc ap^ied, a bmn- 
tiful effect gradudly took place. In the course of abmjt aqnar^r of an honr, 
caloinel wm formed, deposited at the bottom cff the cnmibie in sncc^re 
circles, which ^t^ied beyond each otte, and differed sMghtlj in their shad^ 
of colour, being alternately ii^tar and darker. The zinc becmne brittle at its 
point of contact, from amalgamation. Tbase experiments were repeated in the 
platina gilt crucible with similar results, part of the gold was whitened, and 
calomel and mercury were afterwarcte sublimed from both crucibles. 

With raspberry vinegar and solution corrosive sublimate, the results ap- 
peared to be similar to those produced with the win^. 

Sugar of leady acetade of had . — solution of sugar of lead, in small quan- 
tity, was separately mixed with flour into a thin paste, with saliva, port and 
sherry wines, raspberry vinegar, and yolk of egg. A little of each mixture 
was put on the platina spatula, and the zinc applied, when the lead was soon 
reduced on the platina. 

A little of the solid compound of albumen (white of egg) and sugar of lead 
was placed on the spatula, and mixed with a drop or two of diluted aquafortis; 
the zinc bemg applied, the lead was reduced to a dark grey colour ; by gently 
rubbing it with the finger the lustre of the metal became apparent. The re- 
sults were analogous when sugar of lead was mixed with sheep’s blood and ox 
bile, and expose to similar treatment. 

A mixture of gelatine (isinglass) and sugar of lead was put on the spatula, 
and the zinc applied ; the lead was slowly reduced : the effect was more rapid 
when a drop of diluted aquafortis or muriatic acid was previously added. The 
results were precisely similar when a solution of nutgalls wm added to the 
mixed soluticms of gelatine and sugar of lead. The yellow soft solid readily 
yielded metallic on platina by means of zinc. 

A small quantity of sugar of lead was put into some tea sweetened with 
sugar and cream ; some of the yellow matter produced being put on tlm spa- 
tula, mid the zinc applied, tl^ lead was slowly deposited. The results were 
similar whm sugar of lead was mixed with milk and with coffee. The ac- 
tion of a little diluted aquafortis appears, in a number of cases, more rmdily to 
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the lead, hut as a sli^t exeei^ of add will r^isscdTe the kad (partially 
m wholly), a longer contact of the zinc is nec^sary to mutaalize the add, and 
render the pemanent. 

StdphMe mf wpper, blue mtrwL — A small qmntity of siil|diate of copper in 
solntion w^ added to the following substances, viz* flour forming a soft paste, 
milk, tea and coffee sweetened with su^ and cr^n, gelatin (isinglass) in 
solution, md with nntgalls, albumen (white of egg) and yolk of egg, saliva, 
sheep’s blood, and ox-bile. On a little of each mixture being placed on the 
platina spatula, and the zinc applied, the copper was presently reduced on the 
platina. In some cases, the surface was of a blackkh colour, but its proper 
colour and lustre became apparent on rubbing it. Ihe addition of a little 
diluted aquafortis or muriatic acid to the mixtures, usually kcilitated the re- 
duction of the copper. 

A little sulphate of copper in powder was mixed with butter and lard, placed 
on the spatula, and a drop of diluted aquafortis inciuporated with them. On 
the zinc being applied, the copper was readily reduced, 

5. Some general Remarks y and Conclusion, 

The experiments detailed in this paper seem to prove, that the common com- 
pounds of arsenic, mercury, lead, and copper, may be readily reduced to the 
metallic state, on platina, by the electro-chemical method described ; and that 
this method is also competent to the detection of those metals, in cases when 
their compounds are mixed in very small quantity with vegetable and animal 
substances. It may, I think, be further deduced, that the method is applicable 
in cases when those compounds exist in the most complicated mixtures of 
organic substances. For, though I have had no opportunity of applying it to 
the contents and tissues of the stomach in instances of poisoning, yet its 
efficacy in such cases can scarcely be doubted, as no animal or vegetable sub- 
stmrces can, I apprehend, resist the action of the mineral acids, which are 
almost indispensably necessary to the success of the method. In some instances, 
where the common tests will not act at all, and in othei^, where they only act 
ftdlaciously, the electro-chemical method will, in general, be found to act with 
certmnty. 

The general results appear to be strictly electro-chemical, or to arise from 
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tbe c€ a and acti<m^ luad to be cNimpetoukd 

m the priadjde develiqi^ by Sir Hompskt Daw mh^mg to the 
transitions by eltoiidty, viz. that "the metals are attoai^^ by n^^a^ely 
electiM^ metdOiie sm^ces, wid re^l IM by positively electrified m^alMe tnr- 
fee^, and th^ ^tractive and lepnMve fonees are sufficlaitly algetic to 
destroy the ii^al of^aticai erf el^tive ajUnky 

If the d^omiK^tions which I have notice were elected by the mere contoct 
of the zinc with add elutions of the metals, there would, ind^, be reductions, 
but no depc^itions on the pktina. Hie electrical action arising from the con- 
tact of the two metals, in cas^ when small dips of zinc and platina were em- 
ployed, was quite suffident to destroy or suspend the usual operation of che- 
mic^ aHnity. Thus, in numerous instances of the d«3ompositi€«is of metdlic 
compounds, the platina remained covered with the reduced metal during the 
contact of the zinc ; but on rranoving the zinc, the cording was readily re- 
dissolved by slight ^cess of add present. The transition of the reduced 
metal to the surfece of the platina, is the ^ect that ^v^ to the method a 
beauty, simplicity, and delicacy, exceeding, in my opinion, all other modes of 
detecting the metals alimdy rderred to, together with a number of others 
which remain to be noticed. 

As this pai^r has already exceed^ the limik at first intended, 1 diall defer 
noticing a number of useful applications of the kets, until 1 shall imve the 
honour of sidunittii^ to tl^ Soeidy the remaining part of the subject. 


* Phil. Trans. 1807. 
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DL On the Chemical Action of Atmospheric Mkctridtp. By AziEXANder 
Barry, Esq, F,L.S. Commmdcaied by John George Chiu>»en, Esq, Sec. 
R,S,y %c, %c. 


Read Feb. 24, 18S1. 

The intimate connection existing between the chenncal constitiition of various 
substances and their condition in regard to electricity, has now b^n long 
known- So true is this, that the very order of their affinities has also, for a 
considerable period, been acknowledged as greatly within the control of this 
agent. With this object in view, the electrical influence, as eKhibited in the 
ordinary way, as well bs by the Voltaic battery, has successively confirm^ its 
results in the experiments of Nicholson, Cavendish, Sir H. Davy, Chil- 
dren, and the French chemists. This being the case, it is not my purpose to 
advert to any new source of electrical accumulation, but to d^cribe what ap- 
pears to me as the link connecting the researches of Dr. Franklin with the 
electro-chemical theory of Sir H. Davy. With this view, in August 1824, 1 
elevated the kite in mi atmosphere favourable to the exhibition of its pheno- 
mena. It was raised from an apparatus firmly fixed in the earth, and was in- 
sulated by a glass pillar. The usual shocks were felt on touching the string, 
which simple fact I am induced to mention from the circumstance of no elec- 
trometer having been employed. The portion of string let out with a double gilt 
thimd passed through it, was about five hundred yards. I then made the con- 
nection shown in the accompanying sketch, where the straight gtes tubes AB, 
having platina wdres passed from above half way down their axes, and standing 
in their respective glass cups C D, were filled with a solution of sulphate of 
soda coloured with syrup of violets, connected also with ^ch other by the bent 
gla^ tube F, likewise filled with the above solution in the usual manner. A 
portion of gilt thread d was riien brought from the tube at A and united to the 
kite-#tring K, whilst a similm' thread b was carried from B to the earth. Bub- 
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0f bydmgm in A rad of in B, sora apf^ra^. In aboot ten 

»mnt€S, tbe bine Ilqind in A h^mm green from tbe i^ptratloii tfre soda, 


K 



whilst the sulphuric acid, by passing to the pole in the tube B, changed its 
contents, as usual, red. The experiment was then discontinued. In having 
the honour to communicate the result to the Royal Society, I must remark, 
that it was ray intention to have pursued this simple application of electricity, 
in the expectation of arriving at more extended and important conclusions, 
which, however, numerous circumstances have hitherto prevented me from 
accomplishing. 







JtoA mfw ike J^^mce itflmel 

^ J^er lamim Bri^e msi lAe aim fmr deter^ 

9imm^ihB]^^M ^^mBmhwd qftheSm^ %c. ^ w^r^^kaM Fmd$ pmsei 
mi Imim j% Am&vmmB Lmm^ E$g, 

FAS, FMMS, # FSA 


Mn^ $, im- 

* 

Ih F^raary 18^, at the ^f^ti<m ^ tiie Eoyal Soei^, I had the hcaieor 
t 0 rmmm ^lec^oas from the Lcmk Cc^mmmcmers of the Adsm^ty to make 
sach ohs^’in^kms as I might e<m®der to ascertain the difFer^^, if 

^y, between the lewl of ^e watos at eeitmn pdnts cm the river Tham^, and 
dte imm level ^ vsemt as weU as ^ehdght of different inter- 

mediate above tile s^ imch as Gmv^endj Greenwich Observatory, &c. 

Having found, while mnployed in tiie hstinnns of l^rien, how inadequate 
the present levelling h^h^n^^ w^ to ohtmn v^ accnmte results, mid 
being desirous of condueting the inter^tlng observations, 1 now had orders to 
make, witii the mi^t scrupulous exactness, I thought it necessary, in the first 
instance, to bestow some attention to the improvem^t of the instruments 
required to be used, mideavoming to combine superiw steadiness and motion 
in azimuth, more delicacy in the level itself, more permanency in its position, 
and greater power in the telescope. 

After several trials, and by the assistance of Mr. Caby, (to whom I am 
k^chted for many vidmUile 8i^E^;^ions,) I determined upon having an instru- 
ment made e^u^tiy ^ter the atncunpanying Plate. 

Mg, 1. k a paispective view of the ii^trument. It is su^iorted by three 
fitB^-^^newB, stmtiar to those *i:^d in the b^t ^titude and ^imuth circles, 
mth ^i^*thr^wls to an inch, mid serdng to p^ce the Imtrum^t horizontal. 

%e ^md m tomM by two plates of bmss, wlm^ me fiimly conn^ed 
t^ethm by thtm ^Ikm. To the Umb th^ e^yrries the Ul^o]^ in very sub^ * 
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slm^ Ys^ is £xed the hm^ mm^ cmUe^ thr^ Ineli^ in md 

eight in Imgth, grmsd to inoi^ p^ectiy in tto hdlow tmfere 

fined to the stand. ^ 

IMs limb project ova* the upper part erf the finaaae ahont <pe ai^ 
is bevelled at the a%e^ in ord^ to dide in a grom^ m two to 

a elmp, screwol underneath tl^ upper part erf the fram^ Bad whhii^ by 
n^ns of a tanfent screw^ giv^ a ^env motion In azhnudii to liie Tbm 

limb;, having two ^Hd pre^ec^ms^ allows tl^ Ys b^ig at ^nne erver 

the periphery of the circle, by which means the suppen^ to ^e t^^^pe 
are nearer its extremities. One of these Ys has a short vertic^ modern, with 
a pushing screw at the side, which fix^ k at any height require. The 
telescope itself is of thirty inches focal length, and magnifies about twoity- 
two times, having two thick gun«metal collars, by which the mta 

on imd is turned in the Ys. Thei^ were quickly worn by the co^inual 
friction from the supporting pmt <rf the Ys, imd w<mW have caused m earor in 
using the instrument ; 1 thoefore had small thidk gteel pbt^ highly polished 
and hardened, dovetailai mto emh su|^rting of tiie Ys. Ihe fiicthm on 
the collars was now transferred to the pieces of steel ; and although th^ iike- 
mse ccmtmuaUy wear, it do^ not affect the comtfne^ of the instrument in 
any other way, than in altering the adjustment of on^ of the Ys. (See page 20.} 
At the ^e end of the telai^ope is an adjinitment with a mck and pinion, 
for distinct vision, and another by the same m^ns to negulate the distam^ 
of the eye freun the wires : this I found to be indispensable, as the eye oc^^ 
Monally beemnes fatigued, and reqmr^ a differeot focus to view the wk^ 
distinct^. 

The wes themselves are adjusted as usual, by a ididing pioje for i^mmh, 
;md two pr^mg screws for vertical motkm. 

fe dk& centre of the telescope there are two orifices opp^le one axKs^a* ; 
the one to receive a small lamp, and the other adnd^ng a spindle and $pmmr 
lam 9t tim ejwi, j§?*ound to an angle of 45°, which, by reflojrimi, iQuimzmt^ <he 
wli^ for night ol^rvation. The speculum bemg m^e to ten, tl^ quanthy 
<rf jmibpted %ht may be regulated m: pleasure. 

As l^gl^ wouki not admit af distinct visicm for objo^ at a leM dt^mce 
^e hm^ied feet, ^d it beiz^ i^c^sazy to the ii^tement^ ik 



aw^ mem #«na 

§^ w^ 

iiidkaii wMdi^ Ib^g ^3Mkt0 of % la. 

ii^ to a sikrc^^^u 

To tlie lower ^rt of iJbe wfiftia ll^ are tibe 

iato which ife the tobe ^<rfecting t^ fe^t oae of mxkn give® a wr- 
aad tl^ otter a tebiaaitai 91^011 to the tedte, hi ^ le^ 

^umilel to tte aada of &c telescope. 

When ^ i^tanmeat was first laade, these mc^tesB w^ % mmm 

of screws ; but I fom^ it so diillcuit (alaiciet to k^p a 

ddU<^ level in adjttstmmt by tlte mode, itot I stto^to^ the old ^sfalcm of 
esq^tan-hes^M pushing i^i^ews. 

To ite ^^er ^ tte tekmsope are attach^ (outi^le ^iier pmats oi sup- 

poit) c<K^s^ or brat^, outyi^ a swh^ng level, ha^g, m w^ iis tte ^cks, 
separate adjui^ine&to. 

IMs ad^onal 1 ^ v« mtoml^ as a check to the lower level, and to 
detect any occasitmal ^riafibu hi tte %are of tte tube itoelf. 

Ihe glass bubbtes ttemselv^ were placed in the tubes at first wWk pi^r, 
and wedged ^ either cud whli small pieces of wood 5 Imt tte Wf^%c® are 
liable to distort the bubbte itself, and idler some time get lo<^ in tte tote ; 
mkd the level alters m ihs |Mmdon, mid is nev©- to te dep^d^ on. I toutei it 
better to push the level into hs proper idac^ in tte tube, not t%litly, and with 
pa|^ und^^th, takii^ mre ttet die |^per totehes Ite nnddle ^it, ^d 
tten filling up tte two cn^ with plaster of Fmls. 

To the upper part of the telescope, n^o- toe efe-pboe, is a level, 
adjusted to tte hoitemM wife of tte telemop^ and by the as^^nce of wMch 
tte i^me sur&ce of tte huge level is i^d at each ote^vation* Is also 

another sb^ lerd M tte otoa* md d toe to aij^ toe ^rtkd 

wire by, tat of Im om ttem the fiwn^r. 

Ote tte upper Itab, n^r mm d" toe Ys, m ftod a miosl ttaxacmn^, udith 
tte Intoble hdteh^ dorowm^, at an angle d abcmt 1 #, toe i«e d which 
will be e^pldndl hermfter. 

d toil is made with a Milid top d Afitican 

* "ftae &Kks sate not shenm m the Ilb^. 
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f?faK^ wmvmtf 

^ fym ^ Hiidte iw»^ jPMitow^ tite, 

sla^y^ rnd aibi#^ ll^iiaeii & wi^ tb^J^lirai 

roii^ level the staad r^idy for the ^ % i . 

A^tistmmti 

The above in^izismt require sei^ral ^imtaaeats^ whl^ I aai^vim* 
to describe in the order they are made. 

Mrst, To 2 nake the low^ level p^redW to the axis of the telesoope : 

Pl^e the tel^cqpe directly over one of the foc^;-acrews, and it; thea 
bring the babble of the levd, by n^emis erf the foot-^ew, to the msm thraion 
on either side the graduated scale affixed to aiwi <wer thC level,, takhig CM^ 
that the bubble of the little level Bt the eye end of the trt>e (««i at dight 
angles to the large level) is in the emtate% then revere telescxi^ in its 
collars, observing if the bubble reaches to the same divi^on, and correct one 
half of that number by the pu^iffiig i^rews on the level itsdf, and the other 
half by the foot-screw : this must be repeated, until the bchhk remains m the 
s^e spot. 

Second, To ^ace the large level in the sanm vealical as the axis of the 
t^scof^ : 

Move the tetecope in its cx>llars until the level is brought considerably to 
mt side, and ob^rve if th^ bubble ^1 fema%is at the same divWtm ; if not, 
move the side pushing sciwson^ level,' matil the bubble has retomed to its 
proper place ; move the telescope again much to the . other sid% ami observe 
if bubWe (K^mes^to the same ffivisimi if not, it mu^ be until 

it is as near as the accuracy of the grmffing of the level^wdl allow. 

Th^ two adjustments are naturally dependmt on mie another ther^m'e 
mn^ be bc^ examined, until no £dterati<m in thu bvlffik cm 1^ p^- 
ceived. 

Mot&^AM the ^Ikm nmy wear a little imBow in tiuE^, caie muidt he tdl^n 
tl^ione pai^uhn shoulder of the two rj^tsngalmt when 
in order to use the same point of support. . . , , 

. Thk^ Td of the tekscope to die pfeoe of tibein^Eu* 

ment : 



rmsmmm. ifi 

te ^ atud 

tlw fiiid licQ^ baJf 

rmmi im Mi ecmml i^d bul]^ ; Uf die sy^b^ of M'^ 

i^ms^ m mm^ m Ite wmM^ aamst km id®Ei^ted by the foot-^rew^ amd tbe dber 
imM by tbe to tbe Y, j^cudug it^ wh^ It m ^^deatly adjust^ 

bf tbe 

Pixarih^ To |tee ^ jwatksal md iKaizimtal wires at right m^m, md to 
connect tbeoa with the Kttle levels on the telescope : 

Pla<b oneiof die i^idon^stavai about ive fet from the gimmdin a honzontal 
portion (hymens of a smaJl inmd level and two naik); front the centre tfaensof, 
issf^nd a white plnmb-line ; acquit the vertkid wire to the bcahsoiftal hf 
loosating tbe two screws, which admit of its moving diagonaMy, and 
tton coinciife widi the snrkce erf and the plumbdine ; ibm by l0<^e^ 

ing the screws of the small level at the eye end, move it until the bubble re^ 
in the centre, ievea«e d^ position of the wiifes, making the verti<^l hodzontal, 
and adjust in the is^une manner the othear litde level. 

Fifth, To make the han^g level parallei to the plane <rf the instrument : 

Adjust by the fo^^crew, until the bubble of the lower level is in its position ; 
then observe the variation of tte riding level, and alter it one half the eiror by 
the vertical screw cm the cock, and the other half by the pushing screws on 
the riding level itself. 

Or, By the foot*screw, bring the bubble of the han^ng level in the aentre ; 
then reverse it on the cocks ; one half the difference is to be altered by u^ans 
of the adjustment on the level itself, and one half by tbe foot-screw : now pfece 
the lower level perfectly horizontal, and 1^ tie vadcal screw on the cock, 
brii^ the bubble of the Imn^ng level to correspmid. 

The t^ual adjustment for collimation is here purposely omitted. The ^e 
<rf the telescope altering condnually in its position, readers it mo^ diffi- 
cult to make this adju^ment corr^ly ; for although it may be fouM in per- 
fect fadju^mmit for a d^ant object, when directed to a nmr one th^re will be 
a comidarable m^r, which would affect the results in levelling, if the station- 
slaves ware not equidistant from the instrument. 

To mmM thk Inconvenia^ tha:efore, as well as to avert the difficulty of 
^k^ing the astia lemj^ for ^it distmaces, so as not to ait^ die line erf colbh 

z 2 
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imd, in leveUmg, a wa&m ci iom or dx 

tnn]^ half roand in its (^Biy% at oaob 

Note , — teke tMs of^rtiinity samtiOTpaf a snh^tete I kiw ^^^oadOlf 
«s^ for wire or cdbweb with sneca^, yk. a^i^stei «eiy ine fihr^ irf wl^ 
can be obtained by being thrown into hot water, when it wmlj divide 
ibr^ are tough enough to be placed w^ ease on the ^aphn^m, and have the 
advEmtage of bdng opaque. 

Being now in possession of an instrum^t eqml to p^fom th^ most deUt^ 
observations, my next obj^ was to make some improvement in the station- 
staves, so ^t they might pom^ out as mmute a quantity as the instrument 
could detect a diflFerence of. This was something difficult, without encimcbing 
on the portability and quick application of the staff to its use. — Hie following 
is a description of the staves I ui^, a Ptete of which, is given. 

The staff itself is a rod of six feet dx inches in length, of solid se^oned maho- 
gany on the face of which is let-in a dip of brass, riveted at intervals from end to 
end ; by the side of this is also a slip of holly, fixed in the same manner. The 
divisions are laid down in fet and tenths, mi the holly ; mid in feet, tenths and 
hundredths, on the brass. The lower part of the staff is fitted into a square 
tube of brass about eight inches long, four inches of which are occupi^i by the 
staff, and the remainder filled up with lead. 

The vane is a plane of seasoned holly, with two semicircles of stained ivory 
let into the ffice of it (see Plate). It is fix^ by screws to a brass box with 
tightening springs on the staff itself: there is another small slide on the staff, 
having two clamping screws, and a long tmigent screw, which is attached to 
the box of the vane by a female screw ; the last gives a slow vertii^l motion to 
tfc® vmie. 

On the top of this vane, and at right angles to one another, are two sm^l 
sparit-levels, mounted in brass ; affixed to the vmte, in a square hole in tli^ 
cmtre, mad leveEed on one side, is a small brass vemi^, the edgG which 
siy^ on tl^ divisions of the staff reading to the lOOOdth, md, by prm^ce, to 
the 10,0Wdth of a foot. 

He stetwaa^taff thus describe is m itsdf cmnplete ; bnt fm ob- 

^wa^n it require to be immoveable m the picket : a thiee-kgged sapjKat 
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m added^ Mmw^ a h<m aad tibf wiHi deaMe mmp^ gimidag, a^ a 

ttiaticm i iato tMs %b slides. 

Ubere is also a small biass tri^id with iron l^j hafii% a lK«b in th^ 

oter wMch imotlier small plate slides, fixing to the triipod hy two doping 
throws ; this is used to aonfine the bottom of the st^on*^^ orer the pick^. 

*5 ' 

: - Jt^usiment, 

I%e only adjustment required to this instrument, is to enabk it to be phu^ 
vertically over the picket. 

Mide the staff into the piece carrying the ^mhles ; suspend it with the 
gambles as nearly as possible at light angles, and m distant m coitveniently 
may be from the ground. When the staff does not oscillate, ob^rve if the two 
bubbles on the vane are correct ; if not, by m^ns of the small screws at either 
end raise or depress them, until the bubble remmns in the centre. 

Having now the memis of placing the staff immoveably and vertically over 
a spot, it is to be accomplish^ as follows : Fix the support that carries the 
staff, as nearly as possible over the required spot ; pusMng the legs into the 
ground, place the small tripod as shown in the Plate, unelamp the mill^ 
heads, and pass the staff through the gimbies of the support into the plate erf 
the tripod. As this plate will move in miy direction horizontally, the smff is 
to be adjusted, until perfectly upright, by means of the levels on the vane ; 
thm clamp the plate firmly, and push the st^ down to the head of the picket, 
and turn it until it is directly in front erf the level. 

In March 1830, having every riling pre|«w^ 1 4epm1cd for Sh^mess, de- 
termining to commme^ my observations at that 

As ymt of the main object of my commission wm to ascert^ the height of 
dl^^it pkices above tbe level <rf the it vms neeesimry to endeavour to de- 
teimine tl^ pdmt with accuracy. FVom the ot^rvatka^ made from time to 
rin»^ at riie caiwn at Dock Ya^, of high and low water, I could 

O!^ oteht thfe pm% widbln a certain degree of accuracy. I therefore deter- 
mine to advantage of the permission giaoted me by the Admiralty, to 
ei^^oa dt a ridogmige at the Dock Yard. Accordingly, irffcer 
havl^ a nmde on a principle that 1 ho{e would be the most simple 



wlicto #f wi^ Y»% 
|P"‘^^&lDr ereolk^'^^lgiil^b^a^. ^tti m 


id His 

l^dk Yiffi {J. JLawis,E^.), I was enabled to bav^ 
mcbr die ixeelient sni 
tkm ¥afd. 



<|in€M^iM 

*ii Sbr. Mmr«6 


, . Jha^^n of tM 

. Iron astisle^ Ibree i|i^nters of an mdti to a foot^^ Hie 

i» wMeb tlmbcais^i^aiHliy xep^s^s Wbaaif M SliBamess It k 
m ^ l^dk, and 1 ^ to be phmed m a ^bl^to show th^ t^bk m 

the actual of the fai^. The top ^ cap to coYering of ^ stoff 

£1 Idl imtod, m tm he ^ken di, and ddpw the toose to/be over 


ThmMdrn fads ip te jp^^ielwe ^npn^wire, mwi i«: 4tf ptopoftiw f . hut no 
isiiillBr was.^ #iiieito be finiMlm tl^ ¥atd? in the. <n%inal they 

iwe4.i^^]pr l^ikl 'i- "‘*^‘**’-*' '"^ * 

: ' Th^.slkks i^fiMi^efs bapai^ia§stoj^^flm ih^ I^Iib nodl^ but tey are 
^^mtedetoi^ m ^ a^nf ii^ ba^ model is 

itekdf*fflM:i:i^ wlA #o#4 ba^f^MI^ to^pmelb br^ tfiiiai;^ Itoffaiig only a 
pe^ for the gange*r^ to p^% mlpi^ #ie 1^ belmr^ 

bding sufficient la to of ikl^i^bAM toike 

if^r mA id 

^ St^Mly k. > 5 ., 1^ .n . ' . 

li Vbpre^kh mthe 

hil^ hnih^ hnr 1^ mdlte 

di wlto otiber sikJk ^ to^^ig^ «iter* ^Eterfare 

i ^ m^mA wffi ni^ jmi 

^iwlwie% ^ Df wligh^ to {the 








mmm . 4 ^ 1 ^ 

m §mm 

im m^ 

^nii^iMi 'M- «> Mtaif »fer 4af IRb# 

Mlii^i^»liilil^itt«f tl^ ^bfiii^/afidifciK^ 

k £^liid» kticm^Bf ^e mmt #Nm^ir«Mii 

to tite fee of (wlikli U e:Kiua^le4 

<^e^ or fpolat, to the feeof immpilioii he tS;44#;fe#^l^ 
of the brass lita&d^i on a ferel irith 0*747 ^ ^ 
wal^ carries the poHil;^ to 6*540 oa the thm 12*444— ^C54§-«^.747) 

= 5,151, the height of that particalai' tkk belwlfe ^i^eii: 4. as- 

suming 4.328, as pointed on the index by the nppfii* ^tch Ibr low* walrif, ihea 
15+ 12.444 -(4.328- 0.747) = 23.863, the height of abweti^ <€ 

low water. The difference fetween the tw, gives 13.712 ^ riie rl^ a$44lifi 
of the tide. . * \ i 

Many inter©^iig observaticms may also be made by the same lai^mneat 
on the irregular rise and fall of the tides, as there is an exe^ent dbdk within 
the house, and I believe an inda^ i^nec^^ with a w^tfepeoek on the out- 
side. 

The trunk of the gmge is subMantlally feed betwmi Imge pdas, drivm in 
for the purpose, and the whcde partitku:^ off to low-water mm’k, to midm- the 
gauge ^cure from boats or v^sels*. 

My nact object was to select a standai^ mark, from wfea^ to crnnmai^ 
my levelling, and to form a «ero point. 

I made exanfearions of the Dock Yawl in parte, pirricul^ly tfet 

pmt fenng the M^way* I at feed on the northern <ff the 
Yard wall adjoining the garrison ; but upon due inqrdiy I found that part was 
not etffldld^p^ sofocxi a frundatlon, Mng built on pd^ driven In at ^rnie 
distance from one imother, and to no gieat Wfebing, bOwtror, to 

shmton dii^tmu^ bt^we^ my zero pomt jytrd tibe tog ievdl I feve 
to take mt^tm ^ Medu^ to the Iste of Grain, mA d^^ous cff femg the 

* Tbts 6de-giHi^ h ea fe mm pmm^h m UuU meiiliait^ bf Mr. hmaocs. ui ^ Cfm^pmmn w 
Ui« Bri^h 
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^^4ard in ^ Fieinlty of Ihe tide>gaiige> m wa^ 

be msily connected witb tibe stas&dard, I ^ected a Inrge WttGik fi gfsyiite m 
tbe southern pier of the entrance to the heat basin^ tbe ^mtloa of w^dh m 
^wn in the pten of the Yard. I caused a blodc of gun-ni^i for 
purpose), two inches and a half square and eight inches long, to sunk in t&e 
ca^to of the ^anite, about an inch below the surface, thereby allowing a hms 
ImK and cover to be {daced over tbe standard, to protect it from injury. 

In order that there should be a sufficient number of ch^ks to the stidiility 
of this standard mark, I caused three more to be placed in the Yard ; viz. one 
near the southern extremity on the wall of the Dock Yard, one at the ^tem 
side of the great basin, and one in a large block of stone resting on the brick- 
work of the navy well 330 feet deep. 

But however satisfied I might be that these standards were sufficiently firm, 
I thought it advisable to seek some spot more unquestionable in its foundation 
tham Sheemess Dock Yard. I found a place that possessed this advantage *, it 
was a slight eminence about two miles and a half to the southward of. the Dock 
Yard, and surrounded by a moat. 

On this eminence formerly stood the old castle of Queenborough, within a 
short distance of the present town of Queenborough. 'Hie castle, which was 
in the form of a pent^on, was some years ago pulled down, but a very small 
part of the foundation was left. On this foundation, which is rubble and chalk, 
some feet und^ the surface a very large block of granite was placed for me, 
by order of the commanding officer of engineers, and into which was let one 
of the br^s standards. The place is now covered over, but marked by a small 
mound of ^rth n^r it, and reference can be easily made to it if required. 

Having now stand^d marks enough to ensure, by comparison, the know- 
l^ge of any alteration (if any should occur) in the zero point, I commenced 
h^elling. 

My first budness wM to ascertain the difference of the several standards in 
Dock Yard above the level of the sea. 

Wmm a series of ol«servations made at the caisson at the entrance to the 
great basin, in the yeara 18275 1828, 1829, the mean of the tides was as 
follows : 
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m 


Mmsk Mgh water spring tide for 1827> 26.475 Low water 8 . 7 OO Mean 17-587 


Do. . . . do. . . . 

1828, 26.50 . 

do. . 

8.61 

do. 

17-55 

Do. . . . do. . . , 

1829, 26.09 . 

do. . 

8.93 

do. 

17.51 

Means 

. . 26.355 . 

do. . 

8-74 

do. 

17.549 

High water neap tides . . . 

1827, 22.56 . 

do. . 

11.12 

do. 

16.84 

Do. . . . do. . . . 

1828, 22.69 . 

do. . 

11.44 

do. 

I7.O6 

Do. . . . do. . . . 

1829, 22.72 . 

do. . 

11.45 

do. 

17.O8 

Means 

. . 22.656 . 

do. . 

11,336 

do. 

16.993 

Mean 

for the three y^rs. 

• 



Spring tide high water, 26.355 

Spring low 

. 8.74 

Mean level 17-549 

Neap tide do. . . 22.656 

Neap low 

, 11.336 

. do. . 

16.993 

Means . . 24.50 


10.03 



17.27 


As there are many blanks in the three years’ observations that these were 
taken from, I have also selected the most perfect year (1827), and taken the 
mean of all the tides for each month in the year. 

The following is the 


January, Mean high water 

00 

Mean low 

10.20 

Mean level 

17.49 

February 

. . do. . . 

24.08 

. do. . 

10.00 

. do. . 

17.04 

March . 

. . do. . . 

24.70 

. do. . 

9.60 

. do. . 

17.15 

April . . 

. . do. . . 

24.25 

. do. . 

9.90 

. do. . 

17.07 

May . . 

. . do. . . 

24.35 

. do. . 

10.35 

. do. . 

17.35 

June . . 

. . do. . . 

24.31 

. do. . 

10.29 

. do. . 

17.20 

July . . 

. . do. . . 

24.39 

. do. . 

10.16 

. do. . 

17.27 

August . 

. . do. . . 

24.39 

. do. , 

10.26 

. do. . 

17.32 

September 

. . do, . . 

24.29 

. do. . 

10.00 

. do. . 

17.14 

October 

. . do. . . 

24.79 

. do. . 

9.66 

. do. . 

17.22 

November 

. . do. . . 

24.65 

. do. . 

9.90 

. do. . 

17.27 

December 

. . do. . . 

24.53 

. do. . 

9.62 

. do. . 

17.27 


Means . . 

24.46 


9.995 


17.23 
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results i^ree that ju^ be jsirfely as ©oct^. 

I have given them M length, to afford the data for finding the true level of the 
sea. It will be seen that the mean level taken from s|Ming tides differs 0.fi56 
from the mean level deduced from neap tides. I shall, however, assume the 
m^n level as 17»27, differing only 0.04 from the same of the whole yem^’s ob- 
servations of 1827. 

At the north-western end of the caisson I caused a small cross (-f ) to be 
cut in the granite, which corresponded exactly with the xxxi feet of the indices 
cut in the masonry at the side of the caisson. This cross is situated as follows, 
with regard to the standard marks in the yard. (See page 3 of Levelling 
Book.) * 

The northern standard, which is my zero point, is 0.5789 below the cross. 
The southern standard at the other end of the Dock Yard wall is 0.0259 above 
the cross ; therefore 0.0259 + 0.5789 = 0.6048 gives the height of the south 
standard above the northern one, although they are set equally beneath the 
surface of the granite. 

The standard at the eastern edge of the great basin is 0.6736 above the 
northern, and 0.6735 — 0.6048=0.0687 above the southern standard, and 
0.6735-0.5789=0.0946 above the +. 

The standard at the navy well is 6.0656 below eastern standard. 

5.9968 below south standard. 

5.3920 below north standard, 
and *5.9710 below the cross. 

Now, the mean level of the sea being 17.27 feet, the + or xxxi feet of the 
indices is 13.73 above the mean level of the sea, and 4.645 above the mean 
spring tide high-water mark. And 

''ofze"} ‘3.73-0.5789=13.1511 above the level of the sea, and 4.0561 


South do . 13.73+0.0259=13.7559 ... do 4.6709 . . do. 

East do . 13.73 +0.0946=13.8246 . .do 4.7396 . do. 

Navy well . 13.73-5.9710= 7.7590 ... do 4.3260 below do. 

. }J3.73-0.0946=13.6354 ... do 4.5504 above do. 


* In 4 of Levellings there will be observed a difference of 0.0001 in the two sets of levels, Ae 
set taken in March, the last in June. 



TttE EITOE TKAMES AT LONBON BEIBGl AND THE Sm. IW 

HaTmg mm complete this part my obt^^tkms, I levelled from the 
Dock Yard to Queenborough : — ^the result of the ©^ration will be seen in pages 
I and 2 of the Levelling Book. And it will be there obi^rved, that between 
the levels and proofs there is a diflerence (in a distance of neariy thi’ee miles) 
of 0.026P about f tbs of an inch. In the commencement of my commission I 
had a new instrument, and many little difficulties to overcome. In of the 
Queenborough observations, I made use of another level which I had from 
Troughton, on a different principle to the one by Carey ; and in p^e 3 of the 
rough Levelling Book, an observation is there made on the difficulty I had in 
getting the level to adjust, from the fault I Imve mentioned in my remarks, of 
the bubble having been placed in its tube with only a little paper, and be- 
coming loose. 

I used also my large instrument with a level adapted to it, made by Riechen- 
BACH, which was lent me by Captain Sabine. It was of a large diameter, and 
ground most accurately, but not hermetically sealed, having two plates of glass 
ground in to the ends. It was exceedingly delicate, but at any considerable 
motion, the bubble would break into many globules, requiring a long time to 
collect again. The second day I used it in the marshes the day was hot, and 
I had not at that time the means of shading it from the sun ; the bubble, while 
observing, suddenly contracted, and almost immediately disappeared. I threw 
some water on the instrument, and the bubble gradually appeared again, but 
much lengthened. The next day I placed the level in the sun with a thermo- 
meter; when at 68° the end was forced out, and I found it contained ether, 
which appears to be quite unfit for a level in a high temperature. For future 
observations I replaced it by one of Cary’s make. 

The mean of the observations ^ve as follows : — Queenborough standard is 
higher than southern standard 9.9981, and 10.6029 higher Hian northern stand- 
ard; and 14.6690 above spring tide high-water mark, and 23.7540 above the 
m^m level of the sea. 

Hfeiving driven a large picket into the embankment at the Isle of Grain, at 
a point the shortest distance I could obtain from the north standard (viz. 
about 5000 feet), across the Medway, I now commenced the observations 
neces^ry to ascertain the difference of level between the zero or north stand- 
ard, and the picket at the Isle of Grain. (Me instsrument wa^ placed near 

2 a2 
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Sudani mark, and the other m. Ihe Isle of Grain, about My from 
the picket. 

Betwem the high-wter mark at the Me of Grmn and the stmidm^ at Sheer- 
n^s, there is a long ledge or bank of mud, extending nearly half a mile, mid 
quite dry at low water. At these times I found it very difficult to make ob- 
servations, and together with the wind occasionally interfering, and the inter- 
ruption from the sun’s rays, which caused a great vibration in the atmosphere, 
I spent day after day uselessly waiting at the instrument. I was, however, 
more successful afterwards, by taking advantage of the first hour or two of 
day-light, which was more favourable for observation, as the wind had gene- 
rally lulled, and the air was in a quiescent state. 

After the instruments were in perfect adjustment, an observation was made 
at each side of the river alternately; first by myself at Sheemess, and then by 
my assistant at Grain. A mean of a considerable number was taken, the differ- 
ence of which, after the curvature was subtracted from each, would ^ve the 
refraction, provided the instruments were in good adjustment, and the obser- 
vations correctly taken. (See page 5 of Levellings.) 

Not being satisfied with the observations made at my first visit to Sheerness, 
I returned at a subsequent period, and made a great number most satisfactorily, 
from which the best were selected, and a mean taken. 

As there was not a fit place for a standard mark near the margin of the river 
Medway, I caused a block of granite, about 900lbs. weight, to be placed on 
the foundation of the old church wall (the church was once much larger) of 
St. James, near the porch-door, into which block was sunk one of the brass 
standards. (See page 6 and 8.) 

The face of this standard is 28.7454 feet above the north standard mark ; 
32.8115 above spring tide high-water mark, and 41.8965 above the mean level 
of the sea. 

From St. James I almost immediately came into the marches, levelling in a 
dir«3t line towards Yantlet Creek. In consulting the Ordnance map of Kent, 
thei^ appear but two or three ditches in the marshes ; but in a distance of less 
than three nules I passed thirty-three dykes and ditches, from fifteen to twenty- 
five f^ broiwl, and four or five deep, over which there is no mode of passing, 
but a bridge perhaps a mile distant. 
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It wm daitmbte therefore to fiad some means of my mstraments, 

men mad apparatns over, without losing so much time by going round. Tte 
men ii^ t»ied Imping-pote; and a c^se for the mstroment con^ru^d 
water-t%ht, so as to swim OTcr the diteh^. But from ti^ sicks of the ditch^ 
being steep, the instrument was constantly subject to h^vy blows in Iwing 
taken out of the water; I tho^ore adopted another mode* CM mir arriral at 
a broad ditch, two leaping-poles, about eighteen feet in length, with crc^ piec^ 
at the bottom to prevent their sliding too far in the mud, were connected to- 
gether at the top by passing the eye of a rope just over the ends of them, where 
it was confined by two thumb-cleets ; to this rope was attached, at any height 
that the depth of the ditch might require, a hook having four t^s, and like- 
wise hooks to them ; these fixed into the four arms of the box, through which 
slid the poles for cjarrying it. The ends of the two leaping-poles were merely 
placed in the centre of the ditch, forming a pair of sheers, the apex of which 
was inclined on one side or the other by guys. Ihe iustrument was in this 
manner taken from one bank and landed on the other with the greatest gentle- 
ness; it was quickly unhooked, and men and apparatus passed over in the same 
manner. In this mode 263 ditches were passed between Sheem^s and 
Careen wich. 

On my arrival at the marshes, I found, from the nature of the soil, the grmt- 
est difficulty in adjusting the instruments ; the movement of any of the men at 
a considerable distance caused a motion in the bubble, and the least alteration 
in my position whilst standing at the instrument shifted the bubble. In order 
to avoid moving, which heretofore was necessary to examine the level, I 
caused a square mirror, about eight inches by five, to be mounted on a maho- 
gany frame, which permitted it to stand on the upper limb with the face placed 
at an angle of about 60° from the tdescope, by which I could, without moving 
my head from the eye end of the telescope, read off the length of the bubble. 
This procauiion was not however sufficient in some parts of the marshes, whei-e 
the ground was of hardly more consistence than a bog, but invariably most 
unsubstantial where the most dry. 

At these places, large pickets, from four to six feet in length, were driven in, 
having a groove on the iron h^d of each. On three of these, the iron-shod 
points of the stand rested ; and after the observations were made, the pickets 
were drawn. 
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The pickets used for the were ^so of a li^er class ttei ttooie i^ed 

i» other parts ; hot the giooiad was occasionally so spongy, tibat k was with 
much difficulty that a picket could be driven, aad fr€K|MBtly the iron ^ads 
of several would br^k off, before we could suc<^d in getting one dbwn. 

It will be seen by the Observation-book, that from a n^n of pickets (^ge 
5 to 11), the Qneenborough and Sheem^s marshes are in some 6.B652 
below the northern standard; but these marshes are unlike the rest pissed over, 
being particularly rugged and undulating. 

In the commencement of the marshes between St. James and Yantlet Cr^k, 
it appears by a mean from picket 11 to 17 ^ that the surfeee of the mm^bes is 
5.8524 below the standard, or 1.7863 below mean spring tide high-water mark ; 
and opposite Allhallows, by a mean from picket 35 to 44, the mm*shes are 
3.7247 below the north standai’d, rising there 5.8524— 3.7247=2.1277- 

About half a mile past the Decoy in St. Mary’s marshes, nine miles distant 
from Sheemess, the marshes again fall : the mean from picket 75 to 86 gives 
5.9916 below the north standard at Sheemess, and 5.9916— 4.0661 = 1.9255 
below mean spring tide high-water mark. 

Some distance past Cliff Canal, and between that and the Oravesend Canal, 
in Higham marshes, by a mean from 120 to 124, the surface is 6 j 6356 below 
the north standard, which —4.0661 gives 2.5695 below spring tide high-water 
mark, having fallen in a distance of seven miles and a half 2.9109, and in a 
distance of five mil^ 0.6440; the marshes between Northfleet and Green- 
hithe, by a mean from picket 208 to 211, are 7-4889 below the north stand- 
ard, and —4,0661=3.4228 below spring tide high-water mark. 

On the eastern side of Dartford Creek, the marshy, by a m^n from picket 
247 to 252, are 8.8676 below the north standard, therefore 8.8676 — 4.066 1 
=4.8015 below spring tide high-water mark. 

On the western side of the marshes, as far as the mean from picket 256 to 
259 will show, the marshes are 9.7207 below the north standard, and 5.6546 
below spring tide high-water marie, and lower by 0.8531 than the marehes 
on the eastern side of Dartford Creek. 

The marshes to the eastward, and in the immediate vicinity of the msenal at 
Woolwich, are {from a mean of pickets 305 to 312) 10.1404 telow north 
standard, and 6.0743 below spring tide high-water mark, and only 3.0107 
above the mean level of the sea. 
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pm^UBg pld^s thaA were <lire€% in the from 347 

to toe mmsi ®f wMeh ^wm 0.6Sai betow north stantou^, be- 

hm spimg tide high-water mark* 

The fdUbwing therefore is a itot^mt of the de^wasitom nf the marshes, from 
Sh^mess towards the source of the Ihmnes. 

Hie Yantlet Creek marshes are 0*5128 higher than the Sheer^ss marshes* 

Ihe Allhallows mamtes, in a distance of three miles, are 2.1277 higl«r than 
the Yantlet Creek, and 2.6405 higher toan the Sh^mess marshy. 

The St. Mary’s marshes are 0.1392 lower than thte Yantlet Creek makhes, 
mid 2.2^9 below the Allhallows marshes, having Mien that quantity in a 
distance of three mite. 

The Higham marshes are lower thim those of Yantlet Creek by 0.7832, than 
those of Allhallows by 2.9109, and than those of St. Mmy’s by 0.6440, having 
fallen the last quantity in five mite. 

The marshes between Northfleet and Greenhithe are lower than Yantlet 
Creek 1.6365, than Allhallows 3.7642, than St. Mary’s 1.4973, than Higham 
0.8533, being a fall of this last quantity in 6J miles. 

On the eastern side of Hartford Creek, the marshes are 3.0152 below those 
of Ysmtlet Creek, 5,1429 of Allhallows, 2.8760 of St. Mary’s, 2.2320 of Higham, 
and 1.3787 below the maM^ between Northfleet and Gravesend; being a fall 
of the last quantity in 4| miles. 

The marshes near Woolwich Arsenal to the eastward of the practising ground 
are 4.2880 below those of Yantlet Creek, 6.4157 of Allhallows, 4.1488 of St. 
Mary’s, 3.5048 of Higham, 2.6515 of the marshes between Northfleet and 
Gravesend, and 1.2728 below the eastern Hartford Creek marshes, being a fall 
of 1.2728 in six mite. 

The marshes at Greenwich, as M as the few observations I had the oppor- 
tunity of making, are 0.5083 higher than those of Woolwich, therefore less 
that sum than the comparison of the Woolwich marshes. 

At picket 131 (page 14), I intersected the Thames and Medway Canal, three 
mite from its mouth at the Thames. 

The above picket was driven into the water’s edge, anotl^r was at the same 
minute driven to the water’s edge in the basin clo^ to Gravesend. I then 
levelled along toe banks, imagining that from a memi of simultaneous observa- 
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izmde at the two pdbets at the wata*'s edge, I should obtaia the best 
fmfd to my levelli»^ ; the remits {page 6 of i¥oof Levels) wiM show how Mttle 
c<mfideaee is to be placed on water, as a true level, under inch 

At the JUxjk Gate of the canal, d<^e to the Thames (me 15), I made 
some observations of the tides, and found, June 7th, that high-water mark at 
Gravesend 'i^as 1.1018 higher than at Sheemess, and June 8th, was 0.8367 
higher ; but these two observations are not to be depended on as giving a 
m^n difference between the two pl^^, as the height of the tides at Gravesend 
are much affected by any winds. 

On the new pier at Gravesend, I caused one of the brai^ standards to be sunk 
in the granite on the eastern side, the face of which is 0.1828 below the north 
standard mark,and3.8833 above mean spring tide hi^-water mark at Sheemess. 

On my arrival at Greenwich Hospital, I commenced a set of branch levels, 
from thence to the Royal Observatory at Greenwich, in order to determine 
the height of that place above the level of the sea. From the abruptness of 
the ascent, the operation was very tedious ; and I here found the advantage of 
the extra lens to the telescope, as there was seldom a distance of more than 
twelve or twenty feet between the pickets. 

I levelled up to a small brass standard already placed for me by the direction 
of the Astronomer Royal in the block of stone immediately under the eye-end 
of the transit instrument pointing southward. 

This standard (page 31 of Levels) is 

1 40.6806 above the north standard at Sheerness. 

153.8317 above the mean level of the sea. 

144.7467 above the mean spring tide high-water mark. 

162.3611 above the mean spring tide low-water mark. 

These observations being completed, it occurred to the Astronomer Royal, 
^ter minutely examining my instiumenl, that it might be used as a proof in 
ascertaining the correctness of the horizontal point of the two mural circles. 

By his directions I placed my level upon the high window-frame in front of 
and about eight feet from the object-end of the mural circle, pointed towards 
the north, and at such a height that (from a known principle in optics that all 
rays are parallel *,) I could intercept some of the rays from the object-glass. 

* If any olgect be pl£u:ed at the focus of a lens (tiz. the wires), the emergent rays are p^llel. 
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mf lev^ nw^t ^a6tly, I aiy ^^ope into the 

tm^ <rf the grmt tetec^pe of the moral circle j and adj^tmg m for inimte 
by placing a dybc of white alxmt aa inch from the eye-end of 
the gieat teleseo]^ I oheerved all the wires most distinctly. I then adj^ted 
my horkontal wire for collimation. 

The mean horizontal point was then taken, and the circle adjn^d to that 
by the micrometer ; and after again observing my instmment to be in perfect 
adjustment, I sought ftn* the horizontal wire of the circle, and I was ^onkh^ 
and delighted to see so perfect a coincidence of the horizontal wires of the two 
instrumente, that, imtil I slightly depre^^ the eye-emi of my tel^ope, I 
could not see the horizontal wire of the circle separate from my own. The 
circle wbs then altered, and the wires were ag^ made to coincide ; the quan- 
tity was then read off, and found to agree within a very few himdredths of a 
second to the horizontal point. 

The Astronomer Royal was present at these experiments, aad expressed 
himself much pleased at the proof given of the coincidence of the two instru- 
ments. 

From the stairs of Greenwich Hospital I crossed the river in order to level 
up to the different places where tide-registers had been kept. 

After crossing the Isle of Dogs, I arrived at a spot on the south side of the 
lock of the City Canal at Limehouse Reach (see No. 381, page 26), which was 
1.9008 above the north standard at Sheemess; and this spot was 3.8446 above 
TRINITY 

the HW marked on the face of the masonry. Therefore 3.8446 — 1.9008 
1800 
A 

= 1.9438 is the height of Trinity mark at the canal below northern standard 
at Sheemess, and 4.0661 (height of north standard above mean spring tide 
high-water mark) — 1.9438 = 2.1223, the height of Trimty mark above mean 
spring tide high-water mark at Sheemess. 

This spot (picket No, 381) is also 0.5202 above a ^uiicnlmiy high tide 21/ft. 
1 1 in., 1827, marked on the masonry; but upon referring to the tide-register at 
Sheemess, of the 20th and 22nd of November 1827, oo particular rise in the 
tide is to be iciu^rkedL It must therefore have been earned by land floods, 
which are the occasion of most of the extraordiimry tides near London. 
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m 

I ie^elled to a s^ytuiard pla&od at the Wegt India m Ae S.S,E. 
sidO;^ clo^ to the arrtraiice. This s^dard is 1.3018 above tlM noi^exm stan- 
dard^ and 2.3367 above the index nmrk xxiii. Ther^oie 23367 -- 13018 = 
1.0340, the index mark below the north standard at Sheemess, and 4.0661 — 
1.0340 = 3.0312 is the height of xxiii above mean springtide M^-water mark 
at Sheem^s. 

Not having succeeded in prpcuring a copy of the observaticms on the tides 
at the West India Docks, I cannot make any other compmison. 

At the Regent’s Canal Dock, in a very large stone near the office of the canal 
works (s^ page 26), I placed another standard mark. This standard is 2.4418 
above tiie northern standard at Sheemess, and 2.2308 above the index mark 
XXI ; therefore the index is 0.21 10 above the north standard at Sheemess. 

From two years’ observations on the tides (1828 — 1829), the following are 
the results. 


Mean Spring Tide High-Water Mark for 



1828. 

1829. 


luring iMie, 
High Water. 

High Water, 
Heap. 

luring Tide, 
High Water. 

High Water, 
Neap. 


Ft. In. 

Ft. In, 

Ft. In. 

Ft. In. 

January 

19.83 

15. 

19.1 

14.8 

February 

18.11 

14.3 

19.1* 

13.11 

March 

19-9 

14.3 

19.5 

14.8 

April 

19.9« 

14.3 

19.6 

13.7 

May 

18.9 

15.5 

19. 

14.9 

June : 

18.10 

15.7 

18.9* 

15.2 

July 

19.2® 

15.9 

18.9® 

15.7 

August 

19.3 

15.4* 

19.3 

14.7® 

September 

19.9 

14.6 

19.7 

14.7 

October 

19.7 

14.5 



November 

19.P 

14 3 

19.3 

14.3 

December ...... 

19.2» 

13.9 

18.7 

14.9 

Means ...... 

19.325 

14.733 

19.141 

14.592 


S^ng 1829 19.141 

1828 19.3M 

Meaa Sprisg Tide for twoy^r s 19-233 

Mean Spring Tide 
Me»i N^p Tide 


Neap 1829 14.592 

1828 14.735 

Mean Neap Tide far two years 14.662 


19.233 

14.^2 


Mean High Water 16,947 
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wmsBi high-waito fekiag every bight tbroi^b ciimto, is 


as folkws ; 

18^ 


January 

17.342 

. . 16.904 

February .... 

16.904 

. . 16.804 

March ..... 

17.070 

. . I 7 . 2 O 8 

April ...... 

16.925 

. . 17.270 

May 

17.352 

. 17.175 

June 

17.258 

17.091 

July ...... 

17.595 

. . 17.350 

Augnst 

17.466 

. . 17.100 

September .... 

17.345 

. . 17.591 

October ..... 

17.000 

. . „ 

November .... 

17.001 

. . 17.412 

December .... 

16.691 

. . 16.787 

Means . . 

17.1624 

. . 17 . 153 } 
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17.1581 


The difference therefore between the mean of spring and neap tide and the 
means of the months, as above, is (17.1581 — 16.947) 0.2111. 

The index mark xxi at the canal is 0.2110 -f 4.0661 = 4.2771 above spring 
tide high-water mark at Sheemess ; and the spring tide hi^-water mark at 
the Regent’s Canal being 19.233, xxi— 19.233 = 1.767> and 4.2771 — 1.707 
= 2^.5101, the height of mean spring tide high-water mark at the Regent’s 
Canal above the same at Sheemess. 

The index mark xxi is also 6.1321 above mean high-water mark at Sheemess. 

And the mean high-water mark at Regent’s Canal being 

16.947, XXI — 16.947 = 4.053 and 6.1321 — 4.053 = 2.0791 
or 17.1581, XXI — 17.1581 = 3.8419 and 6.1321 — 3.8419 = 2.2902 the 
height of mean high-water mark at the mnal above the same at Sheemess. 

And the mark xxi is 7.9761 above mean neap tide high-water mark at 
Sheeme^. Tbe mean neap tide mark at the canal being 14.662, xxi — 14.662 
= 6.338 and 7.9761 — 6.338= 1.6381, the height of mean n^p tide high 
wsder at the canal above the ^nne at Sheeme^. Therrfore the water of spring 
tid^ at riie can^d above sprmg tides at Sheemess is higher by 0.8720 than it 
is at neap rides at both places. 


2 B 2 
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Having no observations of low-water mark at the c^nal, I have not the 
m^uas of ascertaining the differmce at the two places. 

The next place where a comparison of the tides was made was at the London 
Docks^ at No. 418 of the Levels (see page 27), being on an iron on the south- 
west pier of the main entrance close to the first lock. This iron was 3.7570 
above the northern standard, and 5.7682 above the index mark by the side of 
the gates xxiiit, which mark answers to the 18-feet Trinity 

“X" 

Therefore 3.7570 + 4.0661 — 5.7682 = 2.0549 the height of xxiii above 
springtide high-watermark at Sheerness. And 2.0549 + 1.855 (the difference 
between spring tide and mean tide high-water mark at Sheemess) = 3.9099, 
the height of xxiii above mean high-water mark at Sheemess. 

And 2.0549 -|- 3.699 (difference between spring and neap tides at Sheer- 
ness), = 5.7539, the height of xxiii above neap tide at Sheerness. 

And 2.0549 + 9.085 (the difference between mean level and spring tide at 
Sheemess), = 11.1399, the height of xxiii above the mean level of the sea at 
Sheerness. 

And 2.0549 + 17.615 (difference between spring high and low water at 
Sheemess), = 19.6699, the height of xxiii above spring tide low-water mark at 
Sheerness. 

By the kindness of Mr. Lubbock I have received the following results of 
twenty-six years’ observations on the tides at the London Docks : 



Mean High Water. 

Spring High Water. 

Neap High Watei 


ft. in. 

ft. in. 

ft. in. 

January . . 

. . 21.275 . 

. . 22.729 . 

, . 19.750 

Febraary , . 

. . 21.275 . 

. . 23.002 . 

. . 19.145 

March . . . 

. . 21.291 . 

. . 23.541 . 

. . 19.125 

April . . . 

. . 21.395 . 

. . 22.854 . 

. . 19.375 

May . . . 

. . 21.475 . 

. . 22 . 7 O 8 . 

. . 20.125 

June . . . 

. . 21.395 . 

. . 22.50 . 

. . 20.250 

July . . . 

. . 21.291 . 

. . 22.604 . 

. . 19.687 

August . . 

. . 21.250 . 

. . 22 . 7 O 8 . 

. . 19.562 

September 

. . 21.291 . 

. . 23.979 . 

. . 19.292 

October . . 

. . 21.291 . 

. . 22.937 . 

. . 19.229 

November 

. . 21.395 . 

. . 22.687 . 

. . 19.833 

December 

. . 21.312 . 

. . 22.458 . 

. . 19.870 

Mean 

. . 21.333 . 

. . 22.812 . 

. . 19.604 
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0 . 

Hierefoi^ xxm — 21.33S — 1.667. 

And 3.H099 — 1.667 = 2.2429, the height of mean high-water mark at the 
London Docks above the same at Sheemess. 

And xxiii ~ 22.812 = 0.188, therefore 2.0549 ~ 0.188 = 2.0361, tl^ height 
of spring tide high-water mark at London Docks, above spring tidehiglt-water 
mark at Sheemess. 

And XXIII — 19.604 = 3.396, and 5.7539 — 3.396 = 2.3579, the height of 
neap tide high water at London Docks above the same at Sheemess. 

No observations have been made on low-water mark ; but from the Trinity 
mark it appears the spring tide low-water mark is considered to be 17.833 
below Trinity mark, or rather below the high-water mark. 

Therefore 22.812 — 17.833 = 4.979, and xxm — 4.979 = 18.021, the height 
of XXIII above spring tide low-water mark. 

And 19.6699 — 18.021 = 1.6679, the height of spring tide low water at 
London Docks, above spring tide low water at Sheemess. 

Taking 22.812 and 4.979, the mean level of the sea is 13.896. 

Therefore xxm ~ 13.896 = 9.104, the height of xxm above the mean level. 

Then 11.1399 — 9.104 = 2.0359 gives the mean level at London Docks 
above the mean level of the sea. 


The following is a Summary of the different heights. 


Spring tide H. W. at London Docks, above the same at Sheemess 2.0361 

Mean H. W. mark 

ditto 

ditto 

ditto 

2.2429^,, ^ 
0.1150 

Neap tide Ditto 

ditto 

ditto 

ditto 

2.3579 

0.6900 

1.6679 

0.3680 

2.0359 

Spring tide low water 

ditto 

ditto 

ditto 

Mean level of the tides 

ditto 

ditto 

ditto 


Or taking more correctly the J difference between spring"^ 
high and low water at Sheemess, the mean spring level )► . .1 .7249 

is 10.8289 below xxxiii, therefore 10.8289 — 9.104 =J 


Note . — It seems by the above summary that as the water decreases in height, 
so the height of the water’s surface at London Docks, above the same at Sheer- 
ness also dwreases, with the exception of spring tide at London Docks and 
the neap tide ; these are means, not of the highest tides, but of tides at a par- 
ticular time of the moon’s southing. 
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The next spot levelled to where any tidal observations were made^ was St. 
Catherine’s Doeks^ where a bra^ standard was placed close to tibe sonth-west 
side of the Dock-gat^ at the entrants. 

Hiis standard is 4.3140 above the north standard at Sheemess, ^d 6.2363 
above tbe index mm^k xxviii, upon a level with which is a —4— dieting IVi- 
HW 
nity tsoo 

A 

Therefore 4.3143 + 4.0661 — 6.2563 = 2.1241, the height of this index or 
Trinity mark above mean spring tide high-water mark at Sheeraess. 

After pa^ng along the Tower Wharf, and placing a standard mark in one of 
the large blocks of granite lately put down near the Traitor’s Arch (see Level- 
lings, page 28), I arrived (not without much vexatious interruption and annoy- 
ance in passing along Thames-street and Billingsgate) at the starlings of Old 
London Bridge, where I had some difficulty in making observations, owing to 
the tremor caused by the vehicles above. I levelled up to the Trinity mark on 
the western side of the bridge, and found as follows (see page 29) : 

No. 443 was 4.1047 below the north standard mark at Sheerness, and the 
HW 

Trinity |800 was 1.9426 above No. 443. 

Therefore 4.1047 — 1.9426 = 2.1621, the height of Trinity mark below north 
standard mark at Sheemess. 

And 4.0661 — 2.1621 = 1.9040 gives the height of Trinity mark above the 
mean spring tide high-water mark at Sheemess. 

Having now made all the observations that time and means afforded me, I 
concluded my levellings at a standard mark sunk in the large plinth of the 
landing-place (near the wall) of the stairs on the north-east side of the New 
London Bridge. 

This standard was (page 29) 2.3967 below the north standard mark at 
Sheem^. 

I have subjoin^ a list of the different Trinity marks I have observed, and 
their i^ective heights, and also of tbe brass standards placed by me, as well 
as vmious substantial points pass^ over in the tevellings. 
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Below Nor& Stand. 


1.9420 


Trinity h%h-water mark n^r the dock-gates of the City Canal . 1.9438 

Ditto^ answering to xxiii of the indices marked on the sonth-w^ > 2 0112 
side of the entrance to London Docks f 

Ditto, at the west side of the lock-gate at the entrance to St. 1 
Catherine’s Docks, answering to the index mark xxviii . . / 

Ditto, on the west side of London Bridge 2.1621 

Finding so great a difference between the marks at the City Canal, London 
Docks, See. and that at London Bridge, I levelled again in October last from 
St. Catherine’s Docks to London Bridge, but found the same results. (See 
page 33.) 


List of Standard Marks and other Points of Reference between Sheemess and 


London Bridge. 


North standard at Sheemess 

South ditto ditto 

Eastern ditto ditto 

Navy Well ditto ditto 

Little ditto near tide-gauge at Sheemess .... 

Queenborough standard . 

St. James ditto 

The boundary post of Hoo, on a little eminence in 1 
the marehes, &c. (See page 10.) j 

The 3 milestone at the bank of canal. (See page 14) 

2 mile ditto . . 

1 mile ditto 

An iron clamp at second gate of Gravesend Canal. 1 
(See|mgel5) • •j 

Brass standard mark on the pier at Gravesend . . 

The boundary stone of Swanscomb. (P&ge 18) . . 

Erith Church. (Page 20) 

Standani in Woolwich Amenal 

A ^ in a corner-stone i^r the officers’ guard-room 
The top of the 4| mile ^>st in the river ( n ) . . . 
n on a stone at the west end of the dock-yard . . 


higher 

ditto 

lower 

higher 

ditto 

ditto 

below 

above 

ditto 

chtto 

ditto 

below 

ditto 

ditto 

above 

ditto 

ditto 

ditto 


Fe^ 

0.0000 

0.6048 

0.6735 

5.3921 

0.4843 

10.6029 

28.7454 

2.6317 

2.4204 

2.0038 

1.1448 

0.5564 

0.1828 

4.7578 

1.5669 

1.2019 

1.5576 

1.7182 

1.9975 
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Feet. 

above 1.6545 


ditto 9.9975 

ditto 140.6897 

ditto 5.1157 

ditto 1.9008 


Brass standard in the dock-yard on the eastern 1 
point of mast slip J 

A small north-east gateway of Gr^iwieh 1 

College^ from the main road j 

Small brass standard underneath the transit atl 
Greenwich Observatory J 

Little brass standard on the plinth of the statue of 1 
Gteorge II. in Greenwich Hospital ..... J 

n on one of the iron plates near the south side of) 
the lock of the City Canal J 

Brass standard at the West India Docks .... 

Brass standard at Regent’s Canal ...... 

A n on the top of a granite post close outside the"^ 
entrance from Ratcliffe Highway to the London y ditto 16.0915 
Docks j 

On the top of a gun in the Docks near the bridge *) ^* 1 -+ i o t 

of the eastern basin j 1 o d. 04 

Brass standard St. Catherine’s Docks ditto 4.3143 

Brass standard near the Traitor’s Arch in the Tower ditto 1.2854 

Brass standard at landing-place of New London “) 

Bridge j 


ditto 

ditto 


1.3018 

2.4418 


below 2.3967 


As it may be expected that I should state the manner in which I made the 
preceding observations, in order that a judgement may be formed of the con- 
fidence to be placed in them, I shall give a concise description of the field 
operations, and of the calculations necessary to complete the observations, and 
place them as they are in the book *. 


After examining the groxmd, the particular line for carrying on the levellings 
was selected and marked out, when pickets were driven in at proper distances, 
according to the range of the instrument over the groimd. 

In the first part of the work the levelling was carried on as follows, the in- 
strument being perfectly adjusted, and the station stav^ placed on their re- 
spective pickets. I made four observations, the telescope being in a different 

* The field-booh and all the other papers connected with the preceding operations are prraerred at 
the Iloyal Society’s Apartments. 
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pcmtion at each obserratioa, and making a complete revolntion in its collars : 
my ^sistant read off ^ch, and noted it down in a book. I then w^t to the 
staff and exmnined iu pc^ltibn on the jacket^ aad read off the last observation 
myself ; my assistont then read from his book the last observation ; the two, 
of course, when correct, would correspond. 

The telescope of the instiniment was then reversed in its collars (which is a 
good eh^k to the adjustment at each observation), and by the motion in 
azimuth directed to the next station staff, when the same mode was used in 
observing : the spot was marked, and the instrument moved to the next station, 
and the station staff turned half round in its collars, and gimblas ready for the 
next level. At the end of the day’ s work an additional picket was driven in 
about twelve or fifteen feet from that just used, and compared with it ; this was 
to ensure the detection of any alteration in the pickets during the intervening 
time, either from mischief or accident, being compared before the commence- 
ment of the day’s work. After a few days the ground was gone over again, 
generally from the opposite end, and two observations taken at each picket, 
which were sometimes more and sometimes less in number than in the former 
levellings ; these were the proof-levels. The distances were then measured, 
and the necessary angles taken to lay down the work. In this manner proof 
levels were taken up to picket No. Ill ; but finding in this method that I was 
liable to great inconvenience and loss of time from many circumstances, and 
amongst others by the pickets being mischievously drawn or moved ; and if a 
trivial mistake occurred in the levellings (of several days back perhaps), it 
was only detected at the summary of the levels. I determined to endeavour 
to adopt some method of proof, not liable to the inconveniences of the former. 

I accordingly made use of the following mode, which I have found, after 
repeated trial, to be a most con-ect proof. 

After having finished the four observations at one picket, I threw the instru- 
ment out of adjustment by the foot-screws ; and after adjusting it again most 
corr^tly, I took a pair of observations; but instead of reading off the staff 
from the picket, it was now read from above, the staff being imaginarily con- 
tinued to the length of ten feet. The mean of these observations, therefore, 
gave the complement to 10,000 of the true observation : by this mode much 
time was saved, and an error, if any, was immediately detected of a tenth of a 
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fool, or a foot (wMi^ are ll» mtars most likely to ooaar), withoat tJie teoiAkle 
^Cbria^ag Ae imtminent imd adjasting it two distmi^ times ^ tte s^ne 
spot. Itie mean the fmir and the mmn of the two obserfadom oa^t <rf 
coar^ to make 10,000 ♦, In tht detail of the proof-levels, the coiwjtion fm 
curvature is additive instead of subtractive ; and in fad: the whole o^^ttioii 
is reversed, -f- standing for — . 

In the course of my levellings, having mstruments not generally used, I 
made some few notes, which I take leave here to transcribe. 

In adjusting the staticm-staiF, it is difficult to know when the zei*o on tie 
vane is made to coincide with the horizontal wire of the telescope. I have 
found the most convenient and correct mode to be, to observe 
with the wire forming a diagonal to the lines on the vane, by 
which, when the staff is near, the two small black lines at 
each end of the vane could be seen ; and when the vane was 
adjusted to the proper height, one of these lines was above and 
the other below the horizontal wire at equal distances, thus : 

— At a greater distance, the two little white right-angled triangles, formed by 
the edges of the vane and bounded by the black semicircle, are very distinctly 
seen, the one above and the other below the (now-placed) horizontal wire, and 
can be compared in size with great nicety. 

But in observing with the wire diagonally, great care must be taken that, 
by the vertical wire (the error of which, if any, will by practice be accurately 
known), the axis of the telescope shall bisect the centre of the staff. 

In an instrument with a very sensitive level, there is usually some difficulty 
in adjusting the level. It arises from no fault in the level itself, but from a 



* In the proof-levels it will be found, that generally, upon adding them to the mean of the four 
olMiervations, there will be a quantity of from .0010 to .0060 to make up the 10,000. I c<mld not 
discover the cause for some time. 

The wires beii^ at right angles to each other, of course have been at different distonces from the 
eye-glass ; but the difference not being much more than the thickness of a hair, I di4 not alter the 
eye-tobe : however, upon examination, I found that at the usual distance I took levels, when I 
alter^ from extreme distmct vision of the horizontal wire to extreme distinct vision of the verticsd 
wire (which was the one I used for proofs), it made a difference of from .0020 to .0050, the distinct 
vision of the vertical wire being that quantity lower than when observed with the same adjustment as 
for the horizontal wire. 
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m wdgbt of part» of tlie cm^^e iim coU^. 1 fomid 

diitol^ m my Imtmmmt : lo reaiiedy I off from me of 

tm^i^ half #ie dk^ce batwe^ the two Ya pn md sm^ 

Ihe tel^ope a fine wire fi*om thk point, wbieh was die pr^r 
e^tre oi the tekscoi^ I found the ^e-aid widi the tail^ clc^ in to be mere 
than four ounc^ heavier than the object-end. To remedy this, I called a 
Mek ring of lead of the above weight to be placed in^de the tube imar ^ 
oh^ect-end, by which the tdescope was balanced; mad I found it, wimn ed- 
justed, to revei^e withoid; differing a quarter of a degree. 

Di^inet viMon is certainly desirable, but not so absolutely requisite as th^t 
there shall be no parallax of the wires. Ihe best way to avoki lhi% k, a|t«ic 
a^usting f<H" distinct vkion, to move the eye as far as the hole in the eye-pie^ 
will admit of, and ob^arve if the wires have any motion over the object ^ 
vane : if so, it must be remoMed by sliding the eye-tube in or out, until the 
objects appear mcUiio^ess. 

Mirage. 

I have found that the tremulous motion or jumping in the air, termed as 
above, appears not to be caused so much by evaporation as probably by some 
oscillation in the particles of light : for I have remarked, when the sun shines 
brightly and is occasionally obscured by clouds, that while the sun k out, the 
tremor is so great as to prevent the possibility of making a correct observa- 
tion ; yet the moment the sun is obscured, the intermediate space between the 
instrument and object (provided the sun is obscured so as to cast a shadow 
the whole distance) will be immediately perfectly tranquil ; and again, at the 
instant of the sun’s appearance, the same tremor will be observed. 

I have found this motion to be exactly equal above and below any object ; 
for upon placing the wire of the telescope one half the distance between the 
extreme oscillations, whenever the sun is obscured, the wire will be found to 
bkect the object. 

Demiptmi of the Ohservatwn-Book. 

Each ]^ge of the book will be found to contain sixteen columns : the first 
and ninth contain the numbers of each staff or picket ; the second and eleventh 
die mean from the rough book of the four observations at each staff ; the third 

2c2 
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mi eleventh the distance in feet from staff to instrument and instrument to 
staff; the fourth and twelfth the correction for the curvature of the earth ; the 
fifth and thirteenth the mean observations minus the curvature ; the sixth and 
eighth are the length of the bubble and the thermometer attached to the 
instrument. This last is useful as a check to the bubble, which, when the 
instrument is moved suddenly, shakes into several small globules, that some* 
times do not immediately unite again : this is detected by the length of the 
bubble, which ought to correspond to a certain degree of the thermometer. 
Column fourteen is the difference between columns five and thirteen ; column 
fifteen is that difference + or — ; and column sixteen is the amount of that 
difference added or subtracted, according to the sign, from the former quan* 
tity. These quantities are a continuation of heights above or below the first 
picket, or the northern standard in the dock-yard at Sheemcss. 

In order to prove the correctness of the different columns, they are summed 
up at the bottom, when the gross sum for curvature, being deducted from the 
gross sura of columns two and eleven, show the correctness of columns five 
and thirteen ; and the difference between the sums of columns five and thirteen 
+ or — , added to or subtracted from the little figures above the top line in 
column fifteen, ought to give the last true level in column sixteen at the bottom 
of the page. 

The whole is further proved by taking the sums of columns five and thirteen 
of each page, and the difference of the whole amount of each gives a proof of 
the correctness of the whole work, by giving the difference at once between 
picket 1 and 445. 

The same method is pursued in the proof-levels up to No. 112 : after that, 
all the corrections become reversed, the curvature being additive (as the com- 
plement to 10,000 is read off on the staff). The difference between the proof- 
levels continue from standard at Sheerness to New London Bridge, and will 
be found to be 0.0110, and varying at different distances from Sheerncss, but 
never more than 0.0300. 

As there is not, in any work that I have seen, a correct table of curvatures 
of the earth for small distances, I have added one for every five feet from 60 
to 1000. 
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A Table of the Curvature of the Earthy the mean diameter being 4 1,807,803 feet. 


Dili. 

Curveture. 

D»t. 

Curvature. 

Di»t. 

Curvature. 

Diet. 

Curvature. 

Diet. 

Curvature. 

Dht 

Curvature. 

Feet. 


Feet. 


F«et, 


Feet. 


Feet. 


1 Feet. 


60 

000086 

220 

001157 

380 

00345.3 

540 

006975 

700 

011721 

860 

017691 

65 

000101 

225 

001216 

385 

00.3544 

545 

007104 

705 

011888 

865 

017897 

70 

000117 

230 

001265 

390 

003637 

550 

007235 

710 

012067 

870 

018104 

75 

000134 

235 

001321 

395 

003730 

555 

007368 

715 

012228 

875 

018313 

60 

000153 

240 

001378 

400 

003827 

660 

007501 

720 

012399 

880 

018523 

65 

000173 

245 

001435 

405 

003923 

565 

007636 

726 

012572 

885 

018734 

00 

000)94 

250 

001495 

410 

004021 

670 

007771 

730 

012746 

890 

018946 

95 

000216 

255 

001555 

415 

004119 

575 

OO79O8 

735 

012921 

895 

019)59 

100 

000239 

260 

001617 

420 

004219 

580 

008046 

740 

013098 

900 

019379 

105 

000264 

265 

OOI68O 

425 

004321 

585 

008186 

745 

013275 

905 

019591 

no 

000290 

270 

001744 

430 

004422 

590 

008326 

750 

013454 

910 

019807 


000316 

275 

001809 

435 

004526 

595 

008468 

756 

013634 

915 

020025 

1^20 

000344 

280 

001875 

440 

004621 

600 

008611 

760 

013816 

920 

020245 

125 

000374 

285 

001943 

445 

004735 

605 

008755 

765 

013998 

925 

020466 

150 

000404 

290 

002016 

450 

004843 

610 

008901 

770 

014181 

930 

020687 

135 

000436 

295 

002082 

455 

004952 

615 

009047 

775 

014366 

935 

020911 

140 

000469 

300 

002152 

460 

005060 

620 

009195 

780 

014552 

940 

021135 

145 

000503 

305 

002224 

465 

005171 

625 

009344 

785 

014740 

■945 

021360 

150 

000538 

310 

002298 

470 

005284 

630 

009494 

790 

014928 

950 

021586 

155 

000575 

315 

002373 

475 

005397 

635 

009645 

795 

015118 

955 

021824 

160 

000612 

320 

002449 

480 

005511 

640 

009798 

800 

015308 

960 

022043 

165 

000651 

325 

002526 

485 

005626 

645 

009951 

805 

015500 

965 

j 022274 

170 

000691 

330 

002605 

490 

005743 

650 

1 01010.'> 

810 

015693 

970 

1 022505 

175 

000732 

335 

002684 

495 

005861 

655 

i 010262 

815 

015888 

975 

022738 

180 

000775 

340 

002764 

500 

005978 

660 

010419 

1 820 

016083 

980 

022972 

185 

000818 

345 

002847 

j 505 

006100 

665 

010577 

1 825 

016280 

985 

: 023207 

190 

000863 

.350 

002929 

! 510 

006221 

670 

010737 

i 830 

016478 

990 

023443 

195 

000909 

.355 

003014 

I 615 

006324 

676 

010898 

j 835 

016677 

995 

023681 

200 

000957 

360 

003100 

1 520 

i 006467 

680 

011061 

1 840 

016877 

1000 

023919 

205 

001005 

365 

003187 

i 525 

00659.3 

685 

011223 

; 845 

j 017079 



210 

001054 

370 

003275 

i 530 

! 0067 19 

690 

011383 

! 850 

1 017281 



215 

001105 1 

375 

003363 

j 535 

i 006846 

695 

01)554 

il 855 

l! 

017485 




Note. — I received the following rule for curvature and refraction together, 
from Davies GiLBKirr,^Esq., and it will be found useful in ascertaining 
heights approximately. 

RuU . — Assume the diameter of the earth as 10,000 instead of 
7918 miles, and which will give the refraction about one- 
tenth the intercepted arc. 
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XI. On the Fariable Intensity of Terrestrial Magnetism, and the Inflitence of 
the Aurora Borealis upon it. By Robert Were Fox. Communicated by 
Davies Gilbert, Esq. M.P. V.P.R.S. 


Read March 17, 1831. 


In the annexed Table are given the results of a series of observations on the 
vibrations of the magnetic needle, which I undertook last summer, for the pur- 
pOvSe of iiRcertaining whether its intensity is or is not affected by the changes in 
the earth's distance from the sun, or by its declination with respect to the plane 
of his equator ; for, if we refer the nodes of the planetary orbits to this plane, 
there appears to be so considemble a degree of coincidence in most of them, 
as would seem to imply the existence of a more definite law than we are ac- 
customed to attach to the abstract principle of gravitation*. 

I am not iit present prepared to say much respecting this part of my inves- 
tigation; but I have obtained results, which appear to be interesting, relative to 
the variable force of the magnetic attraction, and the action of the aurora 
borealis on the direction and intensity of the needle. 

I have used two needles, one possessing the north, and the other the south 
polarity in excess. To effec^t tliis, 1 h«ave employed, in each case, a slip of sea- 
soned oak, split with the grain, and suspended near the centre by unspun silk 
several inches long. This slip of wood serves as a suj)port for a magnetic bar 
or needle, which is firmly riveted to it near one of its poles — say, for example, 
the north pole; whilst the south pole is at liberty to yield longitudinally to any 

* I had been making numerous experiments with the same object in view some time before 1 com- 
menced the series now given ; but the results were unsatisfactory, from ray not having employed a sta- 
tionary magnetic apparatus, which should always be done in cases in which great accuracy is required. 
If the needle has been touched with the hand for one or two seconds only, its action is disturbed for 
some little time ; indeed, it requires not a little practice to appreciate all the precautions that are 
necessary in vibrating the magnetic needle. 
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contracting or expanding force*. The magnetic bar is eight inches long, half 
an inch wide, and one tenth thick : its south pole extends rather more than 
two inches beyond the centre of suspension of the wooden support, so that 
there is nearly an equal portion of the southern half of the needle on each side 
of the centre, the north end being extended as a lev er to control, in great 
measure, the magnetic movements of the needle-|-. A counterpoise of lead is 
placed at the other extremity of the support, sufficient to allow the north pole 
to dip at an angle of about forty degrees from the horizontal direction. The 
foregoing description also applies to the needle in which the south polarity 
predominates, except that the poles are reversed, the counterpoise l)eing at the 
depressed end of the support. The former I shall distinguish as No. 1, and 
the latter as' No. 2. Each is inclosed in a box of slate ; as, if of metal, the 
action of the needles might have been disturbed : and the boxes are mounted 
steadily on bricks, in a room appropriated to them. A slip of glass at one end 
of each box enables me to observe the vibrations, which arc from east to w est, 
like the horizontal needle. 

I have observed that the magnetic intensity is subject to frequent slight 
variations ; but these I have been mostly unable to refer to any obvious cause, 
except when accompanied by the appearance of the aurora borealis, w hich evi- 
dently affected the needles on many occasions. Their vibrations, I think, 
generally became less rapid w^itli a moist atmos{)here, and more so wlam it was 
very dry; but I do not speak with full confidence on this point, as I have only 
recently made any regular hygrornetrical observations. I might, perhaps, also 
mention changes of the wund, and snow storms, as being sometimes attended 
with fluctuations in the intensity of the needles. If the times of their vibration 
at different periods are compared, differences in their relative intensity will be 
noticed ; that of No. 2. having on the average been diminishing, during the last 
three months nearly, in a more rapid ratio than No. 1, This must, I think, be 
considered an interesting fact, if confirmed by future observations. It does 

* If the rivets which attach the roagnetic bar to the support are placed at a proper distance from 
the acting pole, the equipoise of the two extremities will not be affected by the contraction or expan- 
sion of the bar. 

t The neutralization of the pole would have been more fully effected had a smaller proportion of it 
extended beyond the centre of suspension ; ^ to an inch would probably have been sufficient 
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not seem easy to account for the discrepancies which not unfrequently oc- 
curred in the indications afforded by the two needles at the same time, and I 
hesitate to adopt any distinct conclusions from this circumstance without 
further experiments, which I intend to make with horizontal needles on the 
same principle. 

I have endeavoured by various experiments to ascertain whether there is 
any decided and permanent difference in the directive force of the opposite 
poles ; — for example, 1 have alternately neutralized in an equal degree the 
poles of a needle by means of a sliding axis, and suspended it horizonUilly by 
unspun silk, but the two ends vibrated in nearly equal times. Other needles 
on the same principle gave corresponding results, or at least the differences 
were so inconsiderable, and were so nearly compensated on an average of 
many observations at different times, tliat I think it may be safely assumed that 
there is an equality in the yearly mean of the magnetic intensity of the two 
poles separately considered. But on the hypothesis of a central magnetic force, 
ought not the north pole in this latitude to be acted on with much greater 
energy than the south? for if my experiments may be depended upon, the 
alternative can scarcely be adopted, of supposing that one pole of a needle is 
necessarily repelled as strongly as the other is attracted, since it appears that 
their relative intensity is not always the same. It therefore seems most reason- 
able to refer the phenomena of the earth’s magnetism to the agency of elec- 
trical currents existing under its surface, as well as above it: indeed, I think 
it is impossible to doubt that the changes in the intensity and direction of the 
needle, which are often so transitory, must be due to meteorological causes *. 

The aurora borealis which has frequently appeared more or less distinctly 
this winter, generally affected both needles during some part, and only a part, 
of the time of its being visible. On the seventh of last month, the aurora was 
seen from this place -f- as soon as it became dusk, and was still visible some time 
after midnight. It extended from N.N.E. to N.W. or W.N.W., and at intervals 

* Ih it not probable that the small anomalies which have been sometimes observed in the oscillations 
of the ))endulum may be owing to the same causes which produce the much more considerable irregu- 
larities in the magnetic needle ^ 

t Falmouth. 
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sent up streams of red and white lig'ht which occasionally nearly reached the 
zenith. These were most striking* early in the evening, and more especially 
about eleven, or a little later, when the coruscations were beautiful. At 7 p-m.* 
1 found the needles at 0, but soon after their north ends moved towards the 
east, and at 8 to their easterly variation was T 15'. They began to return 
westward at 8f, and soon after 10 p.m. were again stationary in the magnetic 
meridian. At 11 to Hi p.m., I found their intensity had diminished. Many 
instances ai-e given in the table of the appearance of the aurora in the horizon 
about the magnetic north, and extending more or less considerably on eacli 
side of it. It was generally of a pale white, and sometimes I coidd perceive 
faint streamy shooting uj)m ards from the horizon a very few degrees, but mon* 
often I could not. It will be seen that considerable variations of the needle 
usually occurred in the course of the same evenings ; and sometimes these 
variations took place on evenings when I did not remark any luminous 
appearance in tlie northern horizon. 

All tlie variations at night were towards the east'f*, whether the aurora was 
actually visible or not ; and Inmee may we not conclude, taking it for granted 
that it is an electrical phenomenon, and that it usually moves from about tlie 
north towards the south, that it must be of the nature of positive electricity r 
And, by a parity of reasoning, may we not assume the existence of an opposite 
state* of electrical action by day, in order to a(x;ount for the diurnal westerly 
variation, whi(;h is most considerable in the summer in these latitudes, when 
the aurora prevails about the south pole r This idea seems to be strengthened 
by a fact 1 have noticed, that the magnetic intensity is usually less considerable 
in summer before the middle of the day than it is afterwards ; so that the 
minimum intensity commonly occurs some hours before the maximum tem- 
perature. 

It is evident that the (‘levation of tlu^ aurora must often be exceedingly great, 
probably much more than a thousand miles, as it seems to be generally seen from 
places very distant from each other at the same time, and in nearly the same 

♦ 1 did not observe the needles before 7 p.m. 

f I have since observed a slight westerly variation m the needle at night, but this seems to be of 
rare occurrence. 
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direction : thus, for example, the observations made on the beautiful aurora of 
t!ie 7th ultimo from the vicinity of London, and of this place, seem very nearly 
to accord in almost every respect. 

In conclusion, I will venture to express a hope that the subject of terrestrial 
magnetism may obtain the attention which it appears to deserve, and that 
experiments may be made at the same time in different countries, in order to 
develop its more obscure properties. It will then perhaps be found that its 
relations to other natural phenomena are as extensive as they are inteiesting 
and importiint. At any rate, it seems probable that some light miglit be 
thrown on the hypothesis of electrical currents under and above thv surface of 
the earth, and their relative influence on the magnetic needle, if observations 
on its intensity were to be made on small islands, as remote as possible from 
any large tracts of land, and the results compared with others obtained by the 
same appamtus, (m extensive continents at stations as nearly as may l)e in 
the same magnetif^ parallels: or, instead of employing the same apparatus, 
scneral magnetic needles might be forwarded to different places, after having 
been carefully compared with a standard needle; and with these, simultaneous 
observations might be made, not only in the same parallels, but likewise in 
different parallels of latitude and longitude in both hemispheres. 
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A I ABLE showing the 1 imes of ^ ibration of two Magnetic Needles, described in the annexed paper, in the 

neighbourhood of Falmouth. 
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XIL Descnptim of a Graphical Registrer of Tides and Winds. By Henry 
R. Palmer, Civil Engineer. Communicated by John William Lubbock, 
Esq. V. P. and Treas. R.S. 


Read March 10, 18S1. 


In the exercise of my profession, particularly in reference to questions re- 
lating to harbours and tidal rivers, I have frequently had occasion for a train 
of observations on the rate of the rising and hilling of the tides, continued 
through at least one whole series of them. Such observations have usually 
been made at intervals of fifteen minutes, and in order to exhibit the rates of 
rising and falling in the diflferent periods of the siime tide, and the differences 
of the several tides, I have represented them in the form of a chart. 

The Plate No. IV. exhibits one of those chaits wliich was made previously 
to the commencement of a new entrance to the London Docks, The use 
of it was to ascertain for what length of time there would be a given depth of 
water about the said entrance, and in the channel of the river near to it, during 
the different tides. 

Having for some time past directed my attention to the nature of the eft'ect 
that will be produced on the tides of the river Thames in tlie port of London 
by the removal of London Bridge, I have thought it very important that the 
changes should be progressively marked as they occur, that the ultimate con- 
sequences may with more ease and certainty be demonstrated. 

In order to continue a series of constant, and, as far as possible, of imerring 
observations through so great a length of time as must necessarily elapse during 
the progress of these changes, I have realised an idea which I have for nijiny 
years entertained, and for which the works now carrying on at the London 
Docks, under my direction, afford me an excellent opportunity of carrying into 
effect, viz. To construct a machine whicli being acted upon jointly by a time- 
piece, and a float resting on the water, shall represent every tide in succession 
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by such lines as those in the chart before referred to ; while by connecting a 
type in the machine, with a weather-cock, above the house in which it is placed, 
an hourly register of the winds would also be obtained. 

llie performance of such a machine must if well arranged be evidently free 
from those inaccuracies and doubts which the frequent and long-continued 
observations of individuals, through nights as well as days, must be liable to. 
It will require only the occasional attention of a superintendant to correct th(‘ 
time, and supply it with paper. 

The following is a des(a*iption of the first that has been made for me, and 
which will shortly be placed at the mouth of the new entraiK'e to the I.ondon 
Docks. 


Rejh 'nice to the Plates. 

N(i. 1. A perspective view of the machine. 

No. 2. An deviation and side view. 

No. 3. The well and float, with the relative situation of the machine. 

No. 4. A chart of tides in the river Thames observed in 1S28. 

No. a. The same tides represented according to the form to be (dli'cted by 
the machine. 

A number of parallel and e(|uidistant lines, rej)resenting feet in luight, 
are engraved, and printed on dry paper, whose sides are carefully cut parallel, 
and the ends joined until such a length is formed as to serve for three or 
four weeks (Mjnsuinption. 

41ie long sheet thus produced is wound upon a brass roller, which is placed 
near the lower part of a cylinder one foot in diameter, so that the pap(‘r may 
pass round that cylinder, and be in contact with it through about three fourths 
of its circumf(‘rence. 

Tlie contact of the paper’ is preserved by a roller pressing upon it by its own 
weight near the upper part of the cylinder. 

On the axis of the cylinder is a toothed wheel, which is to be acted upon by 
a clock, and hence follows the motion of the paper in the direction of its length, 
moving equal distances in equal times. By means of the same toothed wheel, 
motion is j^iven to a Cam Wheel having .six teeth, and the velocity so regu- 
lated that it makes one revolution in six hours. Each tooth in the Cam Wheel 
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raises, in its turn, a hammer, whose fall strikes an impression on the paper once 
in every hour, so that the spaces passed through are measured as they occur, 
and leave no error tliat might otherwise arise from the expansion or contrac- 
tion of the materials. It is obvious that when tlie paper has been taken off the 
machine, vertical lines must be ruled across the paper through the hourly 
points made by the hammer, and any of them may be subdivided into less 
measures of time if required. Immediately over the axis of the cylinder, and 
parallel with it, is a rack, which carries a f)eneil, and is acted upon by a pinion, 
which receives its motion from a float resting upon the water; so that as the 
tide rises and falls, the pencil moves backwards and forwards at a proportional 
rate, althougli through diminished space, and thus by the combined motions 
of the clock and the tide, a line is produced on the paper which represents 
both. 

The impr(*ssion hourly struck by the hammer is the figure of an arrow with 
a cross in the centre, the point of intersection being tliat through which the 
hour lines are drawn. The figure is cut on the end of an upright punch, which 
is connected with a weather-cock on the top of the house in which the machine 
is ])laced, and hence the direction of the arrow will always correspond with 
that of the w ind, which bec'omes hourly registered. 

The marking point for the tidal line is of steel, which makes such an im- 
pression on the pa})er as w\\\ be easily traced with a earners hair pencil when 
the [laper is removed, as will also the impression made by the wund arrow. A 
pencil, usually called the metallic pencil, may be employed for the original 
line if prc'ferred. 

The float which rests on the water is a hollow plate-iron vessel, suspended 
by a chain which passes twnce round a light cast-iron barrel, and then de- 
scends, having a counter w eight attached to it. The chain is of such a length, 
that both ends of it are always resting on the ground, so that the w^eight of 
chain on each side of the barrel is always equal. 

The float is placed in a well communicating with the river, and to prevent 
that undulating motion w hich would be produced by the motion of the surface 
of the river during high winds, the water is received into the avcH through a 
fine ware gauze. 

The motion is communicated from the float in the wadi to the machine in 
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th(* house by a light horizontal shaft revolving under the surface of the ground, 
and roininunicating by bevil wheels with an upright shaft which acts imme- 
diately upon the pencil rack 

The references to the details are given on the several Plates. 

Considering how many interests may be affected by the expected change in 
the circumstances of the river Thames, by the removal of London Jiridge, it 
appears important that a similar gtiuge should be established at some point 
above the bridge, so that by the corresponding charts of the two iHachines, the 
tacts will be so clearly exhibited as to defy that contradictory evidence which 
interested persons might hereafter produce, as well as furnish valuable data 
upon which remedial expedients might be founded. 

Since the completicm of tlie machine above described, my attention has been 
directed by Mr. Li uhock to the application of similar means for observing 
a(‘curatcly the times of high water, not only as a scientific infiuiry upon the 
tides gemn'ally, but with a view to the construction of accurate tide tables. 
Perc(‘iving the value of that gentleman’s suggestion, I devot(‘(l immediate atten- 
tion to the subject, and trust, from the progress I have made, that th(‘ object 
will be accomplished in a satisfactory manner. 

To indicate sensibly the time of high water to within any small portion of 
time (such as a minute), required a representation on a much larger scale 
than tliat above described, and therefore a distinct cylinder became necessary. 
It not being required to register the absolute heights by this machine, I have 
determined on registering only the upper part of the tide, that is, that portion 
which is contained in thirty minutes, of which the highest point will be one. 
Instead of representing the upper part of the tide by a continuous line, it will 
indicate the relative })lace and the time of it by punctures, one of which will 
be struck in each minute ; so that the real time of any one puncture being 
known, the observer has only to count the number of punctures from that 
whose time is known, to the highest on the scale, and that will denote the 
time sought. 

To accomplish this, the instrument by which the marks are made on the 
paper will not mov(‘ as tlie pencil does in the first machine, but, keeping their 

♦ To avoid derangement of the rate of the clock’s motion, a weight is to be attached to the registrer, 
equal in force to the resistance of the friction of those parts the clock has to move. 
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places, the cylinder with the paper wdll move, and thus l)y a very simple motion 
from the clock, the real time will he expressed once in the thirty minutes 
around one of the minute points. 

To avoid the risk of inattention on the ]>art of the individual to w hom tlie 
operation of tlie machine may be intrusted, the machinery connected with the 
float will put the registering apparatus into gear a short time before the time 
of high water, and the clock wall put it out of gear when the operation has 
biTu (continued for thirty minutes. 

To obtain the exact time of high wat(*r. or ev(‘n to ascertain it with mode- 
rate pr(‘(*ision, does nut apj^ear {)racticable l)ut by means similar to those de- 
S('ribed. 3'he motion of tlie surfatu* of the waiter, occasioned by tin* wand, 
and th(‘ vibrating motion of tlie genmal mass ujion the turn of the tide, are 
ol)vious reasons : but by having the float placed in a protected situation, and 
the \'arving height murkeii nt fact hi/ Ihv time^ wa* may exjiect to arrive at a 
suflieic'Ut aec’uracy for tlui purposes re(juired. 

When thi'' ruachiiie lias been completed, a full description of it shall be* for- 
w'arded to tin* Royal Sociiity, and 1 hope it wall hereafter do rue the honour 
to aca'ept either tin; original or (‘ojiies of the s(*ries of observations ujion the 
ti(h‘s of tin* Tliames, whi(;h both machines may exhibit 
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XIII. On the ^rror.v in the Course of Cessels, occasioned by Local Attraction , 
with some Remarks on the recent Loss of His Majesty s ship I'hetis, By 
Pktkii Harlow, Esq. F.R.S. Cor. Mem. of the Inst. Francc\ Imp. Acad. 
Sciences St. Pclcrsburph^ Acad. Sciem es Brussels^ 


Head April 21, 1H31. 

On {)r(‘scntin^ the followirii:^ remarks to the attention of the Royal Society, 
I feel it nciccNsary, first, to apologize for their not possessing that degree of 
seientifu* novelty which is generally expected in such cominnnicatioiis, — and 
s(‘condly, that in enforcing iny argnmenl, 1 may perhaps seem to give more 
value to my own investigations than is consistent with good taste. 1 must, 
howt‘V(T, either in soiin* measure do this, or leave the evil untouched, which 
I fet'l it my duty to endeavour to remove ; and therefore, trusting to a liberal 
interpretation of my motives, 1 shall state without reserv'e such facts as 
af)p('ar nt!cessary to (‘stahiish the object I hav(‘ in view, and it is hoped the 
want of novelty will be com|)ensat(‘d by the importance of tlu* subject unde r 
considi'ration. 

'riiat a ship's compass In subjei't to a deviation from its true direction in 
conse(inencc‘ of tin* attraction of the iron used in the construction and ap]>oint- 
rnents of the vessel, is now too generally admitted to refjiiire any arguimait, 
although I believe then* may be still some few otlicers who are sct'ptical on thi^ 
point ; I have at least Ix'cn seriously assured b\ om* of rank and long standing. 
'' that tht're certainly was no local attraction when he was at sea.” Now there 
is really more in this observaition than one would imagine, for there can be no 
question that forty v ears back tiu! error arising from this disturbing force was 
v(Ty inconsiderabi(‘ to what it is at present ; esauy year in fac't ini'reasing 
the amount, and naidering a correction of the (‘rror more and more necessary 
This increase is occ'asioiu'd by the immense quantity of iron now employed in 
the construction of a shiji of war and its ajipthntments. At tlie period above 
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alluded to, iron ballast and iron tanks were perhaps scarcely known ; now we 
havi‘, besides these, iron knees, iron cables, and above all iron capstans, l>esides 
various other articles of the same material, which together form such an 
attracting mass, that if we cannot allow that there was no local attraction 
forty years back, we must at least admit that it was certainly then very incon- 
siderable to wtiat it is at present, and that navigation by compass was at that 
time comparatively on ecpial terms with nautical astronomy ; but since that 
period, the errors of the one have been gradually removed by improvements in 
instruments, the introduction of chronometers, and the correction of astro- 
nomical tables and data, whereas the compass still remains the same uncouth 
machine, and the disturbing forces to wduch it is exposed hav(‘ been increased 
in, perha[)S, a fourfold proportion. At all events the disturbing force is now 
considerable, and the deflection it causes in the needle, under some circum- 
stances, very great; and as this effect is perpetually varying as tin* course of the 
vessel is changed, as it is also as she changes her latitiule, though the course 
should remain the same, a constant attention to the amount of this errcM* seems 
to be indispensable, at least in those circumstances where the whole safety of 
the vessel is dependent on tlie certainty of the courses steered, which is in fact 
always the case in a dark night, and when lam I is near. 

It is almost impossible to give a very popular idea of the direcUiou and 
amount of this deflecting force. It may however be stated, tliat in thi^^ lati- 
tude, and in all those northern latitudes where the dip is considerable, the 
greatest deflections take place, on an east or on a west course, diminishing 
both ways to the north and south, where it vanishes ; and in all tlu se cjises the 
direction of the deflection is always to the right or left of a p(*rson, looking 
forward in the vessel, accordingly as the course of the vessel is to tlu* right or 
left, that is to the east or west of the meridian, and it is exactly tlu; reverse in 
a high southern latitude or with a considerable southern dij). But as we 
approach the equator, where the dip is small, the deflections at the east and 
west points vanish, and we have then four points of greatest attraction, viz. 
the N.E., N.W., »S.E., and S.W., the direction of the deflection i hanging as we 
pass through the N., 8., E., and West points ; but the deflection at its maximum 
is much le.ss in these latitudes than in those where the di{) is more considerable, 
all other thing’s being the same. 
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Tliese rules, whicili are given upon the supposition that the compass is situatcMl 
in its usual place, aft in the vessel, will furnish a general idea of the direction 
of the deflection. ^Vith regard to the actual amount, it is of course difl’erent 
in ditferent vessels, varying in these latitudes from r/’ to 12'" or 14^ witii an 
easterly or 'westerly coiirst' ; which [iccome greater as we increase our latitude, 
but diminish (without however vanishing) at the crpiator, whence it again 
increases as we approacli tlu* southern pole. 

The following are some results, several of whicli I have assisted in taking ; 
they re^l, as will be seen, on tiie best authorities, and will give a good general 
id(‘a of the maximum amount. 


Mup 

Comma mi cr 

Place 

Local Attract 

('onway . 

Captain IIasil Hall . 

Portsmouth . 

o 

4 

32 

Li‘\en 

('aptain ()wl\ . 

Northfleet 

0 

/ 

Ik'iracouter 

( 'aj)tain Ccti iklo . 

. Northfleet 

. 14 

39 

Ib'cla 

( aptain Sir F. IVimy 

Northfl(‘et 

7 

27 

Fury 

(’aptain IIocMm . 

. Northfleet 

0 

22 

(iripca* 

( aptain ( ’i.avliunu . 

Nore . 

. 13 

39 

Adventure 

Captain Kixii . 

i^lymouth 

7 

4S 

(Gloucester 

Captain Sri \irr 

. Chanm 1 

9 

30 


(living a mean <»f s 4 k at the east and west points in these latitudes. 

The latter obscr\ati()n by ('aj)tain Sri art is from the remark-book of the 
(Gloucester, and from which 1 lag to give the following extract : 

'' IS.'U). 3Uth August. From not having had a favourable opportunity of 
ascertaining the ship's magnetism or local attraction in steering down the 
Jbitish Channel, I only allowed the true variation as foumi, but observed the 
ship was invariably drawn to the southward of her intended pkux*, notwitlo 
standing the greatest care being taken in steering her. lUit on taking an am- 
plitude of the sim at setting on the 1st Sefitember, I found the vaiiation to l)e 
34 ’ \V. (when the ship's head was wc^t), which diflerence from the true \ aria- 
tion in the Channel 24"^^ 3(V W. will account for the siiip being so dniwn to the 
southward of her intended track." 

It would be quite superfluous to give further evidence of the existence of 
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this disturbing power; and little, 1 conceive, neetl be saiil to sliow how much 
sucli deviations from the estimated course of a vessel, in channels and narrow 
seas, are calculated to lead to the most disastrous events. To take the last 
case, for example, wdiere the deviation is If 3(f, and for the deviation in miles 
the general expression (dist. x 2 sin j deviation), we shall find that after run- 
ning ten miles, the vessel would be more than a mile and a half to the south- 
ward of her reckoning ; in a distance of twenty miles, tlircH’ Jiiik's and a quarter 
to the southward ; in thirty mih‘s, five miles to tlie southwai'd, and so on as 
the distance increases. 

Now it re(piir(‘s no knowledge of navigation to estimate the fatal cons(‘- 
qnences that miglit attend such an (‘rror in a narrow cliannel and in a dark 
night, if it were wholly unknown or disregarded. \\v see also how \ery eas\ 
it is, after an ac(‘ident has occurn^d, to imagine a current (unknown of course 
to exist before), to acc'ount for the disaster. The (doueestc'r, for (*\am])]e, in 
th(‘ above instance was constantly “drawn to the southward;” and this might 
have been set down to the effect of a current, had it not l>t‘en proved to Ix' 
local attraction. 

That a ship is sometimes involved in an unknown or unusual curnuit. whic'h 
may lead her into an error of reckoning, no one can for a inonu'iit d(‘ny ; hut 
I do at the same time maintain, that unless: a jiropcr att('ntion be [laid to the 
local attraction, a vessel is as it w(‘re in a peqH'tual curn'iit, sitting some- 
times in one direction, and sometimes in another, sufficient to baflle the ino^t 
experienced pilot ; and 1 further maintain, that science and humanity both in - 
quire, before we admit the plea of unknown currents to exjilain th(‘ cause of 
every disaster, that it be sufficiently ascertaim‘d how far allowance lias lieen 
made, or a correction obtained for that current, which it is now well known 
a vessel carries with her througli every leagm* of her voyage. 

Let us now turn to the late melancholy Avreck of Ills Majesty's shi{> 'rhetis 
It appears from the accanint given of this disaster in the United Service Jour- 
nal, that the Thetis sailed from Rio Janeiro on the 1th of December, with a 
million of dollars on board, besides other treasure, and every prospect of a fine 
passage, stretching aw^ay to the S.E. The next day, the wind coming rather 
favourable, they tacked, thinking themselves clear of land ; and so confident 
were they, that the top-mast studding sails were ordered to be set, the shij) run 
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ning at the rate of nine knots ; and the first intimation they liad of being neai 
land, was the jib-boom striking against a Iiigh perpendicular cliff, wlnm tlie 
bowsprit broke shoi-t off, the shock sending all three masts over the side; ' 
and thus in a inomenl [xaislu'd twenty-five valuable lives, and a fine vessel, 
with her cargo, worth nearly a <piarter of a million sterling. 

ll(’r(* thc'ii w(‘ have a ease of a shij) leaving port one day, with every pro 
speet ol a line [)a‘'sae:e, whieli had so far lost lier ret'koning on the evening of 
th(‘ next day, as (o hi* wre(;ke(l on a ro(‘k not nir)re than seventy miles from 
lier point of (iej>ai tnre, which \s’as supposed to be some miles to her west 

I hav(‘ no (ie<ir(‘ to pi‘('judge th<‘ cause of this imfortunate misna.'koning . 1 
V i>h only ihi* tj ue eauv(‘ should be aseertained. In the letter of tin' com- 
mamh'r ol the 'I'hetis to (he admiral on the station, he says, that ‘‘ fi'om all 
(he preeaul ionar\ nuasjirt's taken, nothing but the strongest tmrrents, and the 
thick ha/y w ( at her, and hard rain, can be [deaded in (‘xtenuation.” 

I mo^t ■'ine< !'el\ hop(^ dial amongst ‘‘ th(‘ precautionary measures taio'n. 
that (»f correcting or making propm* allowance for the local attraction was im 
eludi'd: for I haw no lic'^itation in a^'^erting. if such precaution was not taketi. 
that thi*' omission would Ih‘ (juite sulfieient to account for the accident. It 
isobvioiiN f{-om (he gem'ral principle'' which 1 have stated in the prt'cc'ding 
]>art of thi'' paper, that at Uio, wheiv the dip of the necalle is about 22 south 
(the coui'e steei'id on t!u' 1th of DeeemlK'r having been S.fL., and on (Ik 
">th ol' ])('t‘('mber nec'cssai ily somewhere betwei'ii the east and north,) the loeaS 
attrardion would In' eon‘'tantl\ diawing the vessel o\'er to the westward, and 
(here can he no (piestion that her being mort' to tlu' westward than her reckon 
ing, was. tVom what('ver souico it might have pro(*eeded, the cause of the dis 
ast runs ('vent 

Without thei’eloix' in any wav prt judging thi' t'ase, I have only to express, 
a ho[)i' (fiat some impiiry may he made, to a.seertain vdiether any and what 
allowaiK'e or correction was mad(' for the local attraction of the vessel. 

It is impossihh' now, if the local attraction of the Thetis has not I)een be- 
fore taken, to know its amount ; but we can asc'crtain, at least approxirnatively. 
what would hav(‘ been the deflection of the ( douei'ster Under similar eireuin- 
stanees ; and as tlu' amount of attraction in this vessi'l is neaily the mean of 
all those 1 have given in a former page, it maybe interesting to S(?e tije result 
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It has been stated that the maximnui attraction or detlection is innch less 
(all other thin^^s bein^ the same) with a small dip than with a lar^a‘ one ; tbe 
proportion being, “ that the tangents of the angles of deflec*tions are inversely 
as the cosines of the dip:” now, the dip at Rio Janeiro being about 22’, and 
in London 00^”, we have 

cos 22” : cos : : tan 9” BO' : tan . 

That is, the Gloucester leaving Rio under similar circumstances to the Thetis, 
would on any course about t[»e S.L. or N.E. (the former being stated as tlu^ 
course of the latter vessel on the 1th, and the otlier lu'r probable course after 
tacking on the .'jtli of December), be constantly deli(‘ete(I about out of her 
supposed course, and as the sine of ’ :V,V is about ,’„th j)art of the radius, if is 
obvious, taking oidy the error due to tiu* .■)th of l)(‘C(‘inber, and reckoning the 
distance run at eighty miles, that the ship would pass five miles nearer to ( 'aj>i‘ 
Frio than her n'ckonirig, an error quite* sutlicic'iit to account for the fatal cata- 
strophe which has occurred to the I'hetiN; Idr it appears that a distani'c of 
only so many fathoms would have* ne'arly carried he'r (*lear of the* laml. I do 
not include the error due to tie* lirst day, bec*ause its teiide*ncy would only be* 
to carry the vessel to the* southward about the same epiautity, whie*h of itself 
could have j)roeluce‘d no evil. 

After all, let it 1)e reme*mbe*re*d that this is a ^uppe)^ititie)us case, anel that my 
objee’t in stating it is niei*e*ly to sliow what miglit ha})i)en if the eleHe*etion from 
local attraction were disregarded, and thereby to preive the propriety and ne- 
e*essity of ascertaining whether in the case of the Thetis, and in all similar 
cases, the proper correcti(»n was made, b(?for(’ the apology of curr(*iits can be 
admitt(*d. 

I urge this the more particularly, because 1 fear this source* of error is too 
much disregard(*d, and as I think it probable that in the several investigations 
wdiicli have been held to inquire into cases of vessels lost in a similar way for 
the last ten years, since I have been interested on this subject, no ([uestion has 
been asked whether or not the error of the compass had be(*n corr(*cted ; and 
thus vessel after ^'essel is lost, and current after current is imagined to ac- 

* 1 say about because much depends upon the direction of the centre of attraction in the 
vessel. 
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count for the loss, while an actually existing and know^n cause is allowed to 
remain uncorrccted and disregarded. 

That the remedy for this evil, which I have been so fortunate as to discover, 
is simple and universal, is, I h(‘liev(‘, generally admitted ; indeed, after being 
submitted to trial by two of our most scientific otlicers from 57” south latitude 
to 80^^ north latitude, and having been found to be effective to the most ex- 
treme point, it is impossible that any doubt should remain on that head. 

It must be, therefore, that the error itself is disi-egarded, and it would con- 
se(|uently be rendei ing an essential service to tlu; navy, when any loss is sus- 
tained from iK'gleeting this necessary precaution, that it should be traced to 
it> proper source; and it is with this view tliat 1 have; drawn together these 
few remarks. If I oscrrati* the importance of tlu' error or the value of the 
remedy, my aj)ology must be the opinions which have been given on the sub- 
ject by many distinguished naval commanders, both English and foreign, and 
th(‘ high mark^ of ajiproliation with which my investigations have been ac- 
knowledgcal by the Hoy;d Society, and other learned societies of Europe. To 
whi(‘h I may aKo add my anxi(‘ty, that where science can be brought to faci- 
litate tlie progress of navigation, and to contriliute to its security, it may not 
lx* allowed to be neglected in tiu' British navy. 
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XIV. (hi the Meteoruh^'iral Observations made at the Apartments of f/i( Iloyat 
Society flariny the I'ears 1827 , 1828 , and 1829 . By . 1 . ^V. k, Esq. 

f \P. tX Trcas. R.S. 

licjul Aprj) 11, J H;il . 


F I IK ()h('n<)iii(‘iia uii'u li pi iiicipally (ioserve attt'ntion connected with the 
&cicn(‘<‘ of ine((‘oi‘()log'\ , aiH* ; 

1. 'rh(‘ annual and diurnal Miriation.> of the haroinctcr and thennoinet(*r, due 
to t h(‘ action (d t lu‘ *^1111 

2. ddic variations of thr haronulcr due to the moon, and dependent on lier 
ai^’c. 

d. 'I'Ih* (‘oin})arativ(‘ teniperalure ami haroimdrical pressure at diffei'ent jioints 
ol tin* (*ai*th's Mirfacc. the isothermal lin(‘s, and lines of (‘fjual hai'onn't rical 
jiressnri*. 

1. ddic intiuence of tin* dir(*(‘tion of the wind on the teiuperatui'c and haro 
metrical [ui'ssnta*. 

r>. I’henoineiia connected nitii the electi’i(*al state of liie air, the aurora 
boi’ealis, Xc. 

In ordei' to (h’termine the annual variations of the haronn‘ter. I ha\ e taken 
tin* mean of tin* ohserviil huis in t*ach month, uiad(* at tlie apai'tments of the 
Royal Soeiet\, during the U’ars iS27, 1828, 1829, and 1 8:-{0 Tlie r<‘sults aie 
i;iven in the folhnviuif 'liable, which shows the dilferences from the mean’^ 

The lw<» first coluiims result from these obser\ ations, reduced to d2 Fahk . 
and eorrt*ct(*d tor eapillarit\ . 

Kin* lour (dhei* columns ai’c deduced Irom rable d m the valuable work oj 
M. iioevAKU “ Sur h*s ()l»(*r\ atioiis Meteorolopipies." ( Memoires d(' I'Aca 
d(*mie lies Scienc’es. \ ol. vii p dl2.| 

* 'riu* mean result hem:; L;i\ tM’ I'm eacli \e.)i ^'J)ar:»1e!^ u 5 ihc' rhi!o',o})liiea) Teuisat tuu , .1; rouise 
i( was <>0!^ necessarv for mt* 10 aod tlu^e togefnei, ami fai,'* tiie fourth Sim r tiie tt'mlint; of ihc jiajv/r. 
ihe observations ot IS.'iO liaxr l>oen aiided ami tah-n me' aetnuitf. 



224 


MR. LUBBOCK ON THE METEOROLOOICAL OBSERA ATIONS 


! Ohs”' at Somerset 

1 House 

1 A M j a r.M. 

Obs”' 

0 A M. ! 

at the Paris Observatory. 

17.’. j .‘J r.M. [ 9 r.M. 

January , . . 

i +.oo(; 

-f .oor. 

-f.OHo 1 

4-0(77 

+ .072 

+ .009 

February , 

j +.(M;4 

■f.070 

+ .071 i 

+ .070 

+ .0(55 

+ .oO:i 

March . . . 

1 —.004 

— .009 

-.000 I 

— .004 

-.007 

-.005 

Aprd 

1 -.044 

— .14.1 

-.044 ! 

-.017 

— . 05:1 

— 04 2 

May ... . 

’ -f.002 

-.02.^ 

-.044 i 

— .0+1 

-.047 

- .040 

June 

: -f.OOG 

— .o:n 

+ .o:t7 1 

+ .04 0 

+ .0 10 

4 .004 

July ... 

; -.017 

- .0 22 

+ .008 j 

+ .004 

+ .009 

4 .008 

August . . . 

; — .oor» 

~ .001 

+ .018 I 

+ .01 0 

+ .014 

+ .0K1 

September . 

j -.o:h9 

— .048 

+ .010 ■ 

+ .0H 

+ .015 

+ .019 

October . , . 

i +.117 

-f-.llO 

— .00:1 j 

— .000 

— .002 

— .o:»0 

November . 


' -f.Oi.V 

-.021 

— .oi:» 1 

— .012 i 

! - .011 

December . 

i — .OOh j 

! -f.oo.v 

-.047 ; 

-.04 2 1 

- . 0:15 i 

1 — .o;i9 

Mean 

29.801 , 

29.840 

29.778 i 

29.707 , 

2fl.7l8 J 

29 . 7 O 2 


Thus the mean heiglit of the hanmieter at 0 a m. ft>r .lanuaiy is 20.S(il | .(KKi = 


It may be remarked, tiiat according l<» tbi> 4 a])le, the animal variations appc'ar 
to be independent of the diurnal variations. TIr* Paris obsia vations [jresent 
iniK'li greater regularity than tliose ina(h‘ here, vvhieh n'sidtv ptahaps from their 
greater number. In order to thdermine tin* diurnal variations of tht‘ baro 
meter, it is necessary that the obsia-vations shotdd be repeat('d nmeh more fre- 
<|uently in the course of tlie day than is done lu re at jna'snit, 4’he mean 
height of the liarometer here at Din the morning is greater by .02 I ineh (or 
about ^Vith of an inch)^ than at in the aftv'rnoon ; and so i-egular is this dimnal 
variation, that considei’ing the mean of eacli mmith se])ai*at(‘]y for th(‘ years 
1827? 1828, 1829, and 18110, tlu‘re ai*e only two casi‘s in vvhieh the mean iieight 
is greater at 3 in the afternoon tlian at 9 in the morning. 'J'he corirsjronding 
diflbrence at Paris is .030 ineh *. 

In ord(T to determine the llnctnation.s of tlic' bai'ometc'r due to the moon, 
it vv’ould hav(‘ been desii'able to possess imany more observations; j)ni, unfor- 
tunately, previous to 1827, the observations of the barom('t(‘r at Somerset 
I louse seem not to have been made* at stateal times of the day, a condition which 
appears to me absolutely neces.sary, in order that meteorological observations 


* There is a very intercstint^ paper on the annual and diurnal variations of tiie barometer, by 
M. Carlixi, in the 20th volume of the Meiiiorie della Soeietii Ituliana. Fasc. Irno. (Mcmorie di 
Malematica.) 
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may be applied to this or any other useful purpose, except that of serving at 
the time to prognosticate the weather, or but imperfectly to determine the eor 
l ection due to the direction of the wind. 

I was therefore obliged to confine myself to the years 182/, 1828, and 
1829. The method which I have adopted with respect to these aerial tides 
is similar to that which I have used in order to determine the phenomena of 
the tides in the river Thames, and consists in classifying all the h(‘ights of the 
barometer, and taking their mean, which correspond to a particular agt* of 
tile moon, defined by the circumstance of her transit taking place in a given 
half-hour of the day. Thus all the days in the years 1827, 1828, and 1829, 
weie found wh(‘n the moon passed the meridian between 12 and half past 12. 
and the mean of the transits taken, which of course is nearly a fpiarter past 12 ; 
the heights of the barometer were then taken on the same days, and the mean 
taken ; and thus all th(‘ transits of the moon vvdiich occurred during tlie years 
1827, 1828, and 1829. were taken, and the corresponding observed heights of 
tin* barometer selected and compared with them. The height of the attached 
tlK'rmometer was also takem, and the mean height of the barometer corrected 
afterwards by the mean height of the attached thermometer, so as to reduct* it 
to .‘12° Fa HR. 

Although tlie transits of the moon were at first classed for every half-hour. 
1 afterwards combined them for every hour, in order to make use of a greater 
number of observations in obtaining results. The mean transit thus found, 
scarcely dillered from the half-hour, which is therefore taken as the time of 
the mooifs transit in the following Table, in which the results are exhibittd 


MDCCCXXXI. 
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Table. 
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The following Table results from Table VI. of M. Bouvakd, (p. 3 JO,) reduced 
to English feet. 


! 

i 

I 

\’^ariation of Barometer 
from mean. 

i 

0 A.M. 

;i r.M. 

Day of Ihc Syzygv I 

Ilicll. 

— .004 

iiK I) 

— .008 

First day after the Syzvgv 

— .010 

—.oof; 

Second day after the Svzvgv 

-.cm 

-.009 

Second day before Quadrature .... 

-f .008 

4 .005 

First (lay before Quadrature 

+ .0:24 

-f .032 

Day of tlie Quadrature 

-f A)23 

-f .017 

P'irst day after the Quadrature .... 

— 002 

— .001 

Second d.iy after the Quadrature . . 

— .000 

-f .012 

Second day before the Syzygy' . . . 

1 

i —.01.9 

— .018 

First day before the Syzvt^y .... 

1 -.009 

-.019 

Mean height 

' 29.7S1 

29.748 


The results afforded l^y tlie observations at Somerset House differ widely 
from those above* olUaiiied by M. HorvARi) from the observations at the Paris 
Observatory ; according to the former, the baronu‘ter is highest at new and full 
moon and lowest at (piadrateire ; aeeordiiyg to the latter, the contrary is the 
case. 

1'he extent of the tluetuations of the barometer due to the moon according 
to the form(*r is about .OS or nearly i\,th of an inch, according to the latter 
only '0r> or i,.\ith ()f an incli. 

They ag*rt'e in this, that the fltictuations take place nearly in the same 
manner in the mornifigand in the afternoon ; whence it follows, that the period 
of the principal ine(|uality of the height of the barometi'r ilue to tin* action of 
the moon is not the same as that of the ocean ; for if it were so, as the obs(‘r- 
vations are made at a distance of six hours, the maximum in the morning 
would correspond to the minimum in the afternoon. 

LAPL.\rK enumerates among the most imj)(»rtant cause's of the Ihictuation of 
the pressure of the atmosphere, the rising and falling of the oi'can due to the 
action of the sun and moon, the occjin serving as the basis or support ot the 
atmosphere. But with that deference which is due to the authority ol so great 

2 (i 2 
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a ijiatheinuticitin, 1 must vonl'ess that this cause does not appear to me ade 
quate to produce any sensible efieet ; for in the open sea the variations of the 
height of the water due to the tides, wht‘re tliis cause would be most felt, do 
not exceed three or four feet, and any considera])le rise of the tide is in general 
eontined within very narrow limits, as in channels and between the banks of 
riv(‘rs. Lastly, I have endeavouretl to ascertain how far th(‘ barometer i" 
atfected by the direction of tlu‘ wind ; and the following Talde gives the restdt^- 
which I have obtained with this view. The fluctuation due to this is much 
greater than that due to any other cause ; and it is therefore very important 
that this corj’cction should be (*arefully ascertained, in order that it may bt 
applied when obse rvations of the l)arometer are classed, in order to d(‘t(‘rniin(‘ 
any other inequality, 'fhe barometer is lowest, as might be exj)ect(‘(l, in the 
rainy (juarters, as S.W. and W.vS.W. 

'J'aulk showing results deduce'd from tlie Mete'orological ()()servations inadt' 
at Soiner>et House during the years 1827, 1828, and I821h clas'^(‘<l 
according to the direction of the Wind. 


Dll Ot liitTl 
ol tllf 

V* ind at 

'' A.'l. 

No t-f 

vatioiis, 

o\ lo< k 

Barometer, 

A M 

Aitiuli. 
'Du t/ti. 

. 0 el<H k 1 .M. 



Barometer. 

1 iluiin. 

Di‘w point 
.11 '.A M. 
in ili’^rees 
of 1 AUU. 

iJain in 
nil lies, 
ri ail oil 
al '/ A M, 

N 

117 

no.ooj) 

47-1 

:;o.oi4 

4‘».9 

41 

.019 

NNK 

ss 

Ad.OOs 

0 J. J 

.99 94 ;{ 

7) 1.9 

47. 

. 9:57 

NK 



49.;; 

-»9.91 

7.1.1 

47 


FAE 

It; 

.’iO.OOo 

49 i 

‘J9.:>4 1 

7.S 

47, 

.109 

K 

71 

J9,91.'» 


k!JI.Ss9 

7.7j.s 

47 

.9 71 

KSE 

: t;s 

JiCSol 


79.910 

7.1,7 

47, 

.9 7 7 

SE 


g9.79:i 


~\9.77:7 

7.9.7 

.’.7 

.0.79 

SSE 


^9.7 1 

."iri.s 

79 . 0^0 

7 . 7.9 

r>i 

.97)7 

s 

' 7:5 

ill.sOh 

7.4. 4 

^79.797) 

7)().4 

49 

! .099 

SSW' 

ss 

29 .HI:, 


79.7^7 

7»s.7) 

7.1 

.o;>s 

SW' 

1 io;i 

t’.O.SHl- ' 

7)4. s 

79 . s:;:, 

7)().9 

48 

.9(19 

V\’S\V 



7)4.7) 

’9.S9S 

7)0 .. 7 

4s 

.9:>9 

w 

1 h:i 

^’9.911 , 

7 . 7.0 

i 79.9;i0 

7)9.1 

4.9 

j .07)9 

WNW 

IS 

k?9.HS9 1 

;.7.j 

! 79 ss7 

09 9 

7)0 

1 .9 7) .9 

N\\'' 

i 1 



1 7:>.S97 

7)7.4 

49 

1 .97)4 

NNW 

1 /)() 

-^ 9.9 7s , 

7)4.8 

: ,99 914 

7)t).S 

49 

1 .9s0 

Mean of Total 

^’9-918 

o4 7 j 

79.899 

9*). 7 j 

47 , 

.044 
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'Faulk dediioefl fioiii tlu* prececiin^^, shovviri/^ tin* viiricitions of (Ik* HaioinetfM 

rediic(*d to 32 Fahr. 


Dircj |j(»t: 
nflhv 
\\ H)(J. 

No. of 
. OI)sor- 
I vations. 

..... 

. I'.M. 

N 

. 117 

+ .114 

4 .1 10 

NNH 

i ss 

+ .1,'>H 

+ .!.'> .5 

NK 


+ .(121 

+ .032 

LNK 

i ifi 

+ .100 

4" .O.jf) 

E 

i 7*1 

-.002 

i —.003 

ENE 

; gh 

+ .oas 

! 4-029 

SE 

1 ao 

— 12H 

- .12H 

SSE 

' af* 

-.i7h 

I -.21H 

s 

' 7a I 

-.107 

1 -.09s 

SS\A^ 

! hS 1 

-.100 

j -.113 

SW 

i loa i 

- .oa t 

1 — .o.'>0‘ 

W N\V’ 

,143 : 

- .0 1 a 

. +.003 

U' 

, sa i 

-r .023 

, +.030 

W'NW' 

' IH 1 

— .032 

1 +.013 

NW 

e':» 

+ .013 

; -.093 

NNW 

.")(i 

+ .01S 

j +.11S 

Mi’un . . . 

2!».s()a 

j 20.S3:. 


1 shall j)ot atti'nipt to cuter into any discii'^sion ol the influence of cle(‘trical 
}>henoincna upon the weather; no ohnavations with reference (o this f)a!‘t of 
tlic snhjeid have \ct ht'cn nnuh Iktc. 

I liavc to acknowled^^f the V(‘iy Ivind assistance of Mr. Deacon, (to wlioin I 
have ln*en indchtc'd before,) in forininc: the'Fahhs wliieli aeeornpany this paper. 

I havt‘ not discussed the eircannst.iiua's nndt'r which the o])servations hav(’ 
f)iM*n made which serve for the foundation of llu' results which are lieic pr('- 
s(‘nted. alliKUu;h I fear that the instruinents (aiiployed are nnwortliv of tht' 
So(M('ty and of the care bestowtd upon the ol)servations by Mr. IlrnsoN. d'bjk 
discussion would liave been nt'cessary if iny object had been to de tennine the 
mean temperature or the mean barometrical pr(‘ssure at l.ondon ; but as f ha\e 
only ('ndeavour(‘d to ascertain the tlnet nations of tlj(‘ baroint'ter due to certain 
causes, whose |)eriods are independent of any errors that may ai’ist* from tlie 
construction and eonditiem of the instrmnents, those errors are of little im- 
portance in the prt'eeding investigation. 
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Since this paper was read, Mr. Hudson has made some ol)servatious with a 
view to determine the diurnal variation of the barometer ; they were begun on 
the 26th of April, and have been continued to the present time, June 13th. The 
results are exhibited in the following Table, which seem to indicate a mini 
murn about 6 o’clock p.m. 


Mean 

N umber 

[ 

Attached 

Barometer 

Difference 

of Olisci- 

of Obser- 

Barometer. 

Thermo- 

corrected, and 

of Barometer 

vation. 

vauons. 

1 

meter. 

1 educed to ;VJ° 

from Meat). 

A.M. 






II. ITJ 






9 0 

49 

29.900 1 

61.4 

29.821 

-j- .023 

10 4 

43 

29.8S5 . 

62.8 

29.803 

+ .008 

11 2 

47 

29.H.95 1 

62.4 

29.814 

+ .019 

12 :i 

3S 

29.902 j 

63.3 

29.8 19 

+ .024 

r.M. 

1 4 

43 

29.s6fi ' 

63.3 

29.783 

-.012 

2 

44 

29.8H7 ! 

63.8 

29.803 

.008 

3 1 

49 

29 . 88 O 1 

63.4 

29.797 

+ .002 

4 3 

40 ; 

29.868 1 

64.1 

29.783 

-.012 

5 2 

44 

29.8:)6 

63.3 1 

29.773 

-.022 

il 4 

39 1 

29.837 

63.6 1 

29.733 

— .042 

7 3 , 

37 ! 

29.877 

63.2 ! 

29.794 i 

-.001 

S 4 I 

36 ! 

29.H.'»8 

61.5 

29.779 

-.016 

9 3 i 

3K i 

29.863 

61.0 

29.783 

-.010 

10 2 ; 

33 

29.896 1 

60 .h 

29.8 19 

+ .024 

11 2 ' 

34 ' 

29.884 ! 

60.9 

29.806 

+ .010 

1 1 2,7 ‘ 

34 

29.874 1 

60.4 

29.790 

-.003 

Mean . 


29.877 1 

62.6 

29-793 
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MI'TEOROI>(>(;i( AL .m)i;kn \l for Jl LY, 183U. 


IK'JO. 

July. 

‘l(,’ll.Kk 

A M 


.• M 

1).'« 
l‘iiiiit .It 

Extern.il Tin niinineti r 


JjlIIS tl(;n 


Ifiroiii 

Atl.u h 

Rsieni 

Alt II li 
I'lierni 

•1 A M 
in .ic- 

t ilir 

J .ihrt'nJicit 

0 A M j ; 1' M 

Scl/.reK 

islennji 

IJiKliest 

iiK ties 
He 1(1 (ift 
dt'iA M, 

ft the 
\\ 111(1 it 

■1 A M 

Keinaiks 

V 1 

2JI.1M.*{ 

71.H 

22 H02 

71.1 

do 

dHj; 

tid.t; 

y.i 7 

d2.7 


ESF 

Fine — clfiiHh — li.>tii tirisk mml 

V 2 

2!1 72h 

d2.o 

2:hd,'id 

d2.2 

di 

d.'i i 

d7 1 

.-ih s 

d/.d 

0.2.22 

■SSf. 

f ! iru — ( ifiiids-— sl)fAv pr\ — 

( bri’K wind 

h d 

2;t isi 

70 1 

22..''>.^0 

ds :t 

fii 

(‘>■2.0 

dd 0 

.2d.;{ 

ds 7 

0.1:, (, 

NM. 

( I .nr — (Inuilv — 111.111 wind thunder 

1 .iiid hulilnine With r.nn .it 1 1’ M 

; ■» 

22 7.SM 

di; 7 

22 S20 

d2 7 

.'iS 


71.H 

5a. 7 

72 7 

0.1^1 

\\ 

I'lne intl ( 1(M7 — ( limih 

1' h 

;hi (Mft 

dj .-{ 

.•{oot.-, 

ds 0 

.'id 

a2 d 

dd.2 


d7.7 


NNF, 

Oierejst — lif;tit wind 

o ’ 

.'t(M)2!' 

7o 7 

22 2;i0 

roil 

:i7 

dil.S 

do.s 

."1721 

d2.;i 


ssw 

(’IdiKij — brisk wind 

; 

22 c:, 1 

d2 :i 

22. d ri 

(»2,S 

do 

fi2.7 

dl.ll 

,>H.7 

d2.0 

O.OII) 

ssw 

Cioudv — lijttit shdvvers 

n « 

2;i.7;{;i 

7:i 7 

22 d7o 

d.s 2 

id 

d2.;{ 

d.i.o 


d7.2 

O02d 

NW var. 

I ini* and 1 Ii ar — In/lit tUmd. .(m w I'u! 

‘ !» 

2!».t(;i 

dd. l 

2'.t .'ij 1 

dd.2 

17 

:»2.h 

do.:, 

12.7 

d.!.,'! 


NV'NW 

I .tir — ( linidv 

b lb 

2!i 

d7 7 

22 .s,')7 

dd.:i 

.'lO 

dor* 

d.'i.J 

,'■>2.2 

tJdJl 

0.012 

\\ 

biKhtb <l(nid\ 

'-11 

2'».s;‘,i; 

t.2 ;! 

22 72.'i 

dl..{ 

:.a 

a7.r 

d2.l 


dl.7 

, 

1 

( IneiK — hjrht shnwi r. 

I 12 

2!L'iS;i 

i.:-,7 

22.SO.. 

dr 2 

hi 

d2.7 

di s 

a7 7 

i dd.l 

0.0.'’, d 

\V 

rini— I'limih — hhnw( r\ 

f l.'l 

1 .'Kl lad 

72 7 

.'{0.1 d| 

do 2 

, o" 

d:.. 1 

71.2 

1 IS.H 

72.2 

0.011 


Fkk Ki.d rlf ir — liftht (Inuii- 

" J 1 

' :50 120 

d7.ti 

;',o(M.o 

d.^s 

:.s 

dd .'l 

72 a 

i 7)1.7 ! 

i 71..*) 


S.S]’ 

T .ne — iK.irlv (Iriucllc.. 

V l.’i 

2'».'):m 

7o..‘i 

2!' 222 

7" 7 

' tni 

d7.} 

d2.K 

1 :»H.7 

' 70 K 


s 

I iiie— ln,)n rlnaih 

- Id 

.‘(M.O.'IK 

7 1 

.{o.o;{7 

71.d 

.'i;t 

fi7.r 

d.s.i 

' .-i/d 

72.7 


.SSM 

1 me — hj.dit ( lovi'h 

h 17 

;ioo7!i 

71 

22 272 

I do." 

, .'.d 

d.i 1 

di2 

.',2.K 

' dd.7 


SSF". var 

(A M rn ,.i I’ M (Odia.i At 

1 'i ( lit, hn'li w ind ..nd 1 im 
t V I'.irit, wind .md r nn — on 

' IH 

22 H21 

' »;7 1 

22 ^id 

d7.7 

0 ; 

d.i 7 

d2 2 

dl i 

d7.;{ 

O.OS.'! 

ssi: 

j ( iimied r.un 

' ill 

22 227 

72 

, ;toti;!'j 

70 .'i 

;.d 

t»d.7 

dO 2 

, ;ii.2 

707 

jo 222 


, Tini' — lij;hi clntids— bhi.werv 

• ■ 20 

.•SO 1 C! 

(p2 7 

;io i.-i;: 

7<C. 

.0 

dl 7 

dt 0 

7 

d2.0 

oo:>2 

S\\ 

1 lughlh 1 loiidt 

21 

;i0 22s 

ds d 

.‘io 22 S 

70.0 

do 

; d.» 2 

72.1 

7,0,d 

77.7 


Vi' 

! I'liii' — light (lodii* 

)i 22 

;!0.21s 

do 7 

.'{0 202 

70 2 

t.o 

d 1 ;< 

70 1 

do 1 

72 H 


U 

i Oveir.isi 

. 2;i 

;io i.-i;, 

71 1 

;{0.122 

72 7 

il) 

d.'.t 7 

72 7 

d2 2 

77.2 


su 

t Overr.nt Tmi A M 


!' 21 

20 020 

710 

20 1 Id 

7 1 2 

' 02 

70.2 

7.').o 

di.i 

/.* / J 


S\\ 


2o.2d.'i 

71:; . 

2<» 'l.'i.'. 

r.'i fi 

dJ 

ilo 7 

72 s 

:>2 d 

sl..-i j 


sw 

( 2d 

20 2 so 

72.2 

20 i)d 

7s;; 


77 -2 

M fi 

d<:.2 


1 

s 

27 1 

20.272 

SO'; 

:io 1 1 

7>^ K 

tin 

rd 7 

SI S 

(id.d 

s;i 7 ' 


I. 

7 2S ‘ 

20„'td2 

1 77.7 

;,o;;l2 i 

77 ♦) 

d7 

71 :> 

SO 1 

d,0..2 

s'j.i; 

i 

N 

11 22 

;io 127 

7^2 

20.117 i 

72 1; 

dS 

7.1.7 

SOS ■ 

dl.;; 

s;t.;i 

! 

nm: 

; ;io 

22 277 

7s. 7 i 

2!t211 ! 

SI 0 

; o.t 

7d..'; 

S2 S 

♦ill s ; 

S.i.h 

<1.014 

w 

h 21 

2o.od.> 

1 712 

2007,2 j 

7S7 

{ <d> 

71.7 

' 

dd.7 

72.7 

1 

i M 


Me.-m 

1 Mean 

2„.,„ I 

.Ml .III 

. 2Kmii 

1 M. m 

; m,mi. ; 

Allan 

Aleati 

J .Sum 



22.2SS 

I 71 1 ' 

j 22,27-) I 

71 .-) 

1 .'tS 

1 t;i;.2 

! 70.1 1 

.■>s 1 

i 

i 1.207 

i 


1 im ,111(1 rlc ir— lifjlil 
1 UK — 1 Knui). 

1 IIU'— lit-’htU \ limiU 
( U ar .Hill ( InuiiU 
C l(Mr 1(1(1 ('li)ii(ll( 

Tint' — liithth r U-iirlv 

1 .IK' 111(1 ric ir—Iif’lith rliiiitli 

A M OiTn .ist 1 ' M T irif aiiil rlfir 


Muntlily Mimi ol tLc I5,jroim't(.'T. comrU'd Idr C’.iiiillarity aiul ii-diici'd to, '{2- I'.ilir 


■ I :*'> 


r.:\J. i 
2!) s;7 \ 


-- s;i fi'i'i 2^ 1 

K.Hit) feel. 


(>l?Sl,U\d\Nl)A. 

Ileif^hi of tiu’ Cistern o( the Ihiionieler .ihoM- ii Fixed Mark on W iteiloo Uridine 

alioM- tlie mean le\el of the Sea ^[ite'-uiiied atn 

'riu I'.xtem.il 'l lu'i iiutnu'let is 2 let I tuj'le'r than the Haii'metet ('i-.tern 

] leielit of till' Heeeiiei of ilie llain (latu^e above tin Court ol .Stnnei -.et House 72 ieet 0 in 

d'he hoiiis of ohsei v.itioti .tie ol’ Me.iii I’line, the day heiiiniiinp at Midnight, 

'J'lic 'riieinioineteis aiy griidnated by I’.ihii iiheit’s Stale. 

The IJaioinetei is divideu into iiuhes and dei itnals. 




METEOROLOGICAL JOURNAL FOR AUGUST, 1830. 


1 1 9 o’clock, A. M. 1 3 o’clock, P.M. I Tw | ExternalThermomotcr. I 

1 


lUQA Point at 


’ D»r(s'tion 


9 A.M. ■ ' ■ 


! ('f the 

Remarks. 


Setf.reginterlng. Reiul off 1 Wind at 

August Barom. Btrom. gTrew of 

atllA.M 

9 A.M. 


Fahr. 9 A.M. 3 P.M. 

Lowoat, Higliest. 

I 


O 1 30.()26 74.6 29.951 75.1 55 71.6 75.4 

60.6 76,3 

ssw 

r Fine and rleiir— light brecic . Evening 
i lowering. 

)) 2 29.844 71.8 29.862 74.3 59 67.2 71.7 

58.7 72.2 

ssw 

/ A.M. Showery. P.M. Hnc and tleai 

1 —light cloud*. 

^ 3 30.023 72.4 30.052 72.7 55 67.3 70«5 

55J 71-3 0.281 

w 

/ Fine and clear— cloudv. Evening 

1 lowering. 

O ? 4 30.071 67.8 29.982 73.4 61 64.4 73.7 

58.7 75.7 

; ESE 

1 A.M. Cloudy. P.M. Fine and dear— 

1 light clouda. 

n 5 29.918 71.7 29.963 73.3 58 67.3 72.7 

64J 73.7 

W 

Fine— lightly cloudy. 

? 6 30.032 69.7 30.035 70,7 51 611.7 68.3 

53.3 68.7 

wsw 

Clear— cloudy— light wind. 

k 7 29.948 67.3 29.870 70.3 48 64.6 68.7 

55.7 70J) 

ssw 

Fine— lightly cloudy. 

Q 8 29.72;i 64.8 29.737 69.8 56 62.7 69.8 

57.6 70.7 

ESE 

Fine— lightly cloudy . 

j) 9 29.842 67.7 29.788 70.8 68 64.7 69 8 

56.3 72-3 

ESE 

Overcait 

(? 10 29.664 66.4 29.^19 6<).0 61 62.7 65.2 

57.6 66-3 

ENE 

OvCTCJUt 

^ 11 29.729 65J} 29.714 70.3 60 61.7 71.8 

57.8 73.4 

SSW 

A.M. Harv. P.M. Fine— at night, rain. 

71 12 29.770 70.7 29.802 71.1 67 65.8 69.8 

57-3 70.7 0.072 

SSW 

Fine and ctusr— light cloud* and wind 

^ 13 29.700 66.1 29.687 66.8 60 60J1 6;i.8 

58.6 (>3.5 0.028 

WSW 

A.M Rain. P.M. Fine Thunder at 

h 14 29.892 60^3 29.734 66.8 55 61.3 60.0 

53.3 66.7 0.736 

wsw 

A.M Fair P.M Heavy ram 

0 15 29.760 65.4 29.808 68.7 54 59.7 66.7 

52.3 6S>.3 0.697 

WNW 

Fine nml clear— cloudy 

:> 16 29.957 65,3 29,942 66.7 51 59-3 64-3 

48.7 67.7 

W 

F'ine— light liarr and cloud* 

({ 17 29.978 63.3 29.955 65.6 49 56.7 61.6 

46.8 t».8 <».03H 

W 

) Fine and clear— lighil) cloud) . Eieir 
i ing, tain 

# ? 18 30.155 1 62.7 | 30.185 61.3 47 56^ 62.6 

46.8 j &3.6 0.169 

N 

Fine .ind clwir— light cloud* and w irid. 

11 19 30.175 i 59.7 ! 30.118 6.3,9 47 56,7 j 62.3 

47.7 1 65.2 0.014 

NNW 

Fine atiii clear— light ('loud* 

9 20 29.975 I 58.4 29.957 63.7 44 54.7 59.3 

47.0 j 62.0 

NNW 

Finev- lightly cloudv 

h 21 30.014 1 60.5 29.986 64.0 50 56.0 63J1 

50.0 j 65.5 

NNE 

A.M Overeat! P.M hiiic 

0 22 30.031 62.0 30.024 64.3 50 58.7 66.7 

47.0 1 68J) 

S 

Fiim>— light cloud* At night, light ram 

}) 23 29.991 64.0 29.958 67.2 5 7 62.0 65.8 

58.0 j 6S.0 

N3V 

Oven, JMt 

24 29.883 61.4 29.888 62.0 56 61.4 68.8 

66.6 ! 70.8 

SW 

I'lne— light cloud* At night, rain 

9 25 29.807 65J? 29.770 fKl.O 56 62.8 65.0 

56.6 1 69.8 

WSW 

0*erra,*i— light wind— «ho» cry 

21 26 29.849 64.2 29.873 66.9 55 61.0 64.6 

55.8 j 65.5 ( 

SW 

Fine Hud clear— light wind 

9 27 29.782 64.6 29.625 67.8 58 60-5 66.0 

51.0 1 69.0 

S 

1 A.M Clear P..M. Overt a*l At night, 

h 28 29.391 64.4 29.457 66.5 53 58.6 6.3.5 

54.8 1 64.6 0.250 

s 

( A M Overr*»t~»howcry PMC lear. 

1 Jleavv ram at Ih 

0 29 29.931 64.5 29.996 66.2 50 59.0 62.8 

49.8 ; 65.6 0-5(Kt j 

wsw 

1 A.M ( lear P M. lUun. Thunder 

1 with ram at Ih 4Am 

1) 30 30.223 61.5 30.192 frl,6 44 50-5 6;i.4 

46.6 1 61.4 1 

wsw 

Fine— light hari' 

31 30.291 59.8 .30.261 64.2 48 55.0 66.0 

46.0 ! 67.0 j 

s 

Fine and clear 

Mean Mean Mean Mean Mean Mean | Mean 

Mean i Mean Sum 



29.916 65.5 29.897 67.9 53 61.1 66.6 

1 

53.9 1 68ii 2.685 



Monthly Mean of the Barometer, corrected for Capillarity and reduced to 32*^ Falir. .. 

{ 

9 A.M. P.M. ) 

29.8.34 29 808 f 

OBSERVANDA. 



Height of the Cistern of the Barometer above a Fixed Mark on Waterloo Bridge 



1 above the mean level of tlie Sea (presumed aliout) 


The External Thermometer is 2 feet higher tlmn tlie Barometer Cistern. 

Height of the Receiver of the liain Gauge aliove the Court of Somerset House . 
The hours of observation are of Mean Time, tlie day beginning at Midnight. 


»79 feet 0 in. 

Tlic Thermometers are graduated by Fahrenheit's Scale, 
llie Barometer is divided into inches and decimals. 






METEOROLOGICAL JOURNAL FOR SEPTEMBER, 1830. 



9 o'clock 

A.M. 

3 o'clock 

,P.M. 

new 

External Thermometer. 









Point at 





Rain, in 

Direction 


1830. 

iloroin. 


Bnrom. 

Attach. 

‘1 A.M. 
in d«. 

Fahrenheit. 

Self-icgiitcrinK 

incht». 
Riad off 

of the 
Wind at 

Remarks. 

Septem. 

Therm 

Therm. 

Ifree# of 
Jahr. 









y A.M. 

3 P.M. 

Ixiwcst. 

Higheit. 




5 ? 1 

30.312 

61.8 

30.291 

65.H 

49 

58.5 

€7.6 

50.0 

6H.H 

0.250 

sw 

Fine and ( Icar. 

O V 2 

30.2(H) 

62.6 

30.085 

67.8 

52 

57.8 

67.0 

50.6 

69.8 


wsw 

Fine— lightly overcast. 

? 3 

29.8;ir) 

63.6 

29.812 

65.8 

51 

60-5 

63.2 

,53.4 

65.4 


S var. 

Fine— lightly overcaat. 

h 4 

29.934 

62.2 

29.966 

(53.2 

33 

58.0 

02.8 

332J 

65.8 


N 

Fine and clear— light cloudn. 

0 3 

29.704 

61.2 

29.697 

63.2 

35 

57.4 

64-6 

54.2 

65.2 


WNW 1 

Overcast— light rain A.M. 

)' fi 

29.362 

61.1 

29.493 

61.9 

33 

58.2 

62.1 

52.0 

6,3.6 


SW j 

f OvercAiit. Thunder and lightning, 

1 with hcav, ruin at 44 P.M. 

7 

29.748 

61.4 

29.779 

(53.6 

33 

57.6 

59.8 

34.0 

62-5 

0.230 

W var ! 

Fair— lightly overcait. 

r} 8 

30.(K)1 

61.0 

30.079 

64.8 

53 

57.8 

6,3.0 

33.6 

64.2 


S£ var. 

Fair — lightly ovcrcauit. 

n 9 

29.863 

602) 

29.792 

62.8 

30 

57.6 

39.0 

49.2 

61-3 


S 

Ovcrcajt. At night, rain 

V 10 

29.637 

39.7 

29.701 

651.2 

56 

56.4 

61.8 

54.0 

63.0 

0.373 

W 

Ovcrcajil. A.M . early, ram 

h n 

29.777 

57.3 

29.736 

61.8 

47 

53.6 

()0.2 

45.8 

61.4 


SW 

Fine* — light cluud» 

O 12 

29.388 

39.0 

29.326 

61.3 

50 

36.2 

58.4 

51.0 

60.6 


s 

Fine— light cloudii— ahower*. 

13 

29.189 

38,2 

29.318 

61.4 

49 

54.0 

60.0 

47-5 

62.0 

0.250 

sw 

Fine— light clouds. 

d H 

29.11.') 

39.6 

29.4fH) 

62/j 

51 

37.3 

61-3 

50.0 

65.2 


s 

Fine — light clouds. A M, early, rain. 

^ 13 

29.663 

39.2 

29.637 

62.2 

19 

57.5 

62.0 

49.2 

63.4 


SE 

Fine— lightly overcast. At night, rain. 

V Ifi 

29.(506 

61.4 

29.710 

j 63.3 

51 

59,0 

6:1.1 

36.3 

65.6 


WSW 

Fine and clear. 

• V u 

29.686 

38.3 

29.611 

61.(5 

33 

54.8 

39.0 

,)1.3 

59.8 


E 

Overcast, light rain A.M. 

b IH 

29.394 1 

39.6 

29.(581 

(5'i 0 

52 

53 8 

59.4 

52.0 

63.5 

0.230 

SW 

Lightly overcast. 

019 

29.962 

3H.4 

29.86(5 

62;i 

49 

33.2 

60.2 

; 47.2 

63.2 


S 

A.M. Fine and clear. P.M. Ram 

]) 20 

29.641 

60.0 

29,609 * 

62.8 

30 

56.5 

61.6 

52.0 

63.8 


sw var. 

1 

Fine and clear. 

21 

29.2(H) i 

37.8 

29.231 i 

61.3 

32 

5,3.0 

56.0 

51.0 

58.2 

0.250 

1 ESE 

A.M lUln. P M. Fine, 

<? 22 

29.371 

.33.2 

29.677 

39.2 

46 

30,6 

59.5 

43.0 

60.2 

0.230 

! wsw 

Fine and clear 

n 23 

29.323 

37.1 

29.110 

(50.3 

32 

58.4 

60-5 

30.0 

62-5 


[ S var. 

Fine— showery 

? 21 

29.673 

36.3 

29.394 

38.8 

4(5 

53.8 

52.« 

47.0 

57.H 


S var. 

J Nearly cloudless. P.M. Had with high 

1 wind 

h 23 

29.736 

36.0 

29,8(H) 

58.8 

43 

53.6 

58.5 

46.8 

59.8 

0.230 

WSW 

Fine and clear— light wind 

kO 20 

30.212 

34.0 

30.282 

57.6 

45 

50.3 

58-5 

43.8 

60.8 


sw 

Fine— light clouds 

.) 27 

30.420 

34.8 

30.380 

38.1 

47 ' 

33,1 

59.6 

46-5 

61.2 


SE 

Fine— lightly ovcnaiit. 

28 

30.279 

57.6 

30.131 

39.8 

49 

37.6 

61.8 

63.2 

62.8 


SW 

Fair—lightly overcast. 

« 29 

30.037 

36.2 

30.023 

59.0 

31 

3,3-3 

56.8 

.50,0 

58.2 

0.2.50 

S 

Fair— lightly overcast. 

n 30 

30.109 

53.8 

.'10.016 

57.6 

47 

48-8 

,55.8 

44.0 

56.2 


SSW 

Farr— lightly overcast 


Mean 

IVlean 

Mean 

Mean 

Mean 

Mean 

Mean 

Mean 

Mean 

Sum 




29.789 

5S.9 

29.785 

<52.0 

50 

55.8 

fiOJi 

50.1 

62.0 

2.375 




— - 

— 

— 

— 

- 








Fo A.M. 3 P.M. 1 


Monthly Mean of tlic Barometer, com«ctcd fo> Cuinllarily and reduced to Fahr. 


29.712 ' 


OBSERVANDA. 

Height of the Cistern of the Barometer above a Fixed Mark on Waterloo Bridge 

* .. above the mean level of the Sea (presumed about) 

The External Thermometer is 2 feel higher than tlie Barometer Cistern. 

Height of the Receiver of tlic Rain Gauge above tlic Court of Somerset House 

The hours of observation are of Mean Time, the day beginning at Midnight. 

I'ho Thermometers are graduated by Fahrenheit’s Scale. 

The Barometer is divided into indies and dcdroals. 


• 83 feel 2i in. 
feet 


= 79 feet 0 in 



METEOROLOGICAL JOURNAL FOR OCTOBER, 1830. 



9 o’clock 

A.M. 

3 ci'cUx-k 

, P.M. 


1 External Hiennometer 




18^10 





! VohU At ' 




Itain, )i 

Djnvtini) 


■ 

Baront. 


Barotn. 

Attach. 

4 A.M 
in de. 

j Falirenhwi. 

1 S»U-r*jn«teniiR. 

iiifhe* 
Bead ofl 

of tl>c 
Wind at 

Remarks, 

Oct. 

TJierin. 

'rhenn. 

Rvees 0 




— — - 

atitA.W 

t) A.M. 







Fahr. 

i.4 A.M. 

3 P.M. 

j l.A>weAt. HigheKt 




1^ 1 

30.079 

54.5 

30.071 

58.8 

46 

' 53.5 

58.8 

44J? 

j 60.5 


S var. 

Lijlhtl> cJ(iuii> . 

0 k 3 

30.119 

57J 

30.019 

59.5 

49 

1 57.6 

59.8 

53.1 

i 62.0 


SE 

LlRlitly cioiiiJ} , Rain at night 

o 

30.(H>8 

59.0 

30.034 

80.6 

58 

! 59.4 

59.8 

56.2 

61.0 


S 

ttvcrcait— light rmn. 

)) 4 

30.152 

58.9 

30.257 

61.8 

52 

1 66-5 

60.2 

51.8 

62.8 


ssw 

Fini*->light hare 

5 

30.439 

55.0 

30.111 

59.0 

45 

j 50.9 

57.6 

43.8 

58.6 


S vjir. 

Fine— light ckiud) 

^ fi 

30.404 

55.0 

30.344 

56.6 

47 

! 61-1 

53.4 

45.2 

51.6 


wsw 

Fair— I ki*)' 

n 7 

30,385 

55J2 

30.383 

58.4 

49 

53J) 

59.6 

48.0 

60.8 


WSVV 

Fair— !)«*> 

V H 

30.195 

55.8 

30.470 

57.8 

50 

52.8 


lH-3 

6U 


\V 

fair— light clondi 

h !) 

30.5;i8 

58.3 

30-531 

59.3 

18 

54.8 

57.6 

52.0 

584? 


NW 

()»erca!.t— hu*\ 

©10 

:{0..5l7 

.58-3 

.30.493 

68.8 

51 

04J2 

59.4 

5041 

59.4 


NNK 

I.igiitlv (toud'y 

}; 11 

30.411 

53.7 

30.352 

57-5 

50 

51.4 

54.8 

4,5.7 

5541 


E 

— light h.i)rr 

^ 12 

30.3fifi 

54.7 

30.317 

5<».K 

19 

50.7 

55.4 

49.3 

61.2 


N.\ K 

t>»erc,iRt — liaKv 

C l.'l 

30.101 

54.0 

30.374 

58.1 

47 

51.2 

673? 

16.8 

594i 


K 

Fine ;llnj ClpHT 

V. u 

30,310 

53.3 

30.2H9 

56.0 

41 

19.1 

.5.3.8 

46.0 

55.2 


K 

Kiiic .itiii clear 

4' lo 

30.273 ■ 

50j? 

30.190 

53,8 

38 

46.3 

53-5 

404; 

532) 


Ksr. 

ti[ic.uv)flc«r 

• h 

30,279 

49.1 

30.277 

53, (t 

a 

42.6 

.53.0 

39.0 

532) 


NM' 

A M. 1 og. P M 1 itu and i Ic.u 

©17 

30.374 

50.2 

;M>.318 

53.0 

42 

17.8 

53.4 

41.5 

534? 


ESi: 

AM. log PM lu)i-i.i/\ 

> IS 

30.290 

50.2 

30.198 

53.<; 

43 

48.0 

55.2 

42.1 

56.0 


r. 

1 me ii)(l ( leaf 

C? 1« 

30.035 

.52.8 ' 

29.994 1 

66.2 

16 

53.5 

59,8 

17.4 

61.2 


ESE 

l-.nr— hglit ( toinl* 

? 20 

3(h052 ; 

56.2 

.30.051 j 

59.0 . 

.51 

57.8 

62.2 

53.8 

64.8 


.S 

1 O'l and ck.u 

If. 21 

30.210 1 

59.0 1 

.‘10,210 1 

61.5 i 

53 

! 58,5 ■ 

83.8 1 

5 1.8 

66.0 


8 1 

i iiuwhjd.t cloud' 

^ 22 

30,303 i 

60,2 

30,284 1 

63-5 ; 

55 

; 60.0 , 

65.0 ' 

51.8 

66.5 


.S 1 

lint — Lriik w >n(i 

h 23 

30.118 1 

59.8 

30,487 i 

61.2 ; 

50 : 

[ 55.2 : 

57.8 1 

53.8 1 

58.6 j 


VV var. j 

rtnt — lights 10 ( rr >«t 

©21 

30.187 1 

57-3 

.30X»2 1 

59.5 1 

17 

1 5 1 ,6 i 

6.3J? ! 

492) 1 

57.0 


sw i 

(loudi. AM rtiKk ha.o 

ji 2o 

30.08.3 

57.9 

29,920 I 

59.8 1 

52 

55.8 

.59.5 j 

51.2 ' 

59.8 


s 1 

t)un.ut U.t.n A M 

J 20 

30.021 

.55.8 

30,118 1 


45 

48.9 

50.0 1 

46.2 1 

52.2 1 

0.708 

^ 1 

J. ioo~|ij.,li( ( loud^ 

'7' 27 

30.;i72 

49.4 

30.278 i 

( 

35 

41.0 1 

51.2 

3.14? ; 

512) 1 


sw i 

Fair— llaJt^ U.un at iiiglit 

1). 28 

29.940 

54.1 

29.888 ■ 

57,1 * 

49 : 

51.8 

59.6 

40.2 

60.6 : 

0.t)73 

sw i 

(Iwud^, Ihoa t tiigiit. 

V 29 

29.895 

53.2 

29.871 

55.2 

43 

; 48.8 

52.5 

45.5 

53.4 

0,100 

W.SW 

A.M. bine an, 1 1 lour P M ( loud; 

h 30 

30.014 

49.2 

;i0.033 

51,0 

37 

42.1 

46.8 

39.0 

512) 


S vnr. 

Fine— ligiit flour, 1' 

©ai 

29,918 

i 

50,7 









SW 

t A., M boggy PM N'l.'irl) clondlciv- 

29.923 

53.8 

50 

51.7 

57.9 

41-3 

5821 


1 liglitwirid 


Mean 

Mean 

Mean 

Mean 

Mean 

Mean 

Mean 

Mean 

Mean 

Sum 




30.210 

5 1.8 

30.212 

57.4 

47 

52.0 

57.1 

47.0 

58.1 

0.881 

! 



Monthly Mean of the Barometer, corrected for Capillarity and reduced to 32® Fahr. | 

9 A.M. 3 P.51. 1 

30.188 ,3tl.l.51 S 







OBSERVAND.-^. 





Height of the Cistern of the Barometer above a Fixed Mark on 1 

'I'aterloo Bridg 


»83fect2f in. 


above the mean level of the Sea (presimied about; Teft. 

The External 'lliermometer u 2 feet higher tlian the Barometer Cistern. 

Height of tlie Receiver of the Rain Gauge above the Court of Somerset House =^^79 feet 0 ii 

Tire iiours of observation arc of Mean Time, the day lieginning at Midnight 
The Thermometers are graduated by Fahrenheit’s Scale. 

The Barometer is divided into inches and decimals. 
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9 o'clixik, A.M. 

.*1 o’clock, P.M. 

Barom. 

Attach. 

llterm. 

tSS: 

30.127 

54.3 

30.130 

56.2 

30.111 

.54.0 

30.085 

56.8 

29.927 

54.8 

29.843 

56.6 

29.850 

55^1 

29.8,31 

56.8 

29.961 

54.4 

29.873 

57.0 

29.570 

56.7 

29.397 

58.4 

29.136 

56.5 

29.246 

56.7 

29.<W4 

49.6 

29.732 

52.5 

29.902 

47.7 

29.881 

.50,1 

29.775 

50.2 

29.681 

5.3-3 

29.5;w 

52.7 



29U)12 53.5 

30.0;5.5 51.0 

29.815 

48.9 

29.651 

51.0 

i 29.626 

51.2 

29.606 

53.3 

i 29.603 

50.2 

29.655 

52.6 

^ 29-312 

53.2 

29.065 

51.1 

i 29.18,3 

50,6 

29u>50 

52.5 

I 29.781 

47.8 

29.87,5 

47.8 

: 30,206 

16.8 

30.210 

48.0 

' .’Jo.ikk; 

46.4 

29.932 

48 J) 

1 29.936 

\U 

29.893 

51.2 

29.751 

50.2 

29.889 

51.2 

30.1.52 1 

47.5 

30JJ12 

49.0 

30.418 

44.6 

30.122 

45.1 

30-386 

41.8 

.'10-'15N 

‘Ui.H 

30.120 

-h3.2 

29.994 

14/i 

29.750 

42.3 

29.671 

44.0 

29.493 

12u» 

29,551 

41.8 

29.787 

41.8 

29.835 

45.2 

JS(9.924 1 

45.4 

29.91 1 

46.2 

Mean 

Mean 

Mean 

Mean 

29.83.3 

49.3 

29.819 

51.1 


External Hjermometer. 


Fahrenheit. 
UA.M. 3 P.M. 

53.4 .57.0 

51.7 56.5 

52.4 55.5 

49.7 55.6 

50.8 54.6 

55.7 58.4 

51.5 51.6 

45.4 49.2 

40.1 4H.2 

49.6 53.2 

49.6 50.8 

48.3 

46/> 48.9 

50.5 52.8 

47.8 51.8 

53.6 54.8 I 


13.6 47.2 

45.0 50.8 

, 48.7 48.2 

i 12.0 46.8 

; 37.8 40.6 

I 36.0 40.5 

I 38.6 40.0 

37.4 39.8 

42.0 45.2 

42.8 j 43.6 

43.5 44.4 


belf-regutenng. jji 
1/owext. Highe«t.j^ 

49.6 57.7 

49.3 57-3 

50.7 55.7 

48.3 55.6 

47-3 55.7 j <1 

50.5 58.5 I <1 

50.8 51-3 jO 

41.7 49.2 U 

34.7 48.7 1 

I 39.3 53.0 < 


42.2 53.4 I ( 

46.8 54.8 

41.8 51.6 t 

382» 44.0 ( 

34.6 42.2 

35.5 47.4 

40jJ 51.8 

44.0 51 J ( 

40.0 47.2 

35.8 40.4 

33.0 40.5 

34.8 43.0 

.'14.8 41.0 

36.0 45.2 < 

41.2 43.6 


Finf and dear. 
Overcast. 

Fine — light cloud*. 


Cloudy. High wind through the night. 
A.M. lUin. P.M. Fine-light cloudi 
Full*— hghttjr cloudy. 

Cloudless— light haze. 
fA.M.CloudW* F.M. Eight ram. At 
t night, high brisk wind, witli shower*. 
A.M. I-iue. P.M. Light rain 
I'lne— hglit liazc 
I'ine— light cloud*. 

Fine — lightly overcast. At night, raui. 
Fine— light cloud*. At night, rain 
Itiln — bn»k wind. 

( Fine— light clouds. Hail ttonn »t Sjh 
I P.M., and tain at nigiit 
Strong fog 
Fine— hary. 

Overcast. Rain P.M. 

Fine— lightly overcast. At mghi, ram, 
Fine— light cloud*. 

Fine— hary. 

Haay 

Fin*— haxy. 

Overcaet. 

Fine— light clouds. 

Overcast. Light ram F M. 

Overcast. Light rain A.M 
Overcast— Lght nun. 


Mean Mean Mean lilean Sum 
45.8 49.0 41.9 49.7 1.700 


Monthly Mean of the Buromuter, eorrtx'Utd for Capiil&rUy and reduced to 32® Falir. 


OBSERVANDA. 


Height of the Cistern of the Barometer above a Fixed Mark on Waterloo Bridge 

above the mean level of the Sea (prchumed about) 

'13ie external Thennonieter is 2 feet higher than tl»e Barometer Cistern. 

Height of the Receiver of tlic Rain Gauge above the Court of Somerset House 

The hours of observation arc of Mean Time, the day be^nning at Midnight. 

Hie Thermometerft ore graduated by Fahrenheit’s Scale. 

Tlie Barometer is divided into inches and decimals. 


= 83 feet 2^ in. 
= 95 feet. 
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9 o'clock, A.M. 

3 o’clock, r.M. 1 

Attach. 

Decern. Therm. 

Barom. 

Attach. 

Therm. 

^ 1 30.029 45.3 

30.010 

45.2 

y. 2 29.867 44.0 

29.740 

43.5 

? 3 29.602 41.8 

29.600 

42.4 

1, 4 29.752 41.8 

29.776 

42.4 

O 5 29.756 42.3 

29.590 

43.6 

D 6 29.118 43.0 

29.080 

44.5 

^ 7 39.150 45.6 

29.166 

46J) 

5 8 29JfH 46.8 

29.176 

47.0 

y. 9 28.897 46.2 

28.869 

48.0 

? 10 29.035 47-4 

29.119 

47.9 

h 11 29.314 43.5 

29,307 

45.4 

0 12 29.104 41.0 

29.(K15 

42.7 

j) 13 30.190 37.2 

30.277 

38.8 

S 14 30.398 36.5 i 

30.386 

38.8 

# ^ 15 30.471 38.8 ^ 

30^182 

40.3 

y. 16 30.361 39.2 

30.368 

39.9 

V 17 30.025 37.7 

29,960 

39.6 

18 30.162 37.0 

30.176 

38.5 

0 19 30.186 37.2 ■ 

29.971 

38.7 

]) 20 29.491 39,8 ^ 

29.558 

41.4 

(J 21 29.823 38.7 

i 29,784 

40.0 

5 22 29.(M;0 41.8 

29.400 

43.8 

2^ 23 29.427 40.1 

29.459 

40.0 

¥ 24 29.439 32.7 

29.314 

32.4 

25 29.284 28.6 

29.275 

29.7 

0 26 29.292 25.8 

29.260 

29.7 

)) 27 29.167 29.7 

29.165 

31.7 

J 28 29.041 32.4 

29.134 

33.3 

O ¥ 29 29.656 32.6 

29.t;57 

34.8 

y. 30 29.453 :i5.r, 

29.282 

37.0 

? 31 29.185 40.4 

29.374 

41.8 

Mean Mean 

Mean 

Mean 

29,588 39.0 

29,589 

40.3 


Kxtenul Thermometer. 


Fahrenheit, 
y A.M. 3 P.M. 

4^.6 42.0 

.39.8 37.5 


33 

38.8 

32 

39.8 

36 

44.5 

41 

44.6 

41 

45.6 

39 

45.6 

40 

43,0 

3;i 

36.8 

32 

3.'t.5 

26 

31.0 

24 

32.8 

31 

37.0 

32 

35.5 

29 

32.6 

28 

33.6 

29 

33.0 

28 

39.0 

30 

35.6 

37 

44.9 i 

31 

34,8 

13 

20.4 

16 

18.4 

19 

22.6 

28 

28.5 

31 

33.0 

30 

' 31.0 

33 

36.7 

12 

45.5 

Mean 

j Mean 

•n 

1 36.0 


Self-regUtering. 
LowMt. Highest. 

41.0 42.2 

38.. 3 39.4 

35.5 39.2 

37.0 .39.0 

38.0 4.3.i 

3.5.2 46J) 

43/» 40.i» 

44.0 45.0 

42., '. 47.2 

41.8 4.3..3 

31.4 42.0 

31.0 39jJ 

28.8 3.5.0 

28.3 40.2 

32.0 39.8 

I 34.0 36.2 

27.9 38.0 

31.8 30.0 

I 30.0 42.2 

30.2 41.8 

,*J3.8 41.2 

34.8 48.3 

I 32.0 34.2 

I 18.0 23.7 

! 15.8 24.5 

I 10.8 ,3<i.O 

I 21.7 32.2 

I 27-3 34.2 

28.0 30.3 

! 29.4 45.2 

j 35,7 45.1 

I Mean Mean 

I 32.2 39.4 


Itam, in 
Sncheii. 
Rt'ad off 
attlA.M, 

Direction 
of Ou* 
Wind at 

9 A.M. 

Remarks. 


ESE 

Ovcrcatt— light fog 


ESE 

OvciTMt. 

0.047 

ESE 

Foggy, Light rain A M 


SE 

Lightly foggy. 


ESE 

Finc^— light cloudi. 


ESE 

Overvait— light rain. 


E 

Ovcrcait. 


ESE 

Orercaat Light ram P M. 

0.294 

ESE 

OvciT.Mt. Rain A.M 

0.186 

s\v 

Light fog. 


s\v 

.lightly cloudy 


S3\’ 

rine—hghtly cloudy. 


s 

Fhk'— light hare. 


s 

OrmaM and fi^gy. Light rain P 


sw 

PoRkr- 

0,136 

E 

Flnp~lightlv < loudy Light ram , 


SW 

I’inc— light iloiid;!. Snow A.M. 

{ 0.186 ! 

N var. 

Fiiie—hght cloud* 


SW 

Overcant 


S var. 

Fiiit^light cloud* 


SW 

rini*~ha»y 


SW 

Light mill 

' 0.0,33 

ssw 

lla/> Snow early A M 

j 

NW 

FiiM— light l\ ( lonely 

I 

j 

WSW 

[ Ijghtly overcast aneil hary 


w 

Liglilly cloudy and liaiy 


E 

Light cloud* and haze 


E 1 

,\.M Snow. P.M. Light r i^^, 

j 

WSW 

I'air— light cloud*. 


ESE 

Ocorcait and toggy. laght ram 

j 

1 

S var. 

) Lightly pvfiraht ,iml e lonely— lirii 
1 ntcatly wttiel. 

Sum 

1 


0.882 

! 



Monthly Mean of the IJarometor, corrected for Capillarity and reduced to 32° Falir. 


OBSEIIVANDA. 

Height of the Cistern of the Barometer above a Fixed Mark on ^Vaterloo Bridge «=^H3 feel 2^ in. 

above the mean level of tlie Sea (presumed about) «95 feet. 

ITic External Thermometer is 2 feet higher than the Barometer Cistern. 

Height of the Receiver of the Rain Gauge above the Court of Somemet House - 79 feel 0 in. 

Tlie hours of observation are of Mean Time, the day beginning at Midnight. 

'Die Tliermometcrs are graduated by Fahrenheit’s Scale. 

Tlte Barometer is divided into inches and decimals. 
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XV. — Researches In Phi/sical Astronomy, By J. W. Lubbock, Esq. l^.P. and 

Treas. R.S. 

Read May 19, 1S31. 

On the Theory of the Mtmn. 

The method pursued by C'lairaijt in the solution of this important problem 
of Pliysical Astronomy, consists in the integration of the differential equations 
furnished by the primal pies of dynamics, uj)on the hypothesis that in the 
gravitation of the celestial bodies the force varies inversely as the square of 
the distance, and in which tlie true longitude of tlie moon is the independent 
variable ; the time is thus obtained in terms of the true longitude, and by the 
reversion of series the longitude is afterwards obtained in terms of the time, 
which is necessary for the purpose of forming astronomical tables. But while 
on tlic one hand this method possesses the advantage, that the disturbing func- 
tion can be develojied with somewhat greater facility in terms of the true lon- 
gitude of the moon than in terms of the mean longitude, yet on the other 
hand, the ditferential e(|uations in which the true longitude is the independent 
variable are far more I'omplicated than those in which the time is the inde- 
pendent variable. The latter equations are use<l in the planetary theory ; so 
that the method of ( uairaut has the additional inconvenience, that while the 
lunar theory is a particular case of the problem of the three bodies, one system 
of equations is used in this case, and another in the case of the planets. 

The method of Clairaut has been adopted, however, by Mayer, by Laplace, 
and by M. Damoiseau. The last-mentioned author has arranged his results 
with remarkable clearness, so that any part of his processes may be easily 
verified by any one who iloes not shrink from this gigantic undertaking ; and 
the immense labour which this method requires, when all sensible quantities 

2 H 
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are retained, may be seen in his invaluable memoir. Mr. Brice Bronwin has 
recently communicated to the Society a lunar theory, in which the same 
method is adopted. 

Having reflected much upon the difficulties of this problem, I am led to 
believe that the integration of the differential equations in which the time is 
the independent variable, is at least as easy as the method hitherto, I think, 
solely employed, and I now have the honour to submit to the Society a lunar 
theory^ founded upon this integration, which is in fact merely an extension 
of the equations given in my Researches in Physical Astronomy, already printed, 
by embracing tlmse terms whicli, in consequence of the magnitude of tlu‘ 
eccentricity of the moon’s orbit, are sensible ; and the suppression of those, 
on the other hand, which are insensible on ac(*ounf of the great distance of the 
sun, the disturbing body. By means of the Table which 1 have given (Table II. ). 
the developments may all be effected at once with tlie greatest facility. 

The first column contains the indices, which I have employed to distinguish 
the inequalities. The numbers in the second column are tlie indices affixed 
by M. Damoiseau, in the M^un. sur laThfior. de la Lime, p. 547. to tiie ine<pia- 
lities of longitude. 


n t — X ^ C7it — 1 = fi t if — g n t — v. 


0 


1 ^ 

21 

45 

2t^3x 

42 

73 

2 / — 3 X — z 

1 

30 

2^f 

22 

46 

2t + 3x 

43 


2 / -1- 3 .r + z 

2 

1 

1 

23 

21 

2 X 4- z 

44 

26 

3x-^z 

3 

31 

1 2 ^ — j + 

24 

53 

2 t — 2x — z 

45 


2t-3x 4- z 

4 

32 

i 2 < + X 

25 

54 

2/4-2X4- z 

46 


2 ^ 4- 3 X — z 

5 

16 

= § 

26 

20 

2x- z 

47 


2 X 4" 2 z 

6 

33 

~z 

27 

51 

2t~2x + - 

48 

75 

2 / _ ‘2x - 2z 

7 1 34 

2t + z 

28 

52 

2t 4- 2 X — z 

49 


4“ 2x + 2z 

8 

2 

2x 

29 

23 

X4- 2z 

50 


2x-2z 

9 

35 

2t~ 2x 

30 

59 

2 t — X — 2z 

51 


2 t — 2 X 4- 2 2 

10 

36 

2t + 2x 

31 


2 t 4" X 4“ 2 z 

52 


2 ^ + 2x — 22 

1 1 

19 

X z 

32 

22 

X — 2 2 

53 


x4-3z 

12 

41 

2 t — X — z 

33 

i 61 

2 t — X 4- 2 z 

54 


1 

H 

1 

13 

42 

2t + x 4- z 

34 

60 

2 / 4- X - 2 2 

55 


2 t 4" 4“ 3 2 

14 

18 

X — z 

35 


3z 

56 


x~32 

15 

39 

2t-x-t- 

36 


2/ - 3z 

57 


2 1 — X 4" 3 z 

16 

40 

4- JF — z 

37 


‘ 2/! 4“ 3 z 

58 


2t 4- x~3z 

17 

17 

2z 

38 

9 

4 X 

59 


42 

18 

43 

2 t — 2z 

39 

67 

2t~-4x 

60 


2t-4z 

19 

44 

2 / -f 2z 

40 


2 / 4- 4 X 

61 


2r 4- 4z 

20 

4 

[ 3x 

41 

27 

3x + z 

62 

3 



• Inconvenience arises from using the letter t in this acceptation. I have done so in order to con- 
form to the notation of M. Damoiseau. t Variation. X Evection. § Annual Equation. 
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63 

37 

2t-~2y 

105 

84 

<4* 

146 

.... y 

64 

38 

2/ 4- 2y 

106 

85 

t — 2x 

147 

.... 2t-y 

65 

5 

X — 2y 

107 

86 

t 4 2x 

148 

' 2/4 y 

66 

6 

X + 2y 

108 

9J 

t~it ~z 

149 


x-y 

67 

49 

2i-x-~2y 

109 

92 

/ 4 X 4 X 

150 


X 4 y 

68 

47 

2t~-x-^2y 

110 

89 

/ — X 4 X 

151 


2 / — .r — y 

60 

48 

2 t X — 2y 

111 


/ 4 X — z 

152 


2 / - x 4 y 

70 

50 

2f + .r + 2y 

1 12 


/ 2z 

153 


2 / 4 .<• — y 

71 

24 

z - 2y 

113 


/ 42z 

154 


2 / 4 X 4 y 

72 

25 

a + 2 y 

1 14 


t -2y 

155 


z ~ y 

73 

57 

2 / — z — 2_y 

1 15 


t + 2y 

156 


X 4 y 

74 

56 

2<-~z + 2y 

116 

100 

3/ 

157 


21 — z — y 

75 

55 

2 < + z - 2 y 

117 

101 

3 / — X 

158 


2 / — z 4 y 

76 

58 

2 t “f" ^ 4“ 2 y 

118 

102 

3 / 4 X 

159 


2/ 4x -y 

77 

7 

2x-2y 

119 

103 

3/-Z 

ICO 


2 / 4 X 4 y 

78 

8 

2x -f 2y 

120 

104 

3/4X 

IGI 


2 X y 

79 

65 

2 < - 2x — 2y 

121 


3< -2x 

162 


2 X 4 y 

80 

63 

2 i — 2x 4- 2y 

1 22 


3 / 4 2 X 

163 


2 / — 2 X — y 

81 

64 

2 < 4- 2 X — 2 y 

123 


3t — X — z 

164 

.... 

2 / — 2 X 4 y 

82 


2 < 4- 2 X 4- 2 7y 

124 


3/4x4* 

165 


2 / 4 2 X — y 

83 


x^z-'ly 

125 


3 / — X 4 X 

ICG 


2 / 4 2 X 4 y 

84 


x 4- s + 2 y 

126 


3 / 4 X — X 

167 


X 4 * - y 

85 


2i-.r--z- 2y 

127 


3 / — 2z 

16S 


X 4 X y 

86 


1 2 f — X — z 4- 2 y 

128 


3/4 2* 

169 


2 / — X — z - y 

87 


2 < + X -f z - 2 y 

129 


3/-2y 

170 


2 / — X ~ z 4 y 

88 


2 / 4- X 4- 14-2!/ 

130 


3/4 2y 

171 


2 / 4 X X. z; _ y 

89 


X — z ~ 2 y 

131 

120 

4 i 

172 


2 / 4 .r 4 s 4 y 

90 


.1 — 2 4- 2 y 

132 

121 

4 / — X 

173 


X — z — y 

91 


2/ — x4-2 — 2y 

133 

122 

4 / 4- X 

174 


.r — z 4 y 

92 


2 / - X 4 = 4 2 y 

134 

123 

4/ — z 

175 


2 / - X 4 X - y 

93 


2 / 4 X — z — 2 y 

135 

12i 1 

4/ 4 z 

176 


2 / — X 4 2 4 y 

94 


2/4 X — 242v 

136 

125 1 

4 / — 2 

177 


2 / -}• x-z-y 

95 


2z ~ 2 V 

137 

i 126 1 

4 / 4 2x 

178 


2 / 4 . 1 - — X 4 y 

96 


2z 4 2y 

138 

131 j 

4 / — X — z 

179 



97 


2 / — 2 * — 2 y 

139 

. . . . i 

4 / 4 X 4 z 

180 


! 2z4y 

98 


2 / — 2 X 4 2 V 

1 10 

129 ; 

4 / — X 4 X 

181 


1 2 /- 2 z- y 

99 


2 / 4 2 z ~ 2 y 

141 

I 

4 / 4 X — z 

182 


2 / - 2 z 4 y 

100 1 


2 / 4 2 z 4 2 V 

142 


4 / — 2x 

183 


1 2 / 4 2 z — y 

101 

80 

/* 

143 


4 / 4 2z 

184 


1 2 / 4 2 z 4 y 

102 

81 

/ — X 

111 

’l’27 ^ 

4 / — 2 y 

185 


\ * — y 

103 

i 82 

/ 4 X 

145 


4 / 4 2y 

186 



104 

83 

t — z 





1 



cos 2 t cos 2t ~ 1- cos 4 i ~ 

[.3n [0] 

cos 2 / cos .1' = * cos (2 t -h x) + cos ( — 2 t -f- ,r) 

[4] [-3] 

Hence the multiplication of cos 2 ^ by cos 2t produces the arguments 131 
and 0, similarly the multiplication of cos a- by cos 2 t produces tlic arfi^uments 
4 and — 3 ; proceeding in this way the following Table was formed, by writing 
down the indices instead of the arguments themselves. 

* Parfillactic inequality. 


2 H 2 
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Table I. 

Showing the arguments which result from the combination of the arguments 1, 2, 3, 4, 6, 
6, 7, 8^ 9, lOj 11, 12, 14, 17, 20, 35, 62, 101, 146 and 147, with the arguments 1, 2, 3, &c. 
by addition and subtraction. 
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Table I. (Continued.) 
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Table I. (Continued.) 
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Table II. 

Showing the arguments which, by their combination with the arguments I, 2, 3, 4, 5, 6, 7, 
8, 9, 10, 11, 12, 14, 17, 20, 35, 62, 101, 146, 147, produce the arguments, 12, 3,&c. in the 
left hand column. This Table is formed from the preceding, by making the numbers 
in the left hand column in that Table change places with the rest. A full stop is placed 
after the figure where it does not occupy the same cell as in the preceding Table. 
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Table IL (Continued.) 
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Table II. (Continued.) 
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Tablk II. (Continued.) 
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Table II. (Continued.) 
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Table II. (Continued.) 
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Table II. may be used in forming the developments required in the method 
employed by MM. Laplace and Damoiskau ; for this purpose it is only ne- 
cessary to make # = \ instead of w / — n,t 

— m . , . cnt nr 

and ^ = • • • gnt — V 

The notation throughout is the same as that used Phil. Trans. 1830, p. 328, 
with the exception of the indices of the arguments. 

In the elliptic movement ; 

a 5 r'“^ = 1 -f. 5 e® 4 - ^ -f 5 c -f- ^ c'^^cosx + 10 e*^I 4 - co» 2 x 

14K 74*1 .. 

4- a ’ cos 3 a? 4 - c* cos 4 x 

a* r~'* = 1 4- 3 4- 4 tf cos x 4- 7 c* cos 2 x 

=14-1^ a2 ^ 4. 3^ 4. cos x + y (* + *9“ e*^cos2 x 

4- cos 3 X 4- cos 4 x 

8 8 

a2r-2= 1 + I (1 + I «») + 2.(1+ «') CO. X + -I .<■ (1+ «.^C082x 

4. 1 ? cos 3 X 4- cos 4 x 

ar-^ =1 + c^l — -g^cosx + cos2x 4- g e’cosSx-f -|-c"cos 4 x 

~ 1 4. _ e / 1 — cos X — ~ ( I — \ cos 2 X — cos 3 x — cos 4 x 

a 2\8/ 2 \ 3 / 8 o 

= I 4-— - 2 e(l -^^co8x-|-(^i - cos 2 x-^^cos 3 x -^-cos 4 x 

1 + 3 c^^l + 0 -3c^l 4 - |-c5^cosx — ^ c+cos2x 4 - cos 3 x 4 - ^-cos 4 x 

— = 1 4-5 6* — 4 c cos X 4- cos 2 X 

a* 


4- r, cos 2 t 
4- e cos X 
4 - e fg cos (2 / — x) 

4- er^coH (2 t 4- x) 

4- r, cos z 

4- c, rgcos (2 < — x) + Ac. Ac. 
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^nt 

+ AiC 08 2 t 
+ cX<jCOsa: 

4- cX,co8 ( 2 t’-~x) 
+ c X4 cos (2 < + ar) 
4- c^XjCOSs &C, &c. 


The quantities X. correspond to the quantities in M. Damoiseau’s notation- 

= y*.4f,siny 

-f y*H7 8 ^“ ( 2 <~S>) 

4 .y«HMsin (2 < + y) 

-f ey5,4„sin (x — y) &c. &c. 
y =s tan < 

J r r, cos (X — Xj) 1 1 

“ »■<* { r- - 2 r cos (X' — X^) 4 - J 

f 1 3 {2 r r, cos (X' — 1 5 (2 r r, cos (X' — X^) — r-* I 

2 V ~ ¥ ' r/' 48 V " J 

= „,{_!. + - I CO, (X' - x,)^ + I CO, (X - X,) - 1- (X' - X,)^} 

— m, ^ X — ^1+3 cos (2 X — 2 X^^ 2 s* ^ 

_ ( 3 ( 1-4 sO cos (X' - \) + 5 cos (3 X' — 3 X,) I 

8 r;‘ I J 

. r~;(X'-X,)=rr, {co,'.-^'-(X-X,) + sm- ^^^X + X,-2.)} 

=.oo,cos.. ‘ - a (. - 

+ U‘ - I ^’) ( ‘ " '2 ^ ^ (1 - O (l - « + 2X) 




24 sin 


/ J _ e^\ cos 
Y 2 / sin 


(t^z) 


+ (‘ -* + -)- 4 (' - f '^'‘)Z « + * + ") 


- iV"-*'*™ (‘ + 2* + =) - ‘-^sTn (‘ + 3* + z) _ « - 2x + z) 


MDCCCXXXI. 


* See Phil. Trans. 1830, p. 343. 
2 K 
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16 sin ^ 


3 x + *)+|(l-|.,«)(l- 0 *?f(*-*) 


+ xC(‘ + 3 --^ 


COS . 2 X - z) + ^ ''P® ( < - 3 * - *) 

16 sin ^ ^ 48 '' 


'.•)('-^)S('-‘‘->-,V''S(‘— '■> 


+ - 2 -) + (‘ + 2 - - 2 *) 








16 8 »n 


64 si» 


24 sin 


r: «+3.) - -x r « -X + s.-) +^’ '[« (* + x+s.) 


16 sin 


48 sin 


+ rf 8 ''*s”n <' + ■**> } 

+ ««,sm‘ { (i - ii±^) Z « - 2 y) - 1 (' + — 2 y) + I (‘ - * - 2 y) 

+ T'<in(‘ + * + ^- 2 v)- 3 'Cn(‘-* + --- 2 ») 


+ Y (‘ - ^ - 2y) - ^ (( + X - X - 2y) + ;»(* _ X _ .- - 2,) 


r'^^r/'cos (X' ~ 


=: a,'' COS’* 


‘{4+{- ‘ + |+-^}(.=+v) + {I 


9 _ j_ 

8 ' 8 


9+819 
8 ^ 32 32 


8 ■'■ 32 ■‘’ 32}'**''''' {54 16 ■'■ 128 ■*■ 128}^**'*‘*'*^ 

[0] 
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[1] 

+ {_!+ 1+ |3_ 5 


4. / — J ?Z 4- +• i. \ Cj* 1 e cos a: 

^12 2 8^8 8^8/'J 

[2] [5]» 

[3] [7] 

^ 1-T + {t - re} *' + { “ 1 ~ I " 1} v}«co. (2* + *) 

[ 4 ] [ 6 ] 


£ 1 _ 3 

8 8 4 


\ 16 48 ^ 16 16 ^ 6 / 


+ {|- + i + 


/ 3 1 L 3 . 27 , 9 27 . 3 . 

I 8 8 '4 32 32 T6 32 




'i' >6’ COS 2 JT 


9_l _£_27_31 
8 8 32 16 32 i 


. J » 4. 3 4./ l -1\ 

^ 1 8“ ^ ^ I 16 16 2 J 

4./_ 1 ^3_9__1_ 
I 8 8 32 16 


l-e'^cos (2< — 2 a:) 
[9] tl9] 


I}--} 


c^cos (2 i + 2 *) 
[10] [18] 


4.J_3_ 3 9 1 ri5 

4 4 ^ 4 ^ 4^116 


*^ 8 8 32 32 16 


“^3^2} I 

[H] 


* The coeflficient of argument 5 being the same, c and e, changing places, that coefficient is not 
written down, in order to avoid useless repetition. 

2k2 
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+ l±^‘ 3 3 r 

1* < <-T + {-f-A+|*|^j 

+ " — i- _ 3 1 , ] 

32 32 /^^'' + ^/)|ec,C08(4r-») 


"{M-M- 

■I- +-' - 9 ^ 

1 3 ^ 24 177 + 


? ~1«. 3 
8 32 32 


J6 32 ■ 


i4)^C08 3;. 
+ / I 3 1 POJ [35] 

l24 f6/«'«>s(2<-3*) 

fl 3 1 

^ I 3 + r6/®’«‘»(2< + 3x) 

[22] [36] 


[14] 

5 __ 9 1 1 [‘^] 

16 32/ (*' + «i')|co» (2 / + ^ 

[ 16 ] 


^{~ 


I. + I . 9 
16 ^ 16 + 8 


■ I- + » ^ ' 

ll6 + 8 + 


^ 3 - 

8 16 re 


r^}e'e,C08(2/-2*_4) 

+ (-i_3_91 

I 16 8^ 16/' *'«>»(2< + 2jr+ -) 

+ / 3 3 „ , [30J 

+ (_ .3 _ 27_ 3 I 

I 16 8 r6/''’®.«w(2l-28r + ;,, 

+ / 3 1 3 , f27] f33j 

[16 ■*■“8 ii6/'"'/‘='»(2l + 2j._j) 

[28] [34] 

Je*co8 4x 
[38] [59] 


j^'e,cos (2x^t) 
[23] [29] 


[26] [32] 




1384 + 


~ + 1 + 3 

2 48 +64 
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128 128 16 


{ 


ij«‘co»(2l-4,) 
[39] [61] 

+ + i-)e‘co»(2<+ 4x) 


±- + A?5 

128 384 


6 J 


[40] [60] 

- 4. 1- ^ 

32 32 6 32 16 


I 2 ^ 48 ^ 32 ^ 3l 

[42] [55] 

[43] [54] 
9 


^|e5cos(3x + s) 
[41] [53] 


{- 


_ 3 27 

32 32 32 * 


[44] [56] 


L + 9. + 9- 

16 32 32 


H) } * *' (2t — Sx + z) 
[45] [57] 

+ {« + Is + 32 + T 


{ 


3 3 __ 3 

64 64 32 


1 . 

32 


[46] [58] 

+ A + J ^ -f 1 c«e,^cos (2 X + 2 2 ) 

64 64 32 ^ 16 32 J ' ^ 

[47] 

+ {I ^ 64 + 3 " + ^ + 3t}.= e«co»(2l-2x + 2x) 

[48] 

+ {I 2 + 64 + 3^ + 61 + l}*'*/co,(2l + 2x + 2.) 

[49] 

+ /i. +±- 9-- 3 + 3 A_1 +l-3\e..,.co.(2x-2z) 

1 64 64 32 32 64 64 32 16 32 / 

[50] 

+ {32 + 04 + 31 + ^ + I } - " " + 

[51] 

+ {k + 64 + 3l + I 4 + |}*'«.'cos(21 + 2x_2z> 

[52] 

^^ 2 .<{{,+ {_,_3 _ {-1+1+ ’ }e,«}«=o.2y 

[62] 


+ {• + {-‘+1+4}**''' {~*~T |}®-'|cos(2«- 

^ ** TiJO 


2y) 

[63] 
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+ { - 1^ — ^ jecos(x-2y) + || + ij«co»(* + 2y) 

[65] [66] 

+ |-* — .2 -J«co»(2 « — X — 2y) 

[67] 

+ j-i. + -L|<cos(2< + x-2y) + «,co»(x-2y) 

[69] [71] 

+ |i — .|.|e, cob(z + 2y) + |.l + i- 1 «, cos(2/ - z - 2y) 

[72] [73] 

4 j - - .|-Je,C 08 ( 2 « + z- 2y) + |^ + A + ^ J e^cos (2 x - 2 ) 

[75] [77] 

+ {f + t + 

[78] 

4 4 ije'cos (2<-2x-2y) 4 {-g" I } 4 2x-2y) 

[79] [81] 

+ {t + I 

[83] 

+ {}+ l---l-|-}ee,c05(x4*4 2y) 

[84] 

+ {1 “T + 

[ 85 ] 

+ { !- - 7 + l-|-}ee,cos(2«4x4^4 2y) 

[87] 

[89] 

+ {~T ~ T'*' T -7}««.<=“'(*-* + 2y) 

[90] 

+ {-T + 7-f + |-}«."™(2*-» + *-2y 

[91] 

+ {"4 + + + 

[ 93 ] 
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+ {- -f- + T T T 

[95] [96] 

+ {J-+ -|-}e,‘cos(2<-2*-2y)+ ||- + -g-} e,''co«(2< + 2*-2y) 
[97] [99] 

+ o’o,'sin*^ j-L + -Lcos(2*-2y) | 

[63] 

r cos (^' — 

= a<a,‘cos* + A(e» + e,«) + AeSeji* + |-i - (e" + e,«) 

+ I (<>‘ + e;) +feV,»}co«2<+ {-1 + | “ f '<’ } < 

[I] 


f CCOS X 

[2] [5] 


[3] [7] [4] [6] 

+ {-4 

[8] [17] 

+ {? -i|e,'}«^co»(2t-2*) + |X_ le«-±*,«}*cos(2< + 2x) 

[9] [19] [10] [18] 

+ {l - g (e'' + e,^) Jce, €<»(* + 1) 

[ 11 ] 

+ { -I + IB*' + fi (2 < - * -I) 

[12] [13] 

+ { > - J«e,ct»(i — ») 

[14] 

+ {- -||(e* + */)}e*,cos(2i-* + z) 

[15] 

+ {— - («“ + «,'’) }e»,co« (2< + * — *) - ^ cosSx 

[16 [20] [35] 

— c<»(2« — 3«) + ?^cos(2< + 3*) +5^eos(2i + t) 

48 48 4 

[21] [37] [22] [36] [23] [29] 
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+ ^e“e,co» (2 / — 2 * — *) — cos (2 1 + 2 » + s) + cos (2 * — s) 
[24] [31] [25] [30] [26] [32] 

— !^e<'ejCOs(2« — 2* + *)+ cos(2< + 2x — z) 

[27] [33] [28] [34] 

— ~.cos4x — ^co 8(21 — 4*) + -^e*cos(2< + 4*) + ?-Acos (3x + ») 

12 32 lo 8 

[38] [59] [39] [61] [40] [60] [41] [53] 

— lc'e,cos(2l-3x-c) - l^e^eiCOS (21 + 3x + *) 

[42] [55] [43] [54] 

+ £l?‘ cos (3 X — *) + Yg e’ «, cos (2 / — 3 X + x) + ^ e' c, cos (2 ( + 3 x — r) 
[44] [56] [45] [57] [46] [58] 

+ ^cos (2x + 2x) + A«'«i*eos (21 — 2x — 2x) 

1 6 4 

[47] [48] 

4- A e, cos (2 < 4- 2 x + 2 2) -f cos (2 x — 2 s) 

4 lo 

[49] [60] 

4> ?£e2c,^co8(2< ~2x -|-2z) + ^-cos (2< + 2x — 2x) 

^ [51] [.52] 

+ a’-a,^cos' Isin* 1 1 - 1“^'+ j cos2y -f | 1 4. A | cos (2 / - 2 y > 

[62] [63] 

— 3 ecos (x — 2 y) 4- ecos (x -4 2y) — c cos (2 / — x — 2y) 

[65] [66] [67] 

— ecos (2 1 -f X ~ 2y) — e,cos (jz — 2y) ~ cos (z -f 2y) 

[69] [71] [72] 

+ Cj cos (2 i — 2 — 2 y) — 3 cos (2 t + z — 2 y) 

[73] [75] 

4- A c^cos (2x — 2y) 4- e^cos (2x + 2y) 

[77] [78] 

~ Acos(2<-2x-2y) ~ Acos(2/ + 2x-2y) 

[79] [81] 
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+ 3 cc^cos (x + x — 2y) ~ ee^cos (x + * 4- 2y) 

[83] [84] 

— c coi (2l — x — z — 2y)4'3ce, cos (2<-f.x-fz — 2y) 

[8S] [87] 

+ 3 ee,coa (* — * — 2y) — ee,co> (* — * + 2y) 

[89] [90] 

4- 3 c <f, cos (2 i — X 4- z — 2y) — e c, cos (2 e + X — z — 2 y) 
[91] [93] 

— -|-C^^C08 (2z ~ 2y) ~ -~c/c08(2z 4. 2y) 

[95] [96] 

4- ^ cos (2 i — 2z — 2y) + —e^^coB (2 < 4- 22 — 2y)1 


4- o^a/sin^-L I ~ 4- -1 cos (2 i ~ 2y) | 

[ 63 ] 

Sl ss * 4 . ^e^4.^e^+ -e''c'^4-— e^ — e/l -- 4- ^ \ cos x 

[2] 

+ f'- {' + 1-*’ + f {'“ l- + 

[5] [8] 

+ I *-’}““ + 

["] 

[14] 

+ —e'* jco82z- ~cos3x — -|-c®c,cos(2x4- «) 


[ 17 ] [ 20 ] 


— --e-'e^cos (2x — 2 ) — ~ c cos (x 4- 2 z) e cos (x — 2 z) 
8 4 4 


4- y«^^co83z~ ^co84x-?il^cos(3x4-*) 
[35] [38] [41] 


MDCCCXXXI. 
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— ^ c’e^cos (3* — 2) — -^c*e^*C08 (2x + 2*) — Ae««^cos (2* — 2«) 
lo Id lo 


[44] 


[47] 


[50] 


'.j|«e,>cos(» + 3i)— •ji«e,’c 08 (x — 3«) + ^e,*cos4z 


[53] 


16 


[56] 


16 


[59] 


Terms in R multiplied by — ^ 

[ 0 ] 

+ {{ j- 4 >••+''>+ S 1 + T '■ } 

[ 1 ] 

4. 1 + |- I Ae,«}eco8x 


[ 2 ] 




[3] 


^ ~ T i T T 


[4] 


[5] 

f 1 19 „ 5 5 , 5 , , 5 „ 5 25 , 25 ^ , 

+ iT“T 6 ‘' “¥* + 2 *' +¥“¥'"¥*' 


+ W*'' 

[ 6 ] 


* Thif» multiplication of r®r^® cos (A' — A^)* by r/ may be effected at once by means of Table II. 
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'h ' + 4 - ? 1 } *,co.(2<+ *) 

[7] 

+ { -T + - 1 -4*'* + 1 *-’ + h- }*’"“** 

[ 8 ] 

■^ { 4 “ ¥*'” + T*‘” + f*'" ‘ ^ 

[9] 

+ { 1 - A e« - ± e,'‘ + I e,« + 4 } e' cos (2 < + 2 *) 

[ 10 ] 

cm 

+ i y^i6*+i6*' ¥*' T*' T+r2* +¥*' 


4 ' 32 '8 


[ 12 ] 

‘3^2 '-’+ + T + X) 

[13] 

+ { ‘ - ^ -¥ + ® - 4 + - '4 *'* - +'**''} **' 

[14] 


I 2 16 16 


4 32 8 ' 32 ' 


- c^'i — c/^ J « <^os (2 / — a: 4- ») 

[15] 


2 IG id ‘ ^ 2 ' ^4*^ 4 32 ti ‘ ^ 32 ‘ 2 


1 /-^ ec^cos(2 i4-*— 2 ') 
[16] 


3 n ^ o 6 , 5 ^ ^ ^ ..a ^ « a ^ ^ a _i_ I 

„e - + -~e, + ■ 


+ Y *' + ‘I c,’ + !j^ e,» - c,’ } cos 2 X 


. / ^ ^ C ^ - A + 1 -c 2 + - e ® ~ — — e« + — 4 . ~ - ?- e^» 

+ 1 2 T ' T ^ 2 ^ ^ 96 ' ^ 4 32 ' 8 ^ 32 ' ^ 2 4 4 ' 

[ 18 ] 


2 L 2 
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+ 14 8 * + 4 T + 32*' + F* 


75. « 4^ 

32 


35 


5 25 


25,. 


* 96 ' ^ 2 4 4 * 


[19] 

~-^cos3x-^ 6^008(2^-3*) + ?|e’cos(2^ + 3x) 4- | i 6^6, cos (2x + a) 
[20] [21] [22] [23] 

4“ I ™ 4- ^ } e® cos (2 / — 2 * — 3) — | — A 4. A | «« e, cos (2 i 4- 2 * + «) 

[24] [25] 

+ { A I I 6, cos (2 * — a) 4- I — 4- ^ I 6« e, cos (2 i — 2 X 4- 2) 

[26] [27] 

4“ I ^ + A I e® 6^ cas (2 < 4- 2 X — «) 4* | A 4- A — 5 | e cos (x 4- 2 e) 

. [28] [29] 

I (2<-x-.2s) 

[30] 

"*" { T *“ T 4 } ^ ^ ^ ^ {I 4- — 5 I 6 6^® cos (x — 2 s) 

[31] [32] 

4- I — ^ T ~ ^4} (2< — X 4- 2z) 4- { Y + -|'+ II ee/cos (2r 4 x — 2t) 

[33] [34] 

[35] [36] 

+ { - 4-8 + ¥ - ¥ + '^} *'’*“ ( 2 ^ + 3 .) 

[37] 


— ^ cos 4 X — ^co« (2 < — 4 a) + ^ e* cos (2 < + 4 it) 

12 32 10 

[38] [39] [40] 

+ {T“r6}*‘*'“*^^^ + *)+ {“:^~fi}*’*'“" 

[41] [42] 

[43] [44] 
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[45] 




[46] 


[47] 


+ {4 +^ + ^}«»«,»C(»(2<-2x-2») + {4-X+ + + 


[48] 


[49] 


+ { iVt “ I } + It' ” + ^ ~ 

[50] [51] 

+ { ^ T ■•■ 4 }*'*'““* ^^ ‘ + **“**) + { 1 + 1 + ^ “ ^ } 

[52] [53] 

f 25 16 15 4351 , , 

+ {-r6"T“2 -w}“' 

[54] 

+ {“44+ + + 

[55] 

[56] [57] 

[58] [59] 

^ r 9 ^ 125 . 5 , 145 , 7451 . 

1 16 96 2 32 192 J ' ^ 

[60] 

r 1 35 . 25 435 . 7451 . 

[61] 


Terms in H multiplied by — — sin* -i cos*~ ~ 

= {‘ ~ + |t^.«-4^,«}cos2y 

[62] 

+ { I + I - |-e,^ + 5 6,* I e,« - ^ .,*} cos (2 1 - 2y) 

[63] 

— 3«coa (x — 2y) + «cob(x + 2y) — ecos(2i — x — 2y) — ecM (24 + x — 2ji) 
[65] [66] [67] [69] 
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+ |— 1 (s — 2 y)+ ^ — 1 (* + 2 y)+ (2 < ■ 

[ 71 ] [ 72 ] 

+ |— 3 + |-|e,cos(2< + * — 2sr) + Ae«co8 (2* — 2y) + «• cos (2* + 2 y) 

[ 75 ] [ 77 ] [ 78 ] 

— -icos( 2 < — 2 * — 2 y) — •^cob( 2 <+ 2 » — 2 y) 

[ 79 ] [ 81 ] 

+ |3 — '^jec, cos (* + * — 2 ji)+|— 1+^J««, cos (»+z + 2y) 

[ 83 ] [ 84 ] 

+ | — 1 — ^|e«,cos(2< — X — z — 2y) 

[ 85 ] 

+ js — |-|cc,c 08 ( 2 < + x + z — 2 y) + I 3 — -yj e«, cos( 2 l — X — 2 y) 

[ 87 ] [ 89 ] 

+ I - I + ® I cc,cos(i - z + 2 y) + |3 - A|ee,cos ( 2 (-x + z - 2 y) 

[ 90 ] [ 91 ] 


+ I — 1 — ^ I «€,cos (2 < + X — z — 2y) + | ^ ^ + sj »,“cos (2z — 


2 y) 


[93] 


[9r.] 


+ I + 5}«.,^co.s(2z + 2y) + || + | + 5 } e,'cos (2 ( - 2 z - 2 ,/) 

[96] ' [97] 

+ — 'I + sjc, -cos (2< + 2z — 2y) 

[99] 


3 I 

Terms in R multiplied by - ^ ^ ^ 

= M + 1 I * { [ - ] - f • • * S - - S ' • - f 

+ {" ' +|- “!■*'’}*'“*+{■■ I +11*''+ ^ «/}««« (2'-*) 

[2] [3] 

+ re ““( 2 ‘ + *)+ {1 + 

[4] [5] 


•z — 2y) 
[73] 


I cos 21 

[ 1 ] 
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[ 6 ] 

P] [8] 

+ e,*}e’co»(2« — 2*) + — -Le’ — A «,= J e* cos (2 < + 2 *) 

[ 9 ] [ 10 ] 


3 

2 


_? 7 * 
16 ' 

^ j ec^cos (x -f a) 4 - 


-n 

e« 

+ ?A ®*4 

- 32 ' / 

e €f cos (2 i — X — 2 ) 


[i>] 



[ 12 ] 

1 

4 


+^‘4 

^ 32 / 

c e, cos (2 t 4 - X -J- s) + 1 

4- 

3 

16 

--rs*'* 

^ e cos (x — z) 




[ 13 ] 





[ 14 ] 

- 

!.?*<_ 

32 

_L e « 
32 ' 

|cc^coe( 2 < — x 4 - 


7 1 

4 

133 

32 

32 ' 

J ee^cos (2 ( 4 - X — 




[ 15 ] 





[ 16 ] 

• + 

HZc.+ 

8 

21 

12 ' J 

^ c,^ cos 2 a + 1 ™ - 

-f- 

115 

12 

' J 

^ cos (2 t 

— 2 s)*— ~ COB 3 X 




[ 17 ] 



[ 18 ] [ 20 ] 


7 *1 

- L e’ cos (2 < - 3 x) + ~ cos (2 < -f 3 x) — c«e^ cos (2 x z) 

4o 4o o 

[21] [22] [23] 

#>' 2 ^ ^ 

-f e'* cos (2 < — 2 X — *) ^ cos (2 i + 2 x -f 2 ) — «, cos (2 x — a) 

[24] “ [25] [26] 

~ g e'' cos (2 i — 2 X + *) 4- •—«*«< cos (2 ^ -f 2 x — z) 

[27] [28] 

Q 51 

— -^e<,’cos (» + 2s) ^ e<,*cOB (21 — X — 2s) 

[29] [30] 

— ? <e,’‘c 08 (x — 2s) + ^«e,*oos(2«+ x — 2s) 

[32] [34] 

+ ^e/cos3s + e,’cos (2« — 3s) + ^cos (2 « + 3s) - A cos4 x - A cos (2 « - 4 x) 
‘ [35] [36] [37] [38] [39] 

• It is remarkable that the cocfiBcient of argument 19 equals zero. 
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+ _?- c* cos (2 i -f 4 x) — ?Le^ e. cos (3 « + «) 

10 10 

[40] [41] 

— II e® cos (2 i -f 3 jc — «) — cos (2 < 3 ® cos (3 jc ~ s) 

[42] [43] [44] 

+ ^ e® e, cos (2 1 — 3 X -1- ») + e, cos (2 < + 3 x — s) — cos (2 x + 2 x) 

y 0 y 0 10 

[45] [46] [47] 

+ ^e’c/cos (2( — 2* - 2s) — e«e,»co« (2 * — 2 s) + ^ e«c,»con2< + 2a — 2 1 ) 

[48] [50] [52] 


— y e e/ cos (i + 3 s) — cos (2 / * — 3 s) + cos (2 < + x — 3 s) 

[53] [54] [55] 

— ~ c e, cos (x — 3 s) — cos (2 i -* x + 3 s) — ^ ® (2( + x — 3s) 

16 32 Oo 

[56] [57] [58] 

— ~ c/ cos 4 s + e,' cos (2 < — 4 s) — ^2*'*'^““ (2 1 + 4 s) 

[59] ‘ [60] [61] 


Terms in R multiplied by — -I- »>»'' -j “ -p ‘ ‘ „ ■ 

= {l - -|e’ + |-c,’|co82y+ |l + £«*- i. | cos (2 / - 2y) - 3eco8(x-2y) 

[62] [63] [65] 

3 3 

+ ecos (x+ 2y) — ccos(2t — x— 2y) — «cos(2< + x — 2y)+ _c, cos (s — 2 y) + — <:,cos (s + 2 y) 
[66] [67] [69] [71] [72] 

+ ^ e, cos (2 ( — s — 2 y) — ^ cos (2 1 + I — 2 y) + ^ c" cos (2 X — 2 y) + e® cos (2 X + 2 y ) 

[73] [75] [77] [78] 

— ^ c 08(2< — 2x — 2y)— ^ cos(2l + 2x — 2y) — eCjCOB (X + s — 2y) 

[79] [81] [83] 

+ -|-ee,cos(x + s + 2y) — ce,cos(2< — I — s — 2y) +~'coa{2l + x + s — 2y) 

[84] [85] [87] 
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j ce^cos {x-~z — 2y) + ~ee,coB (x — « + 2y) + cos (2 < — x + 2 — 2y) 

[89] [90] [91] 

~/-cc,coB(2< + x-2-~2y) +^c^«co8(22-2fy) + cob {2 z + 2 y) 

[93] [95] [96] 

4- e/^cos (2 < — 2 2 — 2 y) -- (2 i + 22 — 2 y) 

O O 


[97] 


[99] 


[ 0 ] 


{■ 


-H 

-^s’{ 






2 2 

3 


16 


' * \ cos^ cos 2 < 
J 2 a/ 

[ 1 ] 


f-'/- YT'' 

[ 2 ] 


+ 4 {' ‘ . 00 .( 2 <-») 

[3] 


19 , 5 , 

- s' --'-' 


1+ ^-o^+|o, 


5 , 123 

2 ^ 56 


^ 0/ 1 cos* ^ eco. (2 ( + i) 

[4] 

I r-}~%,coe* 

[ 5 ] 

Cj* "i cos* ” C, C08(2( — c) 
J 2 a/ 

[6] 


^ / I — ■** c* — 4 e/ I cos* *- ** - c cos (2 ( + z) 
8 12 J 2 a/ 

> / l__': + 3es_3.ys\‘'*, 

8 1 3^2' 2 ^ Jo/ 


e*^ cos 2 X 

[ 8 ] 


-^{l —4 ?^;e'‘co8(2( — 2i) 

[9] 

_ i / 1 _ J e- - A } cos' 4 “^c^oos (2 « + 2 *) 
4 1 2 2 ' J 2 a/ 

[ 10 ] 

2 M 


MDCCCXXXI. 
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Development 
of jR. 


^ 1 — li + A 

L 8^8 

e u — 5 y » 

2 ^ 

/l-lLe*- 

■ ».‘l 

1 168 

66 J 



1 8 

8 i 2 


[II] 


[ 12 ] 


[13] 

+ 2 / 1 - — + —e,*—- y’l ee,«>s 

4 I 8 8 3 

9 li i 9 (. 2 _ i'Ll cos* ec,cos( 2 ( — I + -) 

-si' - 24 8 ] 2„* 

21 /, e4co8* ‘ “-cc.cos (2 ( + i - =) 

8 \ 8 56 ' / 2 a,' 


- ®( 

8 I 


1+f e= + 


e2cos2z 

9 ' 2^ i ay 

m 


Jlh - ie> i!ie2\co80,->;cosi2t-2z) 

8 1 2 01 

+ >l;.cos3x+^e.cos(2.-3x)_ge*cos,2I + 3„ 


16 a/ 32 a, 3 

[ 20 ] 

3a^ .2 


16a^ 

3 a‘ 


[21] [22] 

?os (2 t 

[24] 

-2j 
[27] 


l.^c,cos(2x + .,-i"l„^.’.cos(2,-2x-.)+3:Vs,c.s(2<+^^ 

'' [23] ‘ [24] 


+ l.^‘c*e,cos( 2 x-x) + i?^e«.,cos(2(-2x+x)-^,' (21 + 2x - x) 

'«“/ pg] ‘ [ 27 ] [281 

+ 1 i!ee,’cos (X + 2 i) + « Vcos (2 1 - x - 2 s) 

' [29] 

+ 1 i! c c,’ cos (X - 2 s) - ^ s c,‘ cos (2 1 + X - 2 s) - i e,’ coi 3 » 

[32] ‘ [34] 13^! 


_ e,' cos (2 I - 3 s) - i cos (2 1 + 3 s) + 1 ^ c* cos 4 X 

64 0,* i” “i' 


[36] 


24 a* 

[37] [33] 


+ 3. o« ..cos (2 1 - 4 X) - 1 ^ .*00. (2 1 + 4x) + a' c,co. (3 x + s* 
[39] ' [40] ['"1 
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^ ^?^cV,c08(2<-3a;-*) + ~ e.cos {2 1 x 

64 a/ ' 64 a/ 

[42] [44] 


^)4- 


iLf! 

32 


c* cos (3 X 


z) 


Development 
of /?. 


~ ^ c’ cos (2 1 — 3 JC + a;) — ~ cos (2 < + 3 x — z) 

64 fl/ o4 a. * 

[45] [46] 


Q /,2 

4- ~ e® Ciscos (2 X + 2 z) ' e® c,® cos (2 t — 2 x — 2 z) 

32 a/ 10 

[47] [48] 

+ |,J?!e5e,«cos(2i-22)-^~-e»e/‘co«(2( + 2x-2i) + £ ««,»cos (i + 3z) 

32 Of o Of 32 Of 

[50] [52] [53] 


+ .?! ce’cos (2(-x-3z) - ee,’C08 (2 < + x + 3x) 

1 * 64 a/‘ 


64 a/ 
53 rt® 


[54] 


[55] 


+ ”” ec'cos (x — 3z) + ^ 5. «e /cos(2( — X 4- 3i) 
32a'' 64 a ' ‘ 

[56] [57] 

45 o>.., — _ a.% I 591 


+ l^^Ve;cos(21 + x-3x) + --‘L 
[58] 


[59] 


- W u-' (2 < - 4 z) + cos (2 1 + 4 X) 


[60] 


128 a/' 


[61] 


- H ‘ - 1 + P'} -I- { ‘ - 1 + f} 


2y) 


[62] 


[63] 


+ I -- y^'ecos (x — 2i/) 
[65] 


3 a‘ 
8 


y- e cos (x -f 2 y) + -f- ~ c cos (2 t — x — 2 y) 
a ’ 8 a/ 

[66] [67] 

+ ~ ^'y'ecos(2i + i — 2y) — ^ ^y«e,cos (x — 2y) 


8 a/ 

9 a® 


[69] ■ [71] 

21 a® 


- 4 iL ys e, cos (z + 2 y ) - ^ ^ y c, cos (2 1 - z - 2 y ) 

1 u di lU di 

[72] [73] 

+ ^|-“y*e,co»(2' + *-2y) - yg^Iy*«‘'“»(2*-2y) 


[75] 


[77] 


2 M 2 



266 


MR. LUBBOCK’S RESEARCHES 


Development 


" 8 «7 ^ 5'**’c<» (2 « - 2x - 2,) 

3 a< 

+ 3-2 V y’'’^“(^' + 2.-2,) + ?Z±V».,co.(. + ._2,) 

9 ,, 

- re|y^«,co, (x + , + 29 ) + 21 (2< 2,) 

' rs5i 

- rj r ae,cos ( 2 , + . + , _ 29 ) + 2 | 

[87J 


9 a- 


[89] 


,3 „-;.r'e,co, + 29 ) - 3 (2, _ , ^ _ 

+ 2, ' [91] 

rCa,’’' “•™®'2 <+x_~_29) 

[93] 

- 1-4 ,7 y'^/'cos (2. - 29) -« ,2, ^ 

[95] ' [93J 

~ , -I . 

-,,-„^rvcoa(2<-2,-2,)+ 3 ^V'Vco»(2«+2 = -29, 

' [99] 


- | {' +3.' + 3V- y y-.iv%„, 15 ^ 

^ > «,' 16 a< 

[101] 


+ acoa (1 + X, - 9 J , ,, « - X) - 4 ^ a, c<» (. + 

3,, ' [H«] 

3 fO'-J [108] 

+ r67«.“*(< + ^ + -') + I^ “'aa,coa«-a: + a)+ 9 «■ 

[,,0 ]"’“' 

33 

64 a*^‘ (^ — 2 z) ! e i co, (t 4- 2 9 o ' 

' [112] 

,5 3 ^ ^ [‘* 1 ] 

-_|ai„.-c„a,lH-2,)-5(,_o.--6a,,-3,a^,„„3, 

[11.5] ^ J V 

* For the eoefficienta of the terma multiplied bjr 1 ’ see „ 39 

a* ' ’ ' * 


ecos (/ _ x) 
[ 102 ] 
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~ -|'’~«cob(3« + x) -^~e,cos(3<-*) 

' [117] ' [118] ' [119] - 

+ 4- T e,co»(3t + s)-^ (3<-2*) - ^ e'^cos (3 < + 2 1 ) 

8a,*' 64 a.' 64 a,* 

[120] [121] [122] 

~ Te ^ v3 < - * - *) + «e,C0B (3 ( + I + i) 

[123] ' [124] 

- ee,cos(3« — * + *) — ee,cos(3 I + x — z) 

[125] [126] 

‘ [127] ' [128] '■ [129] 

In the elliptic inoveincnt ; 

s = y sin (g\ — v) 

ij 

X = « f + 2 c sin X -f — sin 2 X 
4 

C' • 9 ♦ 

1 = 7(1 — e*) sin y + y csin (x — y) + y csin (i + y) + y -- sin (2x — y) + - ye® sin (2 x + y) 
[146] [149] [150] [161] [162] 

i' = ^ 4 ^ ' — 4 e®) cos 2 y + y® e cos (x — 2 y) — y® ecos (i + 2 y) 

[62] [65] [66] 

+ -- y® e® cos (2 X — 2 y) — y® e® cos (2 x + 2 y) 

[77] [78] 

r* = « y ^ 1 — sin y -f sin (x — y) + - ^ sin (x + y) 

[M6] [149] " [150] 

— "“Xr sin (2 X - y) 4- sin (2 x + y) 

[161] [162] 

i =Z y ( 1 — e^) sin y + "!!— sin ~ y) + sin (x + y) 
t a 2a 2a 

[146] [149] [150] 

* Thus quantity which is one of the rectangular coordinates of the moon, must not he confounded 
with z =: t ■— i this latter quantity should rather be x^, but I think it better to conform as far as 
possible to the notation of M. Damoiseau. 
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-)- ^ sin (2 a? — y) -f- ^ ^ gin (2 a? *f y) 

o a off 


[ 161 ] 


[ 162 ] 


U. |(I _#i)r<, + smy-|(l-e«)-^ + ^‘r5-^r,}X6in(2/-y) 

[146] [147] 

+ "" 

[143] [149] 

+ |^]ey*'“(->^ + y)+ (- 

[150] [151] 

[152] [153] 

+ |^+ -I" r, |^sin(21 + x+y)+ sin (i- y) + sin (= + y) 

[154] ‘ [155] [156] 

sin (2 i — 2 — y) + - sin (2 / — 2 + y) ~ sin (2 < + r — y) 


[157] [158] [159] 

+ {-^^ - 4 + {r^- -.;Jl>sin(21-2,+y) 

[163] [1 6-1) 

+ { - "^’ + j + f J ‘ ^ ^ ^ { 2 " + + r^' } ^ ' 

[165] [166] 

+ + (^ + ^-y) + sinC^ + ^ + y) 

[167] ” [168] 

4 " I ’'"}^^ sin(21-x-r-y) + | | sin (2 (- r _ : + y) 
[169] [170] 

+ {-"f+ 2 j “'r sin (21 + X + -- -y) + 1*^ + -I r,| sin (2 ( + x + j + y) 
(171) ' (172) 

+ I - ^* + (^ - s -y) + 1^2“ ■*■ **" * +yi 

(173) (174) 

~ T “ T ^ ~ { T ~ "2 } ^ ‘ ~ 

[176] [176] 
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2a^ 


i(2t + x-x-s) + {^+ ® r„|“j7«in<2J + x-j + !,) 

[177] [178] 

- ^ ^ »m (2 X -y) + ^’ .in (2 x + y) - 2 / - 2 x - y) 

[179] [180] ' [181] 

+ ’> .in (2< - 2i + y) .in (2< + 2x -y) + fi!2 .in (2 < + 2 z + y) 

2 2 2 a* 

[182] [183] [184] 

+ I - I) 7 + - (X - y) + ”'”7.in (X + y) 

' [146] ' [149] ' [150] 

_ 3^^' .in (z - y) + 3 “ V X, ^ _ ». (2 ^ _ y) 

[155J [156] [161] 

3 »hnye^ y a- A. ^ V j- . _ -u sin (,r + = + »/) 


-j- -r sin (2 j + y) + 

8 a,* 


[162] 


-4T^»‘“(> + ^-i')+ 4n/ 

[167] 


[168] 


+ .in (r - z - y) + .in (x - z + y) - 

4 a/ 4 a/ ''4 a/ 

[173] [174] [179] 

9 m, <i y 1 

+ ' «.n(2z + y) 

' [180] 


+ -f 3 c cos X + <^08 2 x 


r being the elliptic value of r. 

If j =r ay Zho 8»ny + o y =,4, sin (2 i — y) + ay 2,4, sin (2 « + y) &c. 


= 

{(- 

¥) 

^110 4“ ~2 ^ 

3 e\ 1 

M50 *149 

[X.iny 






[146] 

-f 

{(- 

'2 , 


, 3c“ 

^191 1 “Ty i) 

1 ^^sin (2 t — y) 





[147] 

+ 

{('* 


. 3e« 

I^U 8 + -J- 2 

, 3e« \ 

15 a + *JV4 J 

y sin (2 t + y) 
ai 


[148] 


This multiplication of r by r“"® may be eflfected at once by means of Table II. 
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+ sin (^ — ») + |siso + sin (■>' + y) 

[149] ' [150] 

+ {*151 + -I"*'"} ^*i” (21 — * — y) + {* 158 + -g"*'**} (21 — *+ y) 

[151] [152] 

+ { *155 + ~2 sin (2 i + a: y) 

[153] 

+ { =155 + I ' » H » } ^ Sin (2 < + 1 + y) + *155 sin (* - y) + »'" (* + y ) 

[154] [155] [166] 


^16^ "1" ~2 


^~16S "f ~2 *^151 


+ { *i«i + * 1.5 - J- *'« } sin (2 It - y) + { *,„ + *,j„ + — *,.« } ^ 

[161] 

+ {*i«5 + -2“ *151 + *1.7 } sin (2 t — 2r — y) 

[163] 

+ { * 11 .. + *158 + *hh{ sin (2 < 2x + y) 

[164] 

+ {*155+ 1*1,5+ I 5in(2« + 2*-y) 

[165] 

+ {*,.1..+ I *1,4+ I t.,5}^5'8in(2< + 2i+y) + &c. 

[ 106 ] 

+ {*!« + 2 *15.} »*" (* + * -y)+ {*!«» + I *!«} ® J.’'«in (* + * 4 

[167] [168] 


[102] 


^170 ~2 


+ {-!(]-. + 4 } 2 ,- 7 }^^ sin ( 2 i -x-z-y) + 1^,70+ ^ ®‘" ( 2 i ~x~ z + y) 

[169] [J70] 

+ { I" } ^ 2 “ sin (2 « + X + z — y) + -f ^ Zif.o } sin (2i + x 4 - t + y) 
[171] [172] 

+ {2173 ~ 2„,}^sin (x-z-y) + |z,7,- -| Xiwj^^sin (x-z + y) 


+ |2i 7'5 + -|- sin (2/ — X + z — y) + |*, 7 a +-|- ^i&o} (2 < - + z + y) 

[175] [176] 

+ {-177+ I 2^7}^— sin (2 i + x — z — y) + | 2 , 7 y + -|- z^^^, j sin (2 < + x — z + y) 
[177] [178] 



IN PHYSICAL ASTRONOMY. 


271 


== {*1.6+ ~ 

+ 1*1*7 + |- *.M + 2 * 1 ^ 3 ) 7 ®*” (2<-y) 

+ { ^H8 + -2 *lia + 7®‘" (2 ( + y) + &c. 

u. u, /* /d Ji\ _ 

4- I »«i* 

X . oil 

I r 1 — . 2 r r cos (X — X) + r// 

Neglecting the square of the disturbing force 

d- i . * -L * 4- ^ ^o ® ^ ^ — 0 

dr^ ~r' r/ »•* 

3 Mr s 5 . - ~ _ , . » 

d- iz I ,/aJ.S OT.2_^ 3^14, s -J^) _ 0 

d(^' ■ r + r v' r,* ‘ 


d x' /*( 1 + .«■) 




r = a ( — V ^ being used for 71 i — ti,t), 

\dr / Vda/ dx dt 

Integrating tlie equation of p. 270, line 9, by the method of indeterminate 
coefficients, neglecting the cubes and higher powers of e in order to ob- 
tain a first approximation, m being equal to as in the notation of M. Da- 


I + I ‘■‘+ 


4(1 - m)- 1 (1 d-Scnr, — {^ + ’<}} “’ 
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27 vr 2® 2 ' 2/ll~m^/ 


.{,_3r4_l + H^’*0 


(2 - 2m -c).{r,- I r, }- r, + | + I } = 

( 2 - 2 m -r c). { r . - 1 - r , } - r. - i- ”i J c + ‘ } == ' 


, 3 »n, a’ _ 

m® r* ~ r, , = 0 

2 fi a/ 


« o 21 TO, n' r 2 

(2-3m)‘r„-r.- _ 


+ 1 > =0 


(2 — 2to + 2c; 



TO, o' f 

2 +1I-0 


p, a/ 12 

— TO ' J 


-1 

+ 3r„} 

2 li. 0,’ 

0 

Ur 

^ rl- 

15 TO, a’ / 

2-2^_ ^,1 



4 fc a/ 1 2 — 2 TO — 2c / 

Ur 

- ^ r\ 

3 TO, a’ 

f 2 + 2 c 

S »^io - 

2 M 


1 2 — 2to -f- 2c ^ 


- »-n + 

3 TO, f c 

2 fA «/ 1 C + TO 

+ l}=0 

!r - 

^ r.U 


4- 1 1 


2 J 

4 t. a,'t 

2 — 3 TO — c i 


V . / 3 \ . 3 TO, aM 2 + c ^ ,1 

‘ (r,, - „ r, I - r., + ,7 (g Z to -f c + ‘ 


(c-TO)‘*|r,,-. |-r, j ■ 


/- . + 1 j = 0 

jU. 0/‘ I C — TO J 


. ... r 3 \ 9 TO, a’ r 


♦ The letter c does not strictly denote the same quantity as in the notation of M. Damoiskat. or in 
that of the Mathematical Tracts, p. 33. 
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( 2 - 3 m + c)= 

9 m, Q* ^ Q 


4 r,„ — Y,„ = 0 


The equation for determining z may be integrated in the same way. 


-g**.« + 3r„ + z,« + 5<?l=0 

H' 


- |2(1 — tn) -g}%u7-^2^* +2 u 7“0 

- |2 (1 - TO) + g j X + ^148 = 0 

- I « - g ) *,« + '2 ^ - 2 ■' '« + 2il «> = ® 

f , 1 ^ ,9 , ,3 . _ A 

- I I =i .<> -f Y ^6 + 2»S0 + 2' ^ ~ ® 

- |2(1 —m) — C— 2|47 + S I ^ — Y I + ^IM + ^147 = 

-|2(1- m) - r + fi'j 4h + 3| — ^+yj+ 2, 5^+-- = 0 

- |2(I — m)4-c — ^.40 4- 3 I ~ | ^147 = 0 

~ |2 (1 —?«) + c + ^ J %,,o + 3 II r, + 4- 2m, + I 2,48 = 0 

' r 1 ' . 3 , 3 w, a’ „ 

f . V .3 . , 3 Jii, o’ 

-{m + gj =..4- 2 r.4-2.:.o+ 

- |2(1 — m) — m— * 2 ,m — I rg4- 2,57 = 0 

- |2(1 — m) — m + g I "*2, -,4 + -I *■‘5 + *158 = 0 

~ |2(1 -m) +m-g| *=u5“ *1 *7 + *159 = 0 


= 0 


2 N 2 
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— |2(1 —»n)+m +g I \n6+ r7 + *,oo = 0 

^' = A4.2A^ 1 . hz^ (l +s‘^) rfdR\, 

d/ r * r ^ \d>^J 

X' == + 4 + ^ + 2r4.4- ,i„Ox 

< 2 “^ C 2 2 J c 4 c 


+ |2r, + ««(<•, + »'J- {~ 0 - 

3e;- \m, «'].__!_ sin 2 « 

2 (2 — 2 m + c) / (A fl/ j 2 ( I — ♦«) 


3 9e^ 

4(1 — w) 2 (2 — 2 m •— c) 


+ {2r, + e’r,_ { ^ “ 2 (2 -V,") } j ^ T - 2 1 - F) ‘ 

+ |2r, + e»r, - | — J (2 — m + <•) ~ 2 (2 — m) } fi' . 17 } (2 -»«+<■) 




^ Al— ! l. 

t, / “(2 — 


4(2— m) (A J (2 — m) 


sin (2# + z) 


+ 1 2 + r. 


/ 

15 

+ . 9 , - . ■ 

1 fl’l 

1 4(2 

— 2 itt — 2 c 

2(2 — 2m — c. 

1 (A «,’] 

/ 

3 

3 1 

m, a* 1 

1 2(2 

— 2 m + 2 c) 

2 (2 - m 4 . cj J 

[A VJ 


+ {2^n+r,}(4';„, sin(x + .) 

+ jsfi. + r. - - 4Y2'::3F^)} 7'fl,'}{2'-^m-c)"'" (2 «-x-z) 

+ { 2 r., + r, - + 4 + 7 ) "" + * +"> 

Considering the terms which depend on the square of the disturbing force 

lt + 2 /dR +r(^"Wo 
2 d<* r a J \dr/ 


} m, I i 

,tt a/ J (2 — i 

} »n, 1 e 

ji* a/J 


~ sin (2 < — X — 2 ) 


- sin (2/ -f X + 2 ) 
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, 3d^.r< 

r , \ _»V _ _i_ ii. 

2 dt^ d<^ 2dt^ r'^ a 

d^x yi^z m^z 3 m, e r r cos (X' — X) _ ^ 

^ r/ ” ' 





d /J = the differential of /?, supposing w ^ only variable -b the differential of R, 
with regard to t only in as much as it is contained in the terms in 
r, X and s due to the perturbations ; hence 


d R = the differential of 7i, supposing only n t variable + . d . ^ r"4- d • ^ 


dR 


+ " d d . , d . ^X, and d . being restrained to mean the 

differentials of those quantities wdth regard to t only. 

‘“-(I.?)*'’- C3**' - ®-— (;;)'■•■ ;■ * * (")"■ 

{t being used in the sense nt -- t,) (ti^) ^ nearly. 


d.r S jl , d. ^X' and d . Is being restrained to mean the differentials of 
those quantities mth regard to njt only. 
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A similar theorem exists with the quantity i ^ ^ , and it will readily be seen 

that all the developments hR, § . r ( ^ • (d^) ^ ’ (^) effected 

very easily by means of Table II. 

Similarly, if ^ denote the variation due to the disturbance of the earth by 
the moon, 

III d R the terms which arise from 

are multiplied by the small quantity m. 

Considering in r' (^7) Rntl ^ tbe terms multiplied by^ , 

considering the terms multiplied by“-,, 


Hence the value of r' and 5 .r' may at once be inferred fi oin R 
and h R. 

I reserve the formation of these developments and of the final equations for 
determining the coefficients of the different inequalities to another opportunity. 
These equations are voluminous when all sensible quantities are taken into 
account; but they are formed with so much facility by means of Table II., that 
errfir is not likely to arise in this part of the process. Error is more, I think, 
to be apprehended in the terms of R multiplied by the cubes and fourth powers 
of the eccentricities ; the rest have been verified by an independent method. 
See p. 39. 
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On the Precession, of the Equinoxes, supposing the Earth to revolve in a resisting 

medium. 

In my last paper on Physical Astronomy, I gave expressions for the varia- 
tions of the six constants which enter into the solution of this problem, upon 
the hypothesis that the body revolves in a medium devoid of resistance. 

If we suppose a plane to revolve in a resisting medium, about an axis per- 
pendicular to itself, the resistance of the medium can produce no effect, and 
the phenomena will only be modified in a slight degree by the friction of the 
plane surface against the medium. If, however, the inclination of the plane 
on the axis of rotation differs from 90°, the effect of the resistance of the 
medium becomes sensible, tending to retard the motion of the plane ; the 
effect being greatest when the axis of rotation is parallel to the plane. 

This principle is used in some machines, as in self-playing organs, to regu- 
late tlie motion by means of a vane, of which the inclination to its axis of rota- 
tion can be varied at pleasure. 

In the case of a sphere, whatever be the direction of the axis of rotation, this 
effect of the resistance is insensible ; and also in the case of a solid of revolu- 
tion when the axis of rotation coincides with the axis of the figure, but not 
otherwise. If the difference of the latitude of the axis of rotation from 90° 
(supposing the equator from which the latitudes are reckoned to coincide with 
the equator of the figure) be at any time small, the mathematical investigation 
appears to show, that the effect of the resistance of the medium is to diminish 
continually this difference. In the case of the earth, this quantity is now 
insensible ; but as tlie probability is small that this was the case in the 
first instance, may this circumstance arise from the resistance of a medium 
of small density acting for a grt^at length of time ? and can the change of 
climate on the surface of the earth, a change of which the probability is in- 
dicated by many geological phenomena, be explained in the same manner ? 
It may be remarked, however, that the effect of a resisting medium in dimi- 
nishing the eccentricities of the orbits of the planets is of the same order, and 
that these, although for the most part small, are fur from liaving reached zero. 
The tendency of a resisting medium is also to diminish the major axes of the 
orbits of the planets ; these effects, if they exist, will probably be most sensible 

2 o 
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in the case of comets, not only on account of their great eccentricity, but also 
on account of their small density, in the same manner as a flock of any light 
substance is wafted by the gentlest wind and prevented from reaching the 
ground. The eccentricity of the orbit of the comet of Halley in 1750 is 
known with great accuracy, and as its perturbations have been calculated with 
great care by MM. Damoiseau and de Pontecoulant, the eccentricity which 
it should have in 1835, when it will again visit this part of space, unless it be 
affected by a resisting medium, is also known with great precision. It is 
scarcely probable, however, that any change will be perceptible in one revolu- 
tion, even if the cause e^xists ; but the succeeding revolutions of this body will 
no doubt throw light upon this question. The ratio of the change of the semi- 
major axis to the change of the eccentricity, due to the action of the resisting 
medium, is known, being a function of the eccentricity, and independent of the 
constant, which depends upon the density of the medium ; this ratio therefore 
may also tend to elucidate the question, if it can be determined by obseiTUtion 
with sufficient accuracy. 

Let y, z' be the co-ordinates of any point P corresponding to the elemen- 
tary portion of the surface d^, and referred to axes passing through the centre 
of gravity and revolving with the body in motion. 

Let P be the point of which the co-ordinates are a/, y, z\ A P the direction 
of the normal at the point P, B P perpendicular to the axis of instantaneous 
rotation, and cutting it in B, and C P the direction of motion of the point P. 
I suppose the resistance of the medium to create a force proportional to 
t;2 cos A P C d Sy acting in the direction of the normal A P upon the point P, v 
being the velocity of the point P. 

Suppose the straight line MO PL to 

revolve about an axis passing through O, -ru 6 — ™ l 

and perpendicular to it, and in the direc- 

tion L N, the action of the resisting medium will be in the direction N L, on 
one side only of the line O L, upon all the points P between O and L, and 
upon all the points between M P it will be in the contrary direction R M, and 
on the other side of the line. 
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Now, let L S M T be the section of a 
cylinder revolving about an axis, passing 
through O perpendicular to the plane 
L S M T, and let the cylinder revolve in 
the direction LN. Tiie action of the 
resisting medium will be in the direction 
Z P, perpendicular to O P upon all the 
points P between L S ; and in the con- 
trary direction K P upon all the points, 

P between T M. These remarks show that in what follows, the integrations 
must not be made throughout the whole surface of the body revolving ; this 
consideration however does not affect the nature of the results. 

The equation to a plane perpendicular to the axis of rotation, and passing 
through the centre of gravity of the body, p x q y r z ^ 0. 

Let the body revolving be a spheroid of which the equation is 
a:'' + y" + arMl + eq = (1 + e^) 

The equation to the tangent plane to the spheroid at the point x, z is 

XX* S2'(l +e«) = a'*(l 4- eq 

The equations to the planes from whose intersection the line P B results, are 

* z{qz' —ry') (rx' — pz') — 7x0= 0 

1) being a constant. The equations to the line P C are 

x{r{qz' -ry*) — p {py' - q x*)} + y {r (r x' — pa') -q{py' - <?»')} « 0 
x{qiqz'-ry*) -p{rx* -pz*)} + x {qipy'-qx*) - r (r x' - p /) } = 0 

and neglecting p-, pq, 

xiqz* — ry’)=y(pz*—rx*) 

X {qy’ +px') = s (pz* — rx') 

The equations to the direction of motion of the point P are 

X (pz* — rx*) = y (ry' — gr') 
x(7x' — pyO = x(ry' — 7*') 

Cos . angle, which the direction of motion of P makes with the normal to the 
surface or cos A P C 

_ x' (r y' - 9 *') + y' ( pz'-rx') +g'(l e«) (gx* -py*) 

- 4- {qy-p^T} ^ y'« + *'«(! +2eq} 

* The notation is the same as p. 20, except that the accents at foot of x^, y^, are omitted, 

2o2 
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~ fz^qx'-py^) nearlv 

r 4* y''^ + y -f- 2*'* ^ ' 

The resistance acting in the direction of the normal and since the velocity 
= ^ (^2 -f y 2 ^ y, 2 ^ nearly; 

Cdr = 0 

Bd, - c) .;,d . = 

^dp + (c - B) jrd« = di rs y’’^' + ’■’> 

^ ^ ^ ^ J r { «'* + y'‘* + *’} 

sin (n / + y) d c + c - cos ^ (» < + y) d y 

_ ndie* s'® (g x' -~py) V^y® -f- y'*d * 

cos (n < 4- y) d c — sin (n f + y) d y 

yf jA A 

nd < z*'^ (qx' — py') V^.r''^ + y'‘‘‘ d « 

T~J — ipr+yTT^ 

since ^ x'** d * = s'^ d Jf 


, _ nd<e"c fx'^z''^ V'x''^ + y'ds ^ nd fc» o (C -- A) , V't '' 4- y' d^ 

' “ ■“ + ij:r '“:4 — ■) 


neglecting the term which is periodic, 
AJ {x'^ 4- 


^ ^ d ^ rx'^ z'^ 

<lc = — nc — ~l — - - - ' v 

^ J {x'" 

T , /'x'* 4- y'^ds 


/) being a positive quantity. 

\ 

dc = — ” c e being the base of Naperian logarithms. 

When t is infinite c = 0; hence the latitude of the axis of instanlancous rota- 
tion increases until it reaches 90*^, which is its limit. 

Having detennined the variations of c, y and n by means of the above equa- 
tions, the variations of the other constants determined 

from the equations 

pd<xssin^sill$d^^~-co8fd^ 
qdt = cos ^ sin 0 d 4- sin f d fl 
r d < = d ^ — cos 6 dtf^ 
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XVI. Researches in Physical Astronomy. By John William Lubbock, Esq. 

P. and Treas. R.S. 

Read June 9, 1831. 

I PROPOSE in this paper to extend the equations I have already given for 
determining the planetary inequalities, as far as the terms depending on the 
squares and products of tiie eccentricities, to the terms depending on the 
cubes of the eccentricities and quantities of that order, which is done very 
easily by a Table similar to Table II. in my Lunar Theory ; and particularly 
to the determination of the great inequality of Jupiter, or at least such part 
of it as depends on the first power of the disturbing force. That part which 
depends on the square of the disturbing force may I think be most easily 
calculated by the methods given in ray Lunar Theory ; but not without great 
care and attention can accurate numerical results be expected. I have how- 
ever given tile analytical form of the coefficients of the arguments in the 
development of /?, upon which that inequality principally depends. 

It is I think particularly convenient to designate the arguments of the 
planetary disturbances by indices. The system of indices adopted in this paper 
is given as appearing better adapted for the purpose than that used in my 
former jwiper on the Planetary Theory ; but it is not advisable to make use 
of the same indices in this as in the Lunar Theory. 

I have also given analytical expressions for the development of R to the 
terms multiplied by the squares and products of the eccentricities inclusive, 

and for the terms in r multiplied by the first power of the eccentricities, 

which are I believe the simplest that can be proposed. 

The following are the arguments which occur in the Planetary Theory. 
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Column 1 contains the index. 

2 contains the index of the argument, which is symmetrical. 

3 contains the index used Phil. Trans. Part II. 1830, p. 349. 


0.. .. 0 104.. 39 4<-f-a;— z=s5n/ — 5n, < — 

1 < = no 50 57 2s=2»,< — 2w, 

2.. .. 2 1 =z2 ni — 2n,t 111 6l63<~2z = if< — 

3 .. .. 3< = 3n< — 3n,t 112 62 64 2 t -- 2 z = 2 n t ^ 4n^ t + 2 vx, 

4 .. 41 = 4n<-4n,( 113 63 65 3 1 - 2 z =3» i - 5«, < + 2 

10 30 7 x=int^'m 114 64 66 4<"-2^ = 4n^— 6«^< + 2tir^ 

11 41 6 < — x = — n^t + tcr 121 51 58 <4-2z = n<-f”i^“2cr^ 

12 42 12 2<-a: = «< — 2«^i+iir 122 52 59 2 / + 2 z = 2 n < - 2 

13 43 13 3i— a: = 2n< — 3 n, < + w 123 52 60 3 < + 2 z = 3 n< — — 2®^ 

14 44 14 4^~-a:=5=3»l — 4n^i4-or 124 54 61 4i4-2z=:4ni — 2«, 4 — 

21 31 8 x=:2n< — n, < — tzr 130 .. 69 2 y, = 2 ri^ i — 2 k, 

22 32 9 2< + x=:3«i-2«,i-® . 131 .. 71 i - 2 y s= n i - 3 < 4- 2 »', 

23 33 10 3<4- a: =4n< — 3«, < — OT 132 .. 73 2 i — 2y = 2n < — 4 f -f 2v, 

24 34 11 4i + a: = 5>n — 4«, ^ 133 .. .. 3 < - 2 y = 3 n < - 5 + 2 k, 

30 10l5z = «^< — 134 ,, .. 41 — 2y = 4ni — 6n^i-f2K^ 

31 21 20 / — z = n < — 2n^< + 'n7< 141 .. 68 f4-2y = ni4-n^< — 2v^ 

32 22 21 2< — z=r2«<~3n,i + sr^ 142 .. 70 2 i + 2 y = 2 n f - 2 

33 23 22 3 < — z = 3 wi ~ 4 n, < + 143 . . 72 3 < + 2 y = 3 n < — i — 2 

34 24, 23 4 f — z = 4 rt i — 5 144 . . . . 4 < + 2 y = 4 fn — 2 — 2 y, 

41 1116 i + z=n< — 150 250.. 3Jr=:3»^ — 3m 

42 1217 2 t z z:z2n t n^t — 151 26l .. t — 3z=— '2n/ — n^^4-3m 

43 13 18 3< + s = 3n(~2«^^ — m, 152 262.. 2 « — 3 .r = — n < — 2 + 3 m 

44 14 19 4i + za=4n< — 3«^< — m, 153 263 .. 3 < — 3 a: = — 3 n, i -f 3 m 

50 110 26 2z = 2n^ — 2m 164 264 . . 4 < — 3 .r = n < — 4 n, < + 3 m 

5112125 <~2a; = — ni-n,< +2m 161251.. / + 3 j = 4 n < - n, f - 3 m 

52 122 24 2i — 2a’= ~2n,< + 2m 162 252.. 2 « + 3 r = 5 n < — 2n^ < — 3 m 

53 123 32 3 < — 2 a: = >n — 3 n, < — 2 m 163 253 , . 3 < + 3 .r = 6 ni — 3 «, ( - 3 m 

54 124 33 4 f-2a: = 2n< — 4«^< + 2m 164 254.. 4 < + 3 z = 7 n r - 4n, « ~ 3 m 

61 111 27 t-\-2x=:.^nt — n,t — 2'a I 702 IO.. 2 .r + z = 2 n<'fn^/-- 2 m — 

62 112 28 2 < + 2T=:4n/ — 2 n,i — 2 m I 7122 I.. <~ 2 t — 2 = — n <— 2 n,/ + 2 m m^ 

63 113 29 3i-H2x = 5«i — 3n^^— 2m I 72 222 . . 2t ~-2x —% = — 3 n, < + 2 m + m^ 

64 114 30 4<4-2x = 6ni--4n, < — 2m 1 73 223 3i— 2x — z = n i — 4 < 4- 2 m -|- m^ 

70 .. 47 x-fz = n<+n^i — m — m^ 174 224.. 4 /•— 2x— z = 2fn—5 < + 2m + m^ 

71 81 46 t — X — z = — 2 n, / + m 4 - m, 181 211 .. <4 2 x 4 -z = 3«^ — 2 m — m^ 

72 82 53 2<— X— 2 =n<~ 3 n,« 4 m 4 . m, 182 212.. 2 < 4 - 2 x 4- 2 = 4 n «— n, < — 2 m— m^ 

73 83 ,'54 3/— X— z=2n/ — 4n^<4m4m, 183 213.. 3 < 4 2 x 4 z = 5 n 1 — 2n^/““2 m— m, 

74 84 55 4 /— X— r=:3nf— 5 n/4®'4w, 184 214 .. 4 / 4 2 x 4 z s= 6 ni— 3 2m— m^ 

81 7148 < 4 x 4 z = 2ni — m — m^ 190 230.. 2 x — r = 2n<— n,^— 2m4m^ 

82 7249 2 ^4x4 z = 3 n^— m— m, I 9 I 231 .. i — 2x 4 z = — n i 4 2m — m^ 

83 73 50 3 < 4 x 4 z= 4 n«— 2n^^— m— m^ 192 232.. 2 i — 2 x 4 z — < 4 2 m — m^ 

84 74 51 4 -/ 4 ^ 4 - 2 = 5 n/— 3n^i— m-m, 193 233.. 3 < — 2 x 4 » = w < — 2n, / 4 2 m-m^ 

90 .. 35 X — z = n /— m 4 m^ 194 234.. 4 i — 2x 4 z = 2ni— 3n^ / 4 2m— m^ 

91 .. 41 < — x4z = m— m, 201 241 . . < 4 2x — z = 3 n/ — 2 — 2 m 4 m^ 

92 . . 42 2 i— X 4 z = »i— «( <4 ' 0 ^/ 202 242 .. 2 < 4 2x— z =r 4n i — 3n,^— 2m 4 m^ 

93 .. 43 3 <— x4z=2nf— 2«,<4ra'+^< 203 243.. 3 i 4 2x— z = 5 n /— 4 i — 2m 4 m, 

94 .. 44 4 x4z= 3 n^— 3n,<4m4s^, 204 244.. 4 i 4 2x— z= 6 n <— 5 «, <— 2 m 4 m^ 

101 .. 36 i4x— z = 2ni— 2n,i— m4®^i 210 170.. x 4 2z = » < 4 2 n, i — m — 2m^ 

102 .. 37 2/4x— z=3ni— 3n^i— m4w^ 211 222 .. i — x — 2 z = — 3 < 4 m 4 2 m^ 

103 .. 38 3 < 4 '*‘— n <— 4 m 4 m^ 212 223 .. 2t — x — 2z = — 4n^ < 4 m 4 2w^ 
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213 

224 

3 t'—x — 2 z ss 2 » <— 5 i 4 w +• 2 

214 

226 

4 1 — X — 2 z zs 3 n t — 6«^ < 4 "^ + 2 ar^ 

221 

171 

<4^4‘2r = 2ii^4«<^*~o>' — 2«f/ 

222 

172 

2i4>^42z=3n< — w — 2ar^ 

223 

173 

3/4<^42z=:4n< — n,t — m — 2 ar^ 

224 

174 

4/4>r42z = 5«< — n, i — nr — 2 ar^ 

230 

190 

X — 2z3=:n^ — 2 n,t — ar42ar^ 

231 

191 

t — x 42 z = n, t4w — 2ar^ 

232 

192 

2 t — .r 42 z=ni 4 w— 2 ar^ 

233 

193 

3 t — X 42zsss2n< — »<<4 «— 2 ar^ 

234 

194 

4 t — X 4 2 z = 3 n i — 2 < 4 ar — 2 ar^ 

241 

201 

t 4 x~-'2z = 2 n t — Sn^t — ar 4 2 ar^ 

242 

202 

2^4 x—2z =: 3 n t — 4 n, < — ar42ar^ 

243 

203 

3<4x — 2z = 4« i~5 n^< — ar42ar^ 

244 

204 

4 t 4 X — 2 z = 5nt — 6 n^<-— ar42ar^ 

250 

1 150 

3z=3n^/ — 3ar^ 

251 

1 161 

/ — 32 = «/ — 4n, <43ar^ 

252 

1 162 

2t— -32 = 2 nt^ 5 n,t-j- 3 nr. 

253 

163 

3i — 32 = 3»/ — 6 <43 ar, 

254 

164 

4< — 3z = 4n<— 7 «, <43 ar, 

261 

151 

/4 32 = «^4 2w, f — 3ar, 

262 

152 

2 < 4 3 2 = 2 « 4 n, i — 3 ar, 

263 

153 

3 1 4 3 2 zs: 3 ft ^ 3 ar, 

264 

154 

4<432=4»< — n, <-~3tsr, 

270 


x 42 y = n< 4 2 n, ^ — ar — 2 y, 

271 


t — X— • 2 y = — 3w, / 4 ®' 42 y, 

272 

. . 

2 / — X — 2yssznt — 4n, e4ar42y, 

273 


3i— r — 2 y = 2 n 5 n, < 4 ar 4 2 y, 

274 


At — X— 2 y = 3 n 6 n, i 4 ar 4 2 y, 

281 


<4x4 2 1/ = 2 n < 4 n, < — ar — 2 y, 


282 .. 2t + *+ 2y rxSnt — w — 2)^^ 

283 St ■\-x-\-^y=zAni — n^t — «r — 2y^ 

284 .. 4 < + a;- -t- 2y = 5 n / — 2n^t-—'m — 2y^ 

290 ,, X — 2y z=int — 2n^t ~ vj 2 y^ 

291 .. «--a'4-2y = », /4-w--2y, 

292 .. 2t — x + 2 yzsznt + w — 2v^ 

293 .. 3 ^ — a: -f 2y = 2n ^ — n^Z+izr— 2v, 

294 At — X •\~ 2y xszSn t — 2n,t-\-'^ — 2v^ 

301 .. t A- X -^2yzsz2nt —Sn^t—w 2v^ 

302 2 t -j~ X — 2y z=.Snt — An^t — xsr + 2 v/ 

303 3f + x — 2y~Ant — 5 < — tzr -|- 2 

304 .. At + x—2y — Snt—Gn^t — w + 2 y^ 

310 , . « -4- 2 y = 3 n, i — 2 y^ 

311 .. t — z — 2y = ni — 4n^< + iiT^-4-2y, 

312 .. 2t — z—2y — 2ni — 5 i -4- 4- 2 

313 3 2y = 3 n i— 6 4- isr, 4 2 y^ 

314 .. 4 2 — 2y = 4 i— 7 / 4 - ter^ 4 - 2 y^ 

321 .. < + 24-2y = wf42n^< — ■nr^— 2y, 

322 2 < 4- 2 - 4 - 2 y = 2n < 4 - n, t— — 2 y^ 

323 .. 3i424-2y=3n< — — 2y, 

324 .. 4^4z4-2yas4n< — n^t — za^ — 2y^ 

330 .. z — 2y = — n^t — Tir, 4-2 y, 

331 — 24-2y = n<4-ro-^ — 2y, 

332 2t — 2 4 2y = 2n« — n,t w,^2v^ 

333 .. Zt—z-¥2y=zSnt-^2n,t + -:^, + 2v^ 

334 .. 4 i — 2 4 - 2 y = 4n f— 3 (5 4 - — 2 y^ 

341 .. <4r — 2y = n<— 2w^< — tBr^4 2y, 

342 .. 2 < 4 2 — 2y = 2n<— '3 n, < — t3T^4 2y^ 

343 3 ^ 42 — 2y=3ni — 4 Wy/— tsr, 4 2 y^ 

344 .. 4/4-2 — 2y=4n/ — bn^t — ■ar^4 2y^ 
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Table 1. 

Showing’ the arguments which result from the combination of the arguments 
10, 50 and 150 with the arguments in the first or left-hand column, by 
addition and subtraction. 
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Table II. 

Showing the arguments which, by their combination with the arguments 10, 
* 60, and 150, by addition and subtraction, produce the arguments in the 

first or left-hand column. 
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Table II. (Continued.) 


1 

50 

150 1 

1 1 10 

50 

160 1 

iL 

50 

160 1 


72 

32 

}l72 

212^ 

112 


j-212 

272-1 

182 


j-272 

173{ 

73 

33 

}l73 

213^ 

113 


}«13 

273. 

188 


}273 

174{ 

74 

84 

}l74 

214^ 

114 


]-214 

274 -j 

134 


}274 

18l| 

81 

41 

|l81 

221 H 

121 


}221 

281-1 

141 


;;;;;; ]-28i 

182{ 

82 

42 

...... 

222^ 

122 


;;;;;; }222 

282 -j 

142 


}282 

183{ 

83 

43 

...... |jg3 

223 j 

123 


}223 

283 -j 

143 


|283 

184| 

84 

44 

}l84 

224 j 

124 


j.224 

284 1 

144 


|284 

190{ 

90 

- 30 

}l90 

230 j 

-no 


|230 

290 { 

-130 


}290 

191 { 

91 

41 

}l91 

231 1 

121 


|231 

291 { 

111 


}291 

192 { 

92 

42 



232 1 

122 


|232 

293 { 

142 


}292 

193{ 

93 

43 

}l93 

233 { 

*123 


]-233 

293 { 

143 


}293 

194 { 

94 

44 

}l94 

234 1 

124 


j-234 

294 { 

‘in 


|294 

201 1 

101 

31 , 

t 

j201 

241 1 

111 


|241 


131 


jaoi 

202 1 

102 

32 1 

}202 

242| 

112 


|242 


132 


|302 

20.3 { 

103 

33 

}203 

243| 

113 


j.243 

303 1 

i;w 


|303 

204 1 

104 

34 

|204 

244 1 

114 


}244 


131 


|304 

210| 

no 


]-210 


130 


}27o 





|21l{ 

in 


}211 

271 { 

131 


}27l 






The following examples will show the use of the preceding Table, in forming 
the equations of condition which serve to determine the coefficients of the in- 
equalities of the reciprocal of the radius vector and of the longitude. 
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ri xa a’ 1 1 + 3 e» _ 3 * e*^ C 0 » (n < + » — or) + ~ cot (3 n ( + 3 « — 3 w) 

<iL^‘ (a + 3c.) c- ?i! (r„ + r.,) } - ^ . 0 


{ ( 1 + 3 c.) r,_ I ,, + r.,) } _ r, + ^' 8. = 0 

3T r* r r r V d X 

^aal + ±4-26^1 + ?™^C08 (n < 4- € — OT) 4- 5^ COS (2 n < 4- 2 g — 2 m) 
4 - !le^ cos (3 »< 4- 3 * ~ 3 or) 


1=1 4- c cos (n < 4- « — w) 4- cos (2 n « 4 - 2 « — 2 OT) + A cos (3 n ^ 4- 3 « — 3 w) 

Xs=n|l + 2r,,}/-|-* 


4 ^ r, 4 — j 1 1 ■+■ ^ 

/ / , e'^ \ a/iHj ^ tf _» 1 1 w . ^ 

- + T } r« - s;) - »,) I ; (^^) 

+ { 2 |r, + -|'-(,r|. +rjj) j 

_ -i { A + ?;; A } },-^.i„(2„/-2n,<+t-o 

I V 2 7 (« — n^) (n— 2 n,) (3 n — 2 «,) J J 2 (n— n^) 


In the same way, by means of the Table, all the other coefficients inay be 
found. 

The i^reat inequality of Jupiter consists of the arguments 155, 1/4, 213, 2/3, 
and 312, the variable part of which is 2 w — 5 and arises, as is well known, 
from the introduction of the scpiare of this quantity, which is small, by succes- 
sive integrations in the denominators of the coefficients of the sines in the ex- 
pression for the longitude, of which the above named are the arguments. 

The following arc the equations which have reference to these arguments, 
and which may be found at once by Table II. 


I • + 16 ■ 


1 1 , fn, a n 

16 4 ®‘’‘~ 

^r... + ^8,„ = 0 

‘in- 5 «,)'*/ 3, \ -0 


(2 n 5 f 

L 

(2n-5n,)'‘ / 

n** \ 

(‘i 


3 

2 


2p2 
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(2n-5n,)^f^ 3 _ 1 _ . m,a . 

JjJa 1 ^^73 2 ^“73 + — 9e73 = ^ 

(2n~5n,)« / \ ^ M /, — n 

^ I *^319 ”” ^3Ja j T 9312 —• 0 

IA = |2 |r,5i + -I^r55 4- r,j +-|- J 

_ w* J 5jia „ , BnaR,^ 4 , 5.5naR^^ 13.5nflJi5\l ««’ ,|nr?nf 

|t* l(2»~5»j"''‘‘^(3n-6n,) 4“(3n-- 4nJ'^ 8 .5 («-^ J j(2n~5n,) 

+ I 2 |r,74 + — 4- I 

4 . ^ « ^ 7 ^- 4 - 1 l_i!l£L_8in(2n<~5«,<4-2a; + «r4 

+ {2 {r.. +ir,4 -^ { 

+ {2 + 1 ^} .i„(2«<-5n,+.+2,) 


{ 


+ 1 2 r3i 


_ _ ^ f»e,8in«-J(- 

2 m, ' 2 

/x(2«~5n,)J (2n — 5n,) 


sin (2 n « — 5 n^t 4 . ar^ 4 . 2 


The quantities rjj, r;,^, and have the quantity 2 « ~ 5 in the 
denominator, rejecting those quantities in the value of S X which have not 
(2 w — 5 in the denominator. 

^ 4 m, n‘’(i R,^,,e7 

jx (n— 5 n()(3 » 3 «,)(2n — 5 «,) 

^ 4 n ** a R ,-4 €'■* €, 

jx(n— 5»^)(3n — 5n,)(2« — 5«,) 

4 m, n*a 

|x(n— 6n^)(3n — 5n,)(2n — 3n,) 

4 m,n’a jRayjCsin® ^ 

/x(n— 6n^)(3«— 5ft,) (2« ~5n,) 




2r„j4-r; 


Am^n^a R^uC^sin* 
jx (ft — 5 ft,) (3 ft — 5 ft, ) (2 ft — 5 ft,) 
5 m, ft a R, 


/x(2 ft' 


!ft— 5n,) / 


(2n-5n,) 


sin (2»/-.5»,<4-3ftr) 


-{ 


5ft, < + 37?) 
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+ {2r,.,+ r„, .in(2«« -5»,( + « + 2w,) 

+ { 2 r„, + ,m(2nt-in,t + ^ + 2 ,.) 

+ {2r,„- 2 ” «i,a .4 --‘-'--? - t »in (2n< - 5 n,( + a, + 2>,) 
t /A(2n— 5n^) J (2 « — 5 «^) 


The coefficients of the terms in the development of R multiplied by the cubes 
of the eccentricities, as regards the quantities and by, (they also contain the 
quantities hy) may be found by changing into *5. in the terms in JR multi- 
plied by the eccentricities, and multiplying the result by 


¥ a/ 8 flj 

[ 0 ] 


^ e^cos2x-.l — ('e«+e/ + 2sin“4i-Vo«‘ + ~ e«co8 (« + 2a:) 

“ 4 a, V ^ 


[50] 


[ 1 ] 


[61] 


IL t '} cos ( t — 2 2 ) + cos (< — 2 x) -f — c,® cos (< -f. 2 r) -f- ~ — c cos {t ~ x -f 2 ) 

16 * 10 a, 4 ^ a^ 

[III] [51] [121] [91] 


9 

8 " 


it ee.cos (i + X -f 
[81] 


2 ) 


9 

8 


— cc,cos (/ — X — r) -\r ~ eCfCoa (^ + x — 2) 
a, 8 Of 

[71] [101] 


+ 3 0. ,i„, CU8 (« + 2y) + i e,«cos2 2 
2 a. 2 o 

[141] [110] 

and changing br, into by, in the terms in R multiplied by the squares and pro- 
ducts of the eccentricities, and multiplying the result by 


4 and ~ --Jcco 8 x + 
6 a.® 

[ 10 ] 


~ e cos (t — x) -f- € cos (f + 2) — ~ e cos (t + x) 

a, a ‘ 

[II] [41] [21] 


_ I. e^cos (i - 2 ) — 2 0 ^ cos 2 

[31] [30] 

and changing ^3 into br^ in the terms in R multiplied by the squares and pro- 
ducts of the eccentricities, and multiplying the result by — — and the same 
quantity. 

Thus /ii 55 results from the combination of the arguments 
51 X 14, 50 X 15, 61 X 16, 10 x 55, and 11 X 54. 


. 3 a r 3fl , a® , o 1 

5 1 X 14 gives + 32 a, iiv “ 4V 
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50 X 16 gives + 

61 X ICg^veS +32'5;'{4 o;>*’'‘“^*‘'”~4o7“‘’''} 


’ TfiTa ® 3.5 — 


16 "’® 2.4.4 a/ 


~ + : 


.3 a" . 
74 v **' 


3 a" (2a»-- 3 a,’‘) ^ 3 o" ,, 8a« 

2.4,2 2.4 2.4.4tt, 


3 5 

changing 63 into — b^, and b^ into — ^ we have 


flj, .3 0“,. .9 a,. . a.y.oa*;; 3.;j.oa’ 

^s^M + 32a^3 ^•^■^64a,“ 2 . 4 . 4 . 6 a* '•=’ 2.4.6a/ 


, 3.5a“ (2a"-3a/) I . 3 . ,5 a",. , 3.5 a“ ^ 

rr^ TTTe a* 2 .'4 .476 «;• 


64 a/ 32 a/ ^ 64 a/ 8 . 6 a/ \ a/ 






and since 57,, — — ^ 


3a, , 3 a- T ,9a,- ,15 a", . 27 o , 15 , 3a/ 

= ^ 37 V ^’ ' ^4 ^ 48 ^ ^ V ^ 12 a" Fs ^ 


64 a/ ■' 32 a/ ' ' 64 a/ ’ 


» 6a j 

“ TeX* 8 a. " ^ 167/ ’‘^ 


. 3 _? I _ i + 3 .i 3 al t 

16a/ *' 2.4.4a/ '’'' 2.4a/ ' 


3a^(2a ^ — 3a/) , __ 3 a' , 3a^ 

C- ' 2.4.2a/ ‘‘■^ 2.4 a/'’'' 2.4.4 a/ 


Similar changes and reductions give 

57 a , 1 9 a“ , ^ h 

^ ■” 32^3 64 V 
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_ 3 a 
32 a, 

1 4 < 

h 

,5 2 a/ *'*•'* 


1 , 3 a* / 3 a , a* . 

/“^lea/lTa/®^'^ 

4-i^ 

32 a, 

/ 3« * 

1 

1 


a* / 75 a , 27 a« , 

a/ 164 a/ 32 a/ 

. J 

'57 a , 

19 a* . 

a . 

1 


.64 a/ 

32 a/ 

64 a/ 

1 


ll-b ^ 

64 a, ^ 


and adding the terms which depend upon 6 .^ 

/> ^ JL 1. I ® 1 , 45 a"* / 63 rt'* T , (2 1 a.^ + 96 ^ , 

li: = 9^. + I2^, <-.0 + 32 - 32 ^ ■ 

^ ® b , 

64 fl/ 128 fl/ 

wliich may be still further reduced. /^i 74 , ^:u 2 niay be obtained 

in a similar manner. 


'File following Table shows the arguments which, by their combination with 
the arguments 1, 2, 3, 12, 13, 31, 32, 64, 65, 73, 74, 112, and 113, 
by addition and subtraction produce the arguments 155, 174, 213, 
273 , and 312. 


1 i V 

2 

3 

12 

13 

31 

32 

64 

65 

73 

74 

112 

113 

1 

] hh 1 

154 

156 

153 

157 

152 

15S 

53 

52 





11 

••••.« 

1.92 

191 



j-155 

I74{ 

17.3 

175 

172 

17« 

171 

177 

72 

71 


52 

- 30 

- 41 

11 

- 10 

192 

191 

}l74 


212 

214 

211 
215 , 

-210. 

216 

111 

I-IIO 

72 

71 

-231 

1 i 

1-232 

- 30 

- 41 

11 

- 10 

|213 

.7=4 

272 

274 

271 

275 

-270. 

276 

131 

-1,30 




-291 

1 

— 292 

430 

-331 



}273 

31 2 1 

.'ill 

313 

-310. 

314 

-,'{21. 

315 



131 

-1.30 

! 


-291 

— 292 

3;m> 

-331 

|312 


If 

T 5. SSS r', cos («/ — «,0 -t- r'.,C08(2n 2n/) + r\co 8 ( 3 nt — 3 n/) + er',„cos(»i — 2 rtJ 4 

4- e r',, cos (2 n / — 3 + w) -f Ac. 

. -L =:r/,cos (« t—nj) 4- r/, 2 CO.s ('Jnt — 2n^t) 4- r/^cos (Snt-^Sn/) 4- er/j^cos (n t — 2 n^t + tt) 
4- cr/, , cos (2;i < — 3n/ 4* or) 4- Ac. 

J X = X, sin (n / - n,0 4 X, sin { 2 n i - 2 n,t) 4 X, sin (3 n / - 3 «/) 4 0,,, sin (» < ~ 2 4 

4 < X,j sin (2 « / ~ 3 n,t 4 cr) 4 &c. 




m 


ME. EftsuiRcaBs 


^ A, =r sin {« t — 11,0 -f A,«»ln (2» # -p- 2«,0 + ® + « A, ,* stn (« I — 3 + nr) 

+ (2n< — 3 »,< + «r) 4* &c. 

Supposing that the arguments 2, 3, 12, 13, 31, 32, 64, 66, 73> 74, 
112, 113, 165, 174, 213, 273, and 312 are alone sensible in 
h ~ and h \ the coeflSicient of cos (2 n / — 5 n/ + 3 w) in the expression for 
* ^ R or S i ?|55 

+ I Hiatt — 4 I I A, — X,3 1 — T } 


a d . 12ja 

2da 

r\y 4" Hja 

^ A,, — X,,, ^ — 


Ml A,,j ^ 

ad. 12« 
2da 

^ J2 
^‘0 -y" 

6 i ^ Aio — A,,o^ 

2da 

"tt 

3 * 

1 

te 

i 

\ \ - *=^4 12,^ 

^ 2da’ 

Ip 

-A 

1 od.Eoj 

_ ± /“i 

4 • 12,m j_ a, 

; H ^ 1 - f 

- Y 

S A74 — A ^74 

J da ' 2 1 

da, ^ 


1 /o,d 

■ Hjm I a< 


1 /a,dl2 

i 5 tt 1 <*/ ^ ^ ( a, d . H,3 ^ ( 

2 1 da, 

d«, /''• 

2 1 da, 

" da, 

i 2da, 


a.d.Hsg,, 

"2d^ ' 


<*<4,12(54 a, d *12(5,^, a, dl2ip^^ c,dl2|,>j^ 

' 2d ^ " > 


2 da, 


2dfl, 


2da, 


a, d . 12 o ^ ( 

-'TiiT 


In the same way the expression for § . /ii 74 , S . /? 2 i 3 > ^ ^^d ^ . Itji 2 may 

be found from the preceding Table. 

If a < a, and 

1 1 — ~ cos9 4- ^ = 46,0* 4- 6 ,,,co 80 4- 6,,,co820 &c. 

/l — fL cos 04-^1 ^=4 6,0*4- ^3,1 COB 0 4* ^3 tt co« 2 0 &c. 

t a, a,«J 

= (cos«^- fl±^Jco8(n2--.n,Ot 


- ^ 4ccoi(»,2-flr) 4.^eco8(2»i-ii,<- w) 4- s, cos (n < - 2 », 2 + w,) 

• o, o, « a, 

* The notation is sUghtly changed from that used befor|. 
t s and f, which accompany n t and n, < are omitted for conrenience. 
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the devebp> 

+ ^e«,c<»(2»»-2i»,l-«f + «r,) + ^^«j»<!o»(n*-3o,< + 2or,) mentofff. 

+ 1^, «,• cot (« * + n, « - 2 w,) + ?^ tin* i cot (n < + 11,1 - 2 »,) 

+ ’"'2{-27‘ + (*V-i +*W + i) 

+ ^T^^O®‘-')‘v-.-(3‘+')43, + .)}co.i(«(-»,0 

+ 2 { T ^ ‘3.‘ - ‘ “ sV/w ~ jfl + 1 } ‘ '-®') 

L / (2 + *) <* t (1 4- ») a* i 

+ ^ 1 “Tr* V ' -2~ 

+ * 3 ,, + , j e* cos (n / - «, 0 + 2 0 « - 2 

^3,,^. I }cc,cos^i («<-«, 0 + n< + n,t-OT- 

■*■ ^^*8^ a”* + ' }**<'“(• ("* - "lO + »<-»,<- W + «,) 

. „ .e/(8-9i) a I ^ (!-•) i 

+ ’"■ 2 1 “TT- v ‘w - ■ + “I^T ‘w 

- + 1 } V co» (i (» ' - «. 0 + 2 0, < - 2 «,) 

- >«, 2 is,.- - I -J ('■ (« <-«, 0 + 2 », < - 2 s,) 

i being every whole number, positive and negative and zero, and observing 
that bm,n = bm,^n- Considering only the terms multiplied by c and e^y 
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+ #,ooi(»< — 2«,< + ar,) 


“T^» + 1 }•«“(<(»*- «-*) + »<-») 

\|g"~~ -f -i I ~ ecos (2n< — — ot) 

jut (3n — nj (n — ft,) l2«^ii^ 2 / 


3n* 


a« 


ecM {n^t — tir) 


f* 2(n-n,)(n + n,)a,* 

-j. ^ — . ” 1- - — - / — — - -f 1 1 COB (n < ~ 2 n, < -f or.) 

^ fx, n,(2n -2n,) l(n-2n^) ^ /a,»' </ 

4 - V 7 — r J 3 (n — n,) + n ^ 

^i(n-n,) -|-2iiji(n-n,).|~A /2r> 

mA 2 (I + «)n / o* L **’ A ^ \ 

jx li(n — 71^) + « I 4 o/ 1 2a/ 4 a/ 3,i + i / 

- ? ~ T ^ *»-< + • } 1 “®* (‘ 

, m, f 2U f3a» . 

^ _ i) („ _ „,) ((i +!)(»- «,) + 2,,) V<» 1 4 »-• ■^■‘ ~ ' 

_ « I. fl* I I 3(1 +0 «*j: 

^ 3,i ~ 4^« ®3.<+ 1/ 4^ Hi - 1 

{ ■*“ — \ — } « 8in (»I < — 

l.2n/ («—»/) ft i «/ 

i/o — ^ To T7 ^ ~€Sin(2»* — »|< — or) 

l(2«~nj« (2n-»/(»-n// a* ^ * 


2n* m. ^ o ^ \ 


(tt - 2n^)« ft, a* 

* r. being the coefficient of cos (•(«<—«< 0^ in the expretsion for . 
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1 2o> s-‘ 


^ ^ t,Tn:^.{ H'- ^ , .) (-4 ' 

+ 1$ + 0 »,) ' t } ^ ""(»(”«-”< 0 + ” * - ") 

V ” / o ^ »”/ «* / 3 «* » a , 

V4 a,» 3.<-l 2a, 3.i 

- *3,<+ l) «i“‘" (• (»‘ -»,')+ 

If a > a,, and 

|l — -^cosd + ^l ^ 5=5 § + 6 ,,, cos d + cos 2 d + Sec. 

1 1 — cos fl + I = i 63^0 + ^$,1 cos B -f cos 2 fi 4- &c. 

tlie value of R may be easily inferred from the value which it has in the former 
(!ase. Considering only the terms multiplied by the eccentricities 

+ cos (n < - 2 n, ^ 4 - m,) 

* 

■~t 5 ' + 

+ “.s (- is,.- 1 + -^I’s.i 

+ fi j e, COB (« «_n,<) + n, < - 

All these expressions are to a certain extent arbitrary, on account of the 
equation which connects 1, ftg,,, and ^3^, ^ 1 

(2»+I)a^ i(a«+0|. _(2i-l)aA 

2 ^3,. 4 - 1 = 57 — %*’ 2 7, ^ 3 ,. - 1 

t r ♦ being the coefficient of the cosine of the same argument in the expression for ^ and excluding 
the rase of i as 0 * 


2 Q 2 
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Tb^ reader is requested to make the following corrections. 


Page 50, tine 4, read fa 


+ 


Page 53 , line 3 , read 


P' 


IV 


^SaO- 


4 a » 



Page 247 , line 1 ^ read A sr n i 

•f A| sin 2 i 
+ e A, sin jr 
+ e Aj sin (2 1 ar) 

4 * eA 4 sin ( 2 i + x) 

4 * A^ sin x drc. drc. 

for A as; n < 

+ At co82< 

4 eA«co 8 x &c. dec. 

Page 264 , line 1 , read cos (2 < -f 2 x -f- x) 

[ 25 ] [ 30 ] 

Page 260 , line 6 , read + ^3 — ^ | ee^cos (x — x — 2 y) 

[ 89 ] 

Page 262 , line 6 , read — e cos (2 f + x 3 x) 

32 

[ 58 ] 


Page 265, line 1, read + f5iL’e>e coa (2 < + 3 * + z) + ^ ■^e’»,csa (3* — j) 

. 04 o/ 3z a/ 

[43] [44] 

Page 274, line 6, read + j2r, + r, - { 2 (2 — c ) 

Page 274, line 7, read + ja r, + r, - | _ S + T ) 

Page 291, line 9, read + ^ ^e,*coa (»+ 2z) 

Page 294, line 20, read + ^ coe (2»< — a, < - w) + ®]!^«,cos («< — 2»,1 + »,) 
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XVIL On a peculiar class of Acoustical Figures; and on certain Forms assumed 
by groups of particles upon vibrating elastic Surfaces, By M. Faraday, 
FJR,S, M,R,L, Corr, Mem, Royal Acad, Sciences of Parisy *8$c, ^c. 


Read May 1831. 


1 . XhE beautiful series of forms assumed by sand, filings, or other grains, 
when lying upon vibrating plates, discovered and developed by Chdadni, are 
so striking as to be recalled to the minds of those who have seen them by the 
slightest reference. They indicate the quiescent parts of the plates, and visibly 
figure out what are called the nodal lines. 

2. Afterwards M. Chladni observed that shavings from the hairs of the ex- 
citing violin bow did not proceed to the nodal lines, but were gathered together 
on those parts of the plate the most violently agitated, i. e. at the centres of 
oscillation. Thus when a square plate of glass held horizontally was nipped 
above and below at the centre, and made to vibrate by the application of a 
violin bow to the middle of one edge, so as to produce the lowest possible 
sound, sand sprinkled on the plate assumed the form of a diagonal cross ; 
but the light shavings were gathered together at those parts towards the middle 
of the four portions where the vibrations were most powerful and the excur- 
sions of the plate greatest. 

3. Many other substances exhibited the same appearance. Lycopodium, 
which was used as a light powder by Oersted, produced the effect very well. 
These motions of lycopodium are entirely distinct from those of the same sub- 
stance upon plates or rods in which longitudinal vibrations are excited. 

4. In August 1827, M. Savart read a paper to the Royal Academy of 
Sciences *, in which he deduced certain important conclusions respecting the 
subdivision of vibrating sonorous bodies from the forms thus assumed by light 
powders. The arrangement of the sand into lines in Chladni’s experiments 

* Annales de Chimie, xxx?i« p. 187. 
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shows a division of the sounding plate into partS;, all of which vibrate isochro* 
nously^ and produce the same tone. This is the principal mode of division. 
The fine powder which can rest at the places where the sand rests, and also 
aocumtilate other places, traces a more complicated figure than the sand 
alone, bnt which is so connected with the iirst> that» as M. 8avart states^ the 
first being given, the other may be anticipated with certaipty ; ^i|>m which it 
results that every time a body emits sounds, not only is it the seat of many 
modes of division which are superposed, but amongst all these modes there are 
always two which are more distinctly established than all the rest. My object 
in this memoir is to put this fact beyond a doubt, and to study the laws to 
which they appear subject.^ 

5. M. Savart then proceeds to establish a secondary mode of division in 
circular, rectangular, triangular and other plates ; and in rods, rings, and 
membi'anes. This secondary mode is pointed out by the figures delineated by 
the lycopodium or other light powder ; and as far as I can perceive, its existence 
is assumed, or rather proved, exclusively from these fonns. Hence much of the 
importance which I attach to the present paper. A secondary mode of division, 
so subordinate to the principal as to be always superposed by it, might have 
great influence in reasonings upon other points in the philosophy of vibrating 
plates ; to prove its existence therefore is an important matter. But its exist- 
ence being assumed and supported by such high authority as the name of* 
Savart, to prove its non-existence, supposing it without foundation, is of equal 
cohsequeiice. 

6. The essential appearances, as far as I have observed them, are as follows. 
Let the plate before mentioned (2), which may be three or four inches square, 
be nipped and held in a horizontal position by a pair of pincers of the proper 
form, and terminated, at the pari touching the glass, by two pieces of cork ; 
let lycopodium powder be sprinkled over the plate, and a violin bow be drawn 
downwards against the middle of one edge so as to produce a ejear full tone. 
Immediately the powder on those four parts of the plate towards the four edges 
will be agitated, whilst that towards the two diagonal cross lines will remain 
nearly or quite at rest. On repeating the application of the bow several times, 
a little of the loose powder, especially that in small masses, will collect Upon 
the diagonal lines, and thus, showing one of the figures which Chladni dis- 
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oomveA, will also show the prinelpid mode of division of the plate. Most of 
th# powder which remaiiis opoR the plate will> however^ be collected in four 
pttroels $ ohe placed near to eaidi edge of the plate^ and evidently towards the 
place of greatest %itattCh. Whilst the plate is vibrating (and consequently 
soanding) strongly^ these parcels will each form a rather didhse cloudy moving 
rapidly within itself; but as the vibration diminishes, these clouds will first 
contract considerably in bulk, and then settle down into four groups, each 
consisting of one, two, or more hemispherical parcels (53), which are in an 
extraordinary condition ; for the powder of each parcel continues to rise up at 
the centre and flow down on every side to the bottom, where it enters the mass 
to ascend at the centre again, until the plate has nearly ceased to vibrate. ^ If 
the plate be made to vibrate strongly, these parcels are immediately broken 
up, being thrown into the air, and form clouds, which settle down as before ; 
but if the plate be made to vibrate in a smaller degree, by a more moderate 
application of the bow, the little hemispherical parcels are thrown into com- 
motion without being sensibly separated from the plate, and often slowly travel 
towards the quiescent lines. When one or more of them have thus receded 
from the place over which the clouds are always formed, and a powerful appli- 
cation of the how is made, sufficient to raise the clouds, it will he seen that 
these heaps rapidly dimmish, the particles of which they are composed being 
swept away from them, and passing hack in a current over the glass to the 
cloud under formation, which ultimately settles as before into the same four 
groups of heaps. These efiects may be repeated any number of times, and it 
is evident that the four parts into which the plate may be considered as divided 
by the diagonal lines are repetitions of one effect. 

7 . The form of the little heaps, and the involved motion they acquire, are 
no part of the phenomena under consideration at present. They depend upon 
the adhesion of the particles to each other and to the plate, combined with the 
action of the air or surrounding medium, and will he resumed hereafter (53). 
The point in question is the manner in which fine particles do not merely 
remain at the centres of oscillation, or places of greatest agitation, but are 
actually driven towards them, and that with so much the more force as the 
vibmtionii are more powerful, 

8. That the agitated substance should be in very fine powder, or very light, 
appears to he the only condition necessary for success ; fine scrapings from a 
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eotsnioti quill^ eves when the eighth of an ineh in l^gth or more^ w31 show 
the efihct^ Chemically pare and finely divided sUioa rivals lycopodium in the 
heaaty of its arirangement at the vibrating paiis iif the {date, although the same 
substance in sand or heavy particles proceeds to the lines of rest. Pero 9 ude of 
tin, red lead, vermilion, sulphate of baryta, and other heavy powders when 
highly attenuated, collect also at the vibrating parts. Hmice it is evident that 
the nature of the powder has nothing to do with its collection at riie centres 
of agitation, provided it be dry and fine. 

9. Ihe cause of these effects appeared to me, from the first, to exist in the 
medium within which the vibrating plate and powder were placed, and every 
experiment which I have made, together udth all those in M. Savar'/s paper, 
either strongly confirm, or agree with this view. When a plate is made to 
vibrate (2), currents (24) are established in the mr lying upon the surface of 
the plate, which pass from the quiescent lines towards the centres or lines 
of vibration, that is, towaids those parts of the plates where the excursions 
are greatest, and then proceeding outwards from the plate to a greater or 
smaller distance, return towards the quiescent lines. The rapidity of these 
currents, the distance to which they rise from the plate at the centre of oscil- 
lation, or any other part, the blending of the progressing and returning air, 
their power of carrying light or heavy particles, and with more or less rapidity 
or force, are dependent upon the intensity or force of the vibrations, the me- 
dium in which the vibrating plate is placed, the vicinity of the centre of vibra- 
tion to the limit or edge of the plate, and other circumstances, which a simple 
experiment or two will immediately show must exert much influence on the 
phenomena. 

10. So strong and powerful are these currents, that when the vibrations were 
energetic, the plate might be inclined 5% 0^, or 8^ to the horuson and yet the 
gathering clouds retain their places. As the vibrations diminished in force, the 
little heaps formed from the cloud descended the hill ; but on strengthening 
the vibrations they melted away, the particles ascending the inclined plane on 
those sides proceeding upwards, md passing again to the cloud. This took 
place when neither sand nor fllings could rest on the quiescent or nodal 
lines. Nothing could remain upon the plate except those particles which were 
so fine as to be governed by the cunents, which (if they exist at all) it is evi- 
dent would exist in whatever situation the plate was placed. 
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IL M* 8e«y^ th^ reason why the powder lathers 

togotii^ at the centres of oseiilaticniis^ that the amplitude of the oscillations 
hein^ very gzeati the middle of each of those centres (of vibration) is the <mly 
place wh^ the plate remains nearly plane and horizontal^ and where^ conse^ 
quently, the powder may reunite^ whilst'the surface being inclined to the right 
or left of this pointy the parcels of powder cannot stop there.** But the inclina* 
tion thus purposely given to the plate^ was very many times that which any part 
acquires by vibration in a horizontal posilion, and consequently proves that the 
horizontality of any part of the plate is not the cause of the powder collecting 
there, although it may be favourable to its remaining there when collected. 

12. Guided by the idea oiT what ought to happen, supposing the cause now 
assigned were the true one, the following amongst many other experiments 
were made. A piece of card about an inch long and a quarter of an inch wide 
was fixed by a little soft cement on the face of the plate near one edge, the 
plate held as before at the middle, lycopodium or fine silica strewed upon it, 
and the bow applied at the middle of another edge ; the powder immediately 
advanced close to the card, and the place of the cloud was much 
nearer to the edge than before. Fig. 1 represents the arrange- 
ment; the diagonal lines being those which sand would have 
formed, the line at the top a representing the place of the card, 
and the x to the right the place where the how was applied. 

On applying a second piece of card as at b, the powder seemed 
indifferent to it or nearly so, and ultimately collected as in the first figure : 
c represents the place of the cloud when no card is present. 

13. Pieces of caiti 'were then fixed on the glass in the three 
angular forms represented in fig. 2 ; upon vibrating the plate 
the fine powder always went into the angle, notwithstanding its 
difference of position in the three experiments, but perfectly in 
accordance with the idea of currents intercepted more or less by 
the card. When two pieces of card were fixed on the plate as 
in fig. 3. a, the powder proceeded into the angle but not to the 
e%e of the glass, remaining about ith of an inch from it ; hut ^ 
mi ^losing up that opening, as at b, the powder went quite up 
mto the comer. 

2 R 
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li» Upol) IMnf tiro piooos b( oftvd m the ptele as at c fig« the powder 
hetweep thooEl eoUeoted in the middle rery nmsiy ae if no card had been 
presei^ ) hot that m the ootiide of the cardi gadmred doie op againet theni^ 
being able to proceed 8o ihr in ite wasr to the middle* Imt no further. 

15 . {p all these experiments the soimd woe very little lowered* the form of 
the cross was not changed* and the light powders ooUeoted cm die other three 
portions of the plate* exactly as if no card walls had been a{H|ihed o» dm fourth $ 
so that no reason appears for supposing that the mode in wMch the plate 
vibrated was altered* but the powders seem to have been carried feaward by 
currents which could be opposed or directed at pleasure by the card stops. 

16 . A piece of gold 4 eaf being laid upon the plate* so that it 4. 

did not overlap the edge* fig. 4, the current of air towards the S. L- 1 ) 
centre of vibration was beautifully shown s for, by its force, the A x 

air crept in under the gold-leaf on all sides* and raised it up into 

the form of a blister ; that part of the gold 4 eaf correspcmding 
to the centre of the locality of the cloud* when light powder was used* being 
frequently a sixteenth or twelfth of an inch from the glass. Lycopodium or 
other fine powder sprinkled round the edge of the gold-leaf, was carried in 
by the entering and accumulated underneath. 

17. When silica was placed on the edge of another glass Fig. 5 . 
plate, or upon a book, or block of wood, and the edge of the 
vibrating plate brought as nearly as possible to the edge of 

tbe former, fig. fi, part of the silica was always driven on to the 

vibrating plate, and collected in the usual place ; as if in the jC ^ 

midst of all the agitation of the air in the neighbourhood of 

the two edges, there was still a current towards the centre of 

vibration, even from bodies not themselves vibrating. 

18 . When a kmg glass, plate is supported by bridges or strings at the two 

nodal lines represented in fig. 6, and made to vibrate* the lycopodium 
collects in three divisions ; th^ between the nodal lines pjg. 5, 

does not proceed at once into a line equidistant from the 

nodal lines and parallel to them* but advances from the 

edges of the plate towards the middle by paths* which are a little curved and 

oblique to the edges where they occur near the nodal lines* but are almosi 






ML WmAnAH m a CUkm of ACOOBTlOAIi fioures. sm 

to k dyiarliar^, and itie powder gradually iinne a line along 
llie naiddle of Ibe plate; it k only by continuing tbe experiment for eome 
tinm tibttt it galbeiu up into a hei^ or cloud equidietant fiom the nodal Inea. 
But upon fixing card walk upon this plate, as in fig. 7> the 
coinue of the powder within the cards was directly paiallel 
to them ami to the edge, instead of being perpendicular, 
and also directly towards the centre of oscillation. To prove that it was not as 
a weight that the card acted, but as an <fi>8tacle to the currents of air formed, it 
was not moved from its place, but bent fiat down outwards, and then the fine 
powder resumed the courses it took upon tbe plate when without the cards. 
Upon raising the cards the fiist effect was reproduced. 

19. The lycopodium spriidcled over the extremities of such a plate proceeds 

towards places equidistant from the sides and near the ends, as at a fig. 8 ; but 
on cementing a piece of paper to the edge, so as to pjg g, 

form a wall about one quarter or one third of an inch ^ 
high, A, the powder immediately moved up to it, and 

retained this new place. In a longer narrow plate, similarly arranged, the 
powder could be made to pass to either edge, or to the middle, according as 
paper interceptors to tbe currents of mr were applied. 

20. Plates of tin, four or five inches long, and from an inch to two inches 
wide, fixed firmly at one end in a horizontal position, and vibrated by apply- 
ing the fingers, show tbe progress of the air and the light powders well. The 
vibrations are of comparatively enormous extent, and tbe appearances are con- 
sequently more instructive. 

21. If a tuning-fork be vibrated, then held horizontally with the broad sur- 
face of one leg uppermost, and a little lycopodium be sprinkled upon it, the 
collection of the powder in a cloud along the mMdle, and the formation of the 
involving heaps also in a line along the middle of the vibrating steel bar, may 
be beautifully observed. But if a piece of paper be attached by wax to the 
side of the limb, so as to form a fence projecting above it, as in the former ex- 
periments (19), then the powder will take up its place close to the paper ; and 
if pieces of paper be attached on different parts of the same leg, the powder 
will go to the different sides, in the different parts, at the same time. 

22. The effects under consideration are exceedingly WeU shown and illus- 

2 r2 
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mMi by membranes. A piece of parcbm^t was stretdied ai^ %b% tied^ 
whOst moist, over the apertuie of a liimiel fire or six inches in diameter $ a 
small hole was made in the middle, and a horse-halr passed tiiirongk it, bilt 
with a knot at the extremity that it might thereby be retdned. Upon fixing 
the funnel in an ujpright position, and after applying a little powdered redn to 
the thumbs and fore-fingcrS, drawing them upward over the horso*hsir, the 
membrane was thrown into vibration with more or less force at pleasure. By 
supporting the funnel on a ring, passing the horse-hfur in the o{^>omte direc* 
tion through the hole in the membrane, and drawing the fingers over it down- 
wards, the direction in which the force was applied could he varied accord- 
ing to circumstances. 

23. When lycopodium or light powders were sprinkled upon this surfime; 
the rapidity with which they ran to the centre, the cloud formed there, the 
involving heaps, and many other circumstances, could be observed very ad- 
vantageously. 

24. The currents which I have considered as existing upon the surface of 
the plate, membranes. See, from the quiescent parts towards the centres or 
lines of vibration (9), arise necessarily from tbe mechanical action of that 
surface upon the air. As any particular part of the surface moves upwards 
in the course of its vibration, it propels the air and communicates a certain 
degree of force to it, perpendicular or nearly so to the vibrating surface ; as it 
returns, in the course of its vibration, it recedes from the air so projected, and 
the latter consequently tends to return into the partial vacuum thus formed. 
But as of two neighbouring portions of air, that over the part of the plate 
nearest to the centre of oscillation has had more projectile force communi- 
cated to it than the other, because the part of the plate urging it was moving 
with greater velocity, and through a greater space, so it is in a more unfavour- 
able condition for its immediate return, and the other, i. e. the portion next to 
it towards the quiescent line, presses into its place. This effect is still fhrtber 
favoured, because the portion of air thus displaced is urged from similar causes 
at the same moment into the place left vacant by the air stdl nearer the centre 
of oscillation ; so that each time the plate recedes from the air, an advance of 
the air immediately above it is made from tbe quiescent towards the vibrating 
parts of the plates. 
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2A. wUl bA evident this current is hig^jr favourable for the trans* 
fereuce of light ponders to^rds the* centre of vibration. Whilst the air is 
fmed forwardi the advance of the plate against the particles holds them tight ; 
but when the plate recedes, and the current exist^ the particles are at that 
moment left unsupported except by the air, and are free to move with it. 

26. The air which is thus thrown forward at and towards the centre of 
oscillation, must tend by the forces concerned to return towards the quiescent 
lines, forming a current in the opposite direction to the first, and blending more 
or less with it. I endeavoured, in various ways, to make the extent of this 
system of currents visible. In the experiment already referred to, where gold- 
leaf was placed over the centre of oscillation (16), the upward current at the 
most powerful part was able to raise the leaf about one tenth of an inch from 
the plate. The higher the sounds with the same plate or membrane, i. e. the 
greater the number of vibrations, the l^s extensive must be the series of cur- 
rents ; the slower the vibrations, or the more extensive the excursion of the 
parts from increased force applied, the greater the extent of disturbance. 
With glass plates (2. 12) the cloud is higher and larger as the vibrations are 
stronger, but still not so extensive as they are upon the stretched membrane 
(22), wliere the cloud may frequently be seen rising up in the middle and 
flowing over towards the sides. 

27« When the membrane stretched upon the funnel (22) was made to vibrate 
by the horse-hair proceeding downwards, and a large glass tube, as a cylindri- 
cal lamp-glass, was brought near to the centre of vibration, no evidence of a 
current entirely through the lamp-glass could be perceived ; but still the most 
striking proofs were obtained of the existence of carrying currents by the effects 
upon the light powder, for it flew more rapidly under the edge, and tended to 
collect towards the axis of the tube ; it could even be diverted somewhat from 
its course towards the centre of oscillation. A piece of upright paper, held with 
its edge equally near, did not produce the same effect; but immediately that it 
was rolled into a tube, it did. When the glass chimney was suspended very 
carefully, and at but a small distance from the membrane, the powder often 
collected at the edge, and revolved there ; a complicated action between the 
currents and the space under the thickness of the glass taking place, but still 
tending to show the influence of the air in arranging and disposing the powders. 



308 MIL FABADAr ON A PFCUIAAE OliASfi OF ACOUSIlGAIi FI0I7EFS. 

28. A sheet of diBwingupaper was stretched tigbtljr oFer a fmme so as to 
fonn a tense daetic snrfiuse nearly three feet by two fed; in isKtent. Upon 
placing this in a horkcmtal podtion^ throwing a spoonfol of lyct^podiiitn i^on 
it, and slAfeg it smartly below with the fingers, the phenmnena of collection 
at the cmitee of vibration, and of moving heaps, could he obtained upon a mag** 
nificetit scide. When the lycopodium was uniformly spread over the surfece, 
and any part of tbe paper slightly tapped by the hand, the lycopodium at any 
place chosen couM be drawn together merely by holding the lamp^glass over 
it. It will be mmecessary to enter into the detail of the various actions com- 
bining to produce these efTects; it is sufficiently evident, fn>m the mode in which 
they may be varied, that they depend upon currents of air. 

22. A very interesting set of effects occurred when the stretched parchment 
upon the funnel (22) was vibrated under plates ; the horse^hair was directed 
downwards, and the membrane, after being sprinkled over with light powder, 
was covered by a plate of glass resting upon the edge of the funnel ; upon 
throwing the membrane into a vibratory state, the powder collected with much 
greater rapidity than uuthout the plate ; and instead of forming the semi-glo- 
bular moving heaps, it formed linear arrangements, all concentric to the centre 
of vibration. When the vibrations were strong, these assumed a revolving 
motion, rolling towards the centre at the part in contact with the membrane, 
and from it at the part nearest the glass ; thus illustrating in the clearest man- 
ner the double currents caged up between the glass and the membrane. The 
effect was well shown by carbonate of magnesia. 

30. Somerimes when the plate was held down very close and tight, and the 
vilwations were few and large, the powder was all blown ont at the edge ; for 
then the whole arrangement acted as a bellows ; and as the entering air tra- 
velled with much less velocity than the expelled air, and as the forces of the 
currents are as the squares of the velocity, the issuing air carried the powder 
more forcibly than the a|r which passed in, and finally threw it out. 

31. A thin plate of mica laid loosely upon the vibrating membrane showed 
the rotatiiig concentric lines exceedingly well. 

32. ¥tom these experinmnts on plates and surfiices vibratiiig in air, it 
iqipeaie that tiie forms assumed by the determination of light powders towards 
the pkcescff most intense vibrarion, depend, not upon any secondmy mode of 
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dMskmf or upcwi aay immediate and peculiar action of the plate, but upon the 
currents of air necessarily formed over its surfoce, in consequence of the extras 
mechaxdcal acrioii of one part beyond another. Jn this point of view the nature 
of the medium in which those currents were formed ought to have great influence 
over the phenomena ; for the only reason why silica as sand should pass towards 
the quiescent lines, whilst the same silica as fine powder went from them, is, that 
in its first form the particles are thrown up so high by the vibrations as to be 
above the cnrrents, and that if they were not thus thrown out of their reach they 
would be too heavy to be governed by them ; whilst in the second form they are 
not thrown out of the lower current, except near the principal place of oscillation, 
and are so light as to be carried by it in whatever direction it may proceed. 

33. In the exhausted receiver of the air-pump therefoi*e the phenomena 
ought not to occur as in air ; for as the force of the currents would be there 
excessively weakened, the light powders ought to assume the part of heavier 
grains in the air. Again, in denser media than mr, as in water for instance, 
there was every reason to expect that the heavier powder, as sand and filings, 
would perform the part of light powders in air, and be carried from the qui- 
escent to the vibrating parts. 

34. The experiments in the air-pump receiver were made iu two ways. A 
round plate of glass was supported on four narrow cork legs upon a table, and 
then a thin glass rod with a rounded end held perpendicularly upon the middle 
of the glass. By passing the moistened fingers longitudinally alcmg this rod the 
plate was thrown into a vibratory state ; the cork legs were then ax^usted in 
the circular nodal line occurring with this mode of vibraticm; and when their 
places were thus found they were permanently fixed. The plate was then trans- 
ferred into the receiver of an air-pump, and the glass rod by which it was to 
be thrown into vibration passed through collars in the upper part of the 
receiver, the entrance of air there being prevented by abundance of pomatum. 
When fine silica was sprinkled upon the plate, and the plate vibrated by the 
wet fingers applied to the rod, the receiver not being exhausted, the fine 
powder travelled from the nodal line, part collecting at centre, and other 
part in a circle, between the nodal line and the edge. Bodi these situations 
were places of vibration, and exhibited themselves as such by the agitation of 
the pmrSm. Upon again sprinkling fine silica uniformly over the plate, ex- 
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iiRUStiiig the receiver td twenty^ght inches^ and vibrating the ^hte» the silica 
wi^tfioin tl»a middle towards the nockl line or pkoe of rest, peifoiiidiig exactly 
the jNUt of sand in air. It did not move at the edg^ of the plate, and as the 
appamtos was inconvenient and brdke daring the experimmit, the follow- 
ing arrangement was adopted in its place. ^ 

The month of a fhnnel was covered (22) with a wdl^^etretched piece of 
ine parchment, and then fixed on a stand with the membraiie horizontal ; the 
horse-hiur was passed loosely through a hole in a cork, fixed in a metallic tube 
on the top of the air-pump receiver ; the tube above the cork was filled to the 
depth of half an inch with pomatum, and another perforated cork put over 
that ; a cup was formed on the top of the second cork, which was filled with 
water. In this way the horse-hair passed first through pomatum and then 
water, and by giving a little pressure and rotatory motion to the upper cork 
during the time that the horse-hair was used to throw the membrane into 
vibradon, it was easy to keep the pomatiun below perfectly in contact with the 
hair, and even to make it exude upwards into the water above. Thus no pos- 
sibility of the entrance of air by and along the horse-hair could exist, and the 
tightness of all the other and fixed parts of the apparatus was ascertained by the 
ordinary mode of examination. A little paper shelf was placed in the receiver 
under the cork to catch any portion of pomatum that might be forced through 
by the pressure, and prevent its falling cm to the membrane. 

36. This arrangement succeeded : when the receiver was full of air, the lyco- 
podium gathered at the centre of the membrane with great facility and readi- 
ness, exhibiting the cloud, the currents, and the involving heaps. Upon ex- 
hausting the receiver until the barometrical gauge was at twenty-eight inches, 
the lycopodium, instead of collecting at the centre, passed across the mem- 
brane towards one side which was a little lower than the other. It passed by 
the middle just as it did over any other part ; and wh^ the force of the vibra- 
dons was much increased, although the powder was more agitated at the 
middle than elsewhere, it did not collect there, but went towards the edges or 
quiescent parts. Upon aUo|png air to enter until the barometer stood at 
twmtyndx inches, and repeating the experiments, the effect was nearly the same. 
When the vibrations were very strong, there were faint appearances of a cloud, 
coifisis&lg of the very finest particle, collecting at the centre of vibmdon ; 
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meimnh^u of tbe powdtp tock phtm. At twenty-^fooi:: inches 
4# 4iiO teroani^ the aeoumulathm at the centre began to appear, aa<l there 
Ik iensMile^ though veiy sHght Tkible of the return of the powder 
from the edges. At twmty-two inches these effects were stronger ; and when 
the barometer was at twenty inches, the currents of air within the receiver 
had force enough to cause the collection of the principal part of the lycopo- 
<3Bum at the centre of idbration. Upon again, however, restoring the exhaustion 
to twenty-eight inches, all the effects were reproduced as at ffrst, and the lyco- 
podium again proceeded to the lower or the quiescent parts of the membrane. 
These alternate effects were obtained several times in succession before the 
a^qmtatus was dismounted. 

37 . In this form of experiment there were striking proofs of the existence of 
a current upwards from the middle of the membrane when vibrating in air, 
(24), and the extent of the system of currents (26) was partly indicated. The 
powder purposely collected at the middle by vibrations, when the receiver was 
ftill of Mr, was observed as to the height to which it was forced upwards by 
the vibrations ; and then the receiver being exhausted, the height to which the 
powder was thrown by similar vibrations was again observed. In the latter 
cases it was nothing like so great as in the former, the height not being two- 
tMrds, and barely one-half, the first height. Had the powder, been thrown up 
by mere propulsion, it should have risen far higher in vacuo than in air : but 
the reverse took place; and the cause appears to-be, that in air the current 
hhd force enough to cairy the fine particles up to a height fitr beyond what the 
mere Idow which they received from the vibrating membrane could effect. 

38. For the experiments in a denser medium than air, water was chosen. A 
circular plate of glass was supported upon four feet in a horizontal position, sur- 
rounded by two or three inches of water, and thrown into vibration by applying 
a glass rod perpendicular to the middle, as in the first experiment in vacuo 
(34) ; the feet were shifted until the arrangement gave a clear sound, and 
the moistened brass filings sprinkled upon the plate formed regular lines or 
figm^. These lines were not however lines ojf rest, as they would have been 
in the air, but were the places of greatest vibrations as was abundantly evi- 
doit from their being distant from that nodal line determined and indicated 
by tibh contact of the feet, and also from the violent agitation of the filings. 

Mnoccxxxi. 2 s 
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filiiigs proceed^ to^emovlEif piiM^ aMtb^ 

were gather^ to^ dot only fimatiig tKa OlcmdofparlioldB 
of intense tmt also settlinf dbwti> trlien Mi vibindtm# imSm, 

into tlie iiauiie tnyolving groups; and in ev^ reipe^ Iinitating t&e adti^ of 
light poa^id air. Sand was affected exactly in the sanie manner;" and 
even gra^ of platina could t>e in this way collected fay t^ fanirrents formed in 
so dense a medium as water. 

dfii. The experimmits were then made under water with (he membimies 
[^retched over iunneis (22) and thrown into vibration by horse4iairs dinwn 
between the fingers. The space beneath the membrane coiild be retained, 
filled with air, whilst the upper surface was covered two or three inches deep 
with water ; or the space below could also be filled with water, or the force 
applied to the membrane by the horse-hair coiild be upwards or downwards 
at pleasure. In all these experiments the sand or filings conld be made to 
pass with the utmost faciUty to the most powerfully vibrating part, that being 
either at the centre only, or in addition, in circular lines, according to the mode 
in uhidi the membrane vibrated. The edge of the fiinnel was always a line of 
rest ; but circular nodal lines were also formed, which were indicated, not by 
the accumulation of filings upon them, but by the tranquil state of those filings 
which happened to be there, and also by being between those parts where 
the filings, by their accumulation and violent agitation, indicated the parts in 
the most powerful vibratoiy state. 

40. Even when by the relaxation of the parchment from moistnre, and the 
force upwards applied by the horse-hair, the central part of the membrane was 
raised the eighth of an inch or more above the edges, the drale not being four 
inches in diameter, still the filings would collect there. 

41. VRien in place of parchment common linen was used, as becoming tighter 
rather than looser when wetted, the same effects were obldnedL 

42. Botii the reasoning adopted and the effects de^ribed were such ns to 
lead to the expectation that if the plme vibrating !n alir was covered with a 
layer of liquid in^ead <ff sand m* lycopodium, that liquid ouj^t to be deier^ 
mined ficbi the quiescent to the vibrating parts and be acxmmidated 

ii l^uare plate was therefore covered with water, and ^ibrntdi as in the former 
exp^badatk (2. 6.) ; but «dt endeavours to ascertain whether accuiUimitibii 



]pf« f lOKpfDAT OH A PECUUAE Cl^ASS OP ACOUJBTICiX FIGURES* S13 

1 ^ f^tr^ 0 i ospiliation^ either by direct abservatiaii> or the 
fe||aeti<H| rig^t-lined figures, or by looking through the 

pnf^ is tlnotiii^ a 1^, at small print and other objects, fidled. 

43. As however wh^ the plate was strongly vibrated, the well4tnown and 
fOtmlhur caispaf^^ which ibrm on water at the centres of vibration; occun^ 
and prevented an^ possible decision as to accumulation, it was only when these 
wmo idMent and the vibration weak, and the accumulation therefore small, 
that any satisfactory result could be expected ; but as even then no appearance 
was percdived, it was concluded that the force of gravity combined with the 
mobility of the fluid was sui^cient to restore the uniform condition of the 
layer of water after the bow was withdrawn, and before the eye had time to 
disserve the convexity expected. 

44. To remove in part the effect of gravity, or rather to make it coincide 
with, instead of oppose the convexity, the imder surface of the plate was moist- 
ened instead the upper, and by inclining the plate a little, 
the water made to hang in drops at a or 6 or c, fig. 9, at plea- 
sure. On applying the bow at x , and causing the plate to vibrate, 
the drops instantly disappeared, the water being gathered up and 
expanded laterally over the parts of the plate from which it had 
flowed. On stopping the vibration, it again accumulated in hanging drops, 
which instantly disappeared as before on causing the plate to vibrate, the force 
of gravity being entirely overpowered by the superior forces excited by the 
vibrating plate. Still, no visible evidence of convexity at the centres of vibra- 
rion were obtained, and the water appeared rather to be urged from the 
vibrating parts than to them. 

43. Ibe tenacity of oil led to the expectation that better results would be 
obtained with it than with water. A round plate, held horison- Fig. lo. 
tally by tl|p middle (6. 42), was covered with oil over the upper 
surfoce, so as to be flooded, except at X , fig* 10, and the bow ap- 
plied at X as before, to produce strong vibration^ No ciispation 
occurred in the oil, but it immediately accumulated at o, 3, and c, 
forming fluid lenses there, rendered evident by their magnifying power when 
piii^ Was looked at through them. Ihe accumulations were also visible on 
pultil^ a fdieet of white pi^^ beneath, in consequence of the colour of the oil 
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Mtig^ 0 eper at thjE^ atsoiiRulalioRi titan thqrwei« alid iwda^ 

baaxififolly ^evtdel^ bjt ^making tfaa axpdiiaaxit in fimiliina^ or by g^nttlDif a 
candle beneOtk ibbe {Hate, cmd .j^iacinga iE»;r^n oftpodlb Mde to 

the inial^ast^^ . 

46i Whi^ llio Vibration of the plate ceased, tbe oil giadnaliy doired^ to 
until tmifemn depth. On renewing tbe vibration, the accntnnlatlons were 
re-formed, tbe pbrnomena dT accumulation occurring with as ntuob ceitainty 
and beauty as if lycopodium powder had been used. 

. 47 . To remove ev^ doubt of the Ouid passing from the q^esoent to the 
agitated parts, centres of vibration were used, nearly snrrouhded by nodal lines. 
A square plate, hg. 1 1, being held at c, and the bow applied at X , 
gave with sand, nodal lines, resembling those in tbe figure. Then 
clearing off the sand, putting oil in its place, and producing the 
same mode of vibration as before, the oil accumulated at a and 

forming two heaps or lenses as iti the former experiment (45). 

48. The experiment made with water on the under surface (44) was now 
repeated with oil, the round plate being used (45). The banging drop of oil 
rose up as the water did before, but the lateral diffusion was soon limited ; for 
lenses 'were formed at the centres of vibration just as when the oil was upon 
the upper surface, and, as far as could be ascertained by general examination, 
of the same form and power. On stopping the vibration, tbe oil gathered again 
into hanging drops; and on renewing it, it was again disposed in the lens-like 
accumulations. 

49. With white of egg the same observable accumulation at tbe centres of 
vibration could be produced. 

50. Hence it is evident that when a surface vibrating normally, is covered 
with a layer of liquid, that liquid is determined from the qttiescent to the 
vibrating parts, producing accumulation at the latter places ; an|[ that this 
accumulation is limited, so that if purposely rendered too great by gravity or 
other means, it will quickly be diminished by the vibmtions until the depth 
of fluid at any one part has a certain and constant relation to the velocity there 
and to the depth elsewhere. 

51. From tbe accumulated evidence whieh these experiments afford, I think 
there can toueuR Ro doubt of the cause of the collection of fine powders at the 
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e^filr^ or ]iReft;Of vibri^^ of plates, loembranes, ^c. ooder common circum* 
stamoes s and lbat no i^ondaiy mode of division need be assumed to account 
for them. 1 have been the more desirous of accumulating experimental evi- 
dence, because I have thought on the one hand that the authority of Savart 
should no^ be doubted on slight grounds, and on the other, that if by accidast , 
it be placed in the wrong scale, the weight of evidence against it should be 
such as fully to ^^blish the truth and prevent a repetition of the error by 
others. 

52. It must be evident that the phenomena of collection at the centres or 
lines of greatest vibration are exhibited in, their purest format those places 
which are surrounded by nodal lines; and that where the centre or place of 
vibration is at or near to an edge, the effects must be very much modified by 
the manner in which the air is there agitated. It is this influence, which, in 
the square plates (6. 12) and other arrangements, prevents the clouds being at 
the very edge of the glass. They may be well illustrated by vibrating tin 
plates under water over a white bottom, and sprinkling dark*coloured sand or 
filings upon various parts of the plates.* 

On the pecuUar Arrangement and Motions of the heaps formed by particles 
lying on vibrating surfaces. 

53. The peculiar manner in which the fine powder upon a vibrating surface 
is accumulated into little heaps, either hemispherical or merely rounded, and 
larger or smaller in size, has already been described (6. 28), as well also as the 
singular motion which they possess, as long as the plate continues in vibra- 
tion. Tliese heaps form on any part of the surface which is in a vibratory 
state, and not merely under the clouds produced at the centres of vibration, 
although the particles of the clouds always settle into similar heaps. They 
have a tendency, as heaps, to proceed to the nodal or quiescent lines, but are 
often swep^ away in powder by the currents already described (6). When on 
a place of rest, they do not acquire the involving motion. When two or more 
are near tc^petheror touch, ftiey will frequently coalesce and form but one 
heap, which quickly acquires a rounded outline. When in their most perfect 
and jimd fSran, they ai^ always round. 

5i4i 1%e ^moving heaps formed by lycoppdium on large stretched drawing- 
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9 iir^K^ il eoveciM by nimd from a Aere, and th^ topped 
fiagfr# the thanner in whieb the eand dmws np inlo ioiOfjitli^ h^aiM ii 
iM»anlilid« . 

8$, When ii single bmp is examined, which is €^Venii!|idy dew % lioliKiig 
a vibrating tuning-fork in a horizontal position, and dropping some lycopodium 
upon it, it wiU be seen that the particlai df the heap rise up at the centre, oFer- 
dow, &U down upon all sides, and disappear at the bottom, apparently pro- 
ceeding inwards ; and this evolving and involving motioh continues until tbe 
vibrations have become very weak. 

50. That the medium in which die experiment is made has an important 
influence, is shown by the cireumstance of heavy particles, such as filings, ex- 
hibiting all these peculiarities when they are placed upon surfaces vibrating in 
water (88) ; the heaps being even hijg^er at the centre than a heap of equal 
diameter formed of light powder in the air. In water, too, they are formed 
indifferently upon any part of the plate or membrane which is in a vibratory 
state. They do not tend to the quiescent lines ; but that is merely from the 
great force of the currents formed in water as already described (38), and tbe 
power with which they urge obstacles to the place of greatest vibration. 

57 . If a glass plate be supported and vibrated (€), its surfime having been 
covered with sand enough to hide the plate, and water enough to moisten and 
flow over the iand, the sand will draw together in heaps, and these will ex- 
hibit the peculiar hud characterisdc motion of the particles in a very striking 
manner* 

58. The aggregation and motion of these heaps, dther in dr or other fluids, 

IS a very simple consequence of the mechanical impulse cmnmunicated to them 
by tibcjdintacriouoftfae vibrating surfisme and the suiTOun^ag medium. Thus 
in air, wh^, in tbe course of a vibration, the pari of a plain under a heap 
rises, it communicates a propelling fbrce upwai^ to that heafi, nungled as it 
is ^lh air, greater than that communuHted to the surrounding atmosphere, 
because of tbe superior specific gravity of the former $ upon rececfln|^ ieom the 
he^p, tiid^re^ in peilbiming tto its nbratibn, it fomis a pf^^ 
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vtecim iato i^lcli the air^ loimd Itbe heap, eaiers i^h more rea<|iaes8 thaa 
Ih^ ; liiid as it eiiter8> carries in the poirder nt the bottom edge of 
heap with it. ^niis action is r^ieated at every vibration, and as they ooctw 
In st^ n^nd snceesiten that the eye cannot distingnisli them, thb centre part 
of the h^ is cOntinnaliy progressing upwards; and as the powder thus aceu-- 
miniates above, whilst the base is continually lessened by what is swept in under- 
neath, the particles necessarily fall over and roll down on every side. 

80. Although this statement is made upon the relation of the heap, as a 
mass, to the air surrounding it, yet it will be seen at once that the same rela^ 
tiott exists between any two parts of the heap at different distances from the 
centre ; for the one nearest the centre will be propelled upward with the greatest 
force, and the other will be in the most favourable state for occupying the 
partial vacuum left by the receding plate. 

60. This view of the effect will immediately account for all the appearances ; 
the circular form, the fusion together of two or more heaps, their involving 
motion, and their existence upon any vibrating part of the plate. The manner 
in which the neighbouring particles would be absorbed by the heaps is also 
evident; and as to their first formation, the slightest irregularities in the pow- 
der or surface would determine a commencement, which would then instantly 
favour the increase. 

61. It is quite true, that if the powder were coherent, that force alone would 
tend to produce the same effect, but only in a very feeble degree. This is suf- 
ficiently shown by the experiments made in the exhausted receiver (36). When 
the barometer of the air-pump was at twenty-eight inches, that in the air being 
about 20.2 inches, the heaps, or rather parcels, formed very beautifully over the 
whole surfiwje of the membrane ; but they were very flat and extensive compared 
with the heaps in air, and the involving motion was very weak. As the air was 
admitted, the vibration being continued, the heaps rose in height, contracted 
in diameter, and moved more rapidly. Again, in the experiments with filings 
and send in water, no cohesive action could assist in producing the effect ; it 
roust have been entirely due to the manner in which the particles were me- 
chi^cadfy urged in a medium of less density than themselves. 

62. The conversion of these round heaps into linear concentric involving 
parcels, in the experiment already described (29. 31), when the membrane was 
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€<»v^red by a plate of giafi6> is a nee^Maiy eonseqaimee of tbe rnrimgmm^ 
there made, aad leiids to show how ihStieixIial the aetiem of the Idr 4^ o^er in*' 
eluding medium is mall the phepomeua eopsidered In this paper. Ho iudom*- 
patibk principles are assumed in the explicatimi giireii af the arrUilgeiaeiit 
the Bams ppoduoing iIn^ ^Ssetsln quesd<m> alid dboi^ 

tion of the force of vibration and otlmr dfoumstaimesi the one elket tiaU be 
made, within eertain limits, to pass in^ the Othm', no anomaly Or oontradk^dn 
k thus involved, nor any result product, whidb, as it appears to me, cesinot 
he immediately accounted for by rekitmce to the principles laid doum. 

RmfeU JnsHtutkn^ 

March 21, 1831. 
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Oit ^ Forms smd SMes assumed by Fbdds m cmUmt unih mbratmg 
elfts/tc surfaces. 

Whea the upper sur^ice of a plate vibrating so as to produce sound (2. 6) 
is covered with a layer of water^ the water usually presents a beautifully cris- 
pated appearance in the neighbourhood of the centres of vibration. This 
appearance has been observed by Osrstbd*, Whbatstonb WanUR and 
probably others. It, like the former phenomena which 1 have endeavoured 
to explain, has led to false theory, and being either not understood or 
misunderstood, has proved an obstacle to the progress of acoustical phi- 
losophy. 

04. On completing the preceding investigation, I was led to believe that the 
principles assumed would, in conjunction with the cohesion of fluids, account 
for these phenomena. Ex:perimental investigation fully confirmed this expecta- 
tion, but the results were obtained at too late a period to be presented to the 
Royal Society before the close of the Session; and it is only because the philo- 
sophy and the subject itself is a part of that received into the Philosophical 
Transactions in tl^e preceding paper, that I am allowed, by the President and 
Council, the privilege of attaching the present paper in the form of an 
Appendix. 

65. The general phenomenon now to be considered is easily produced upon 
a square plate nipped in the middle, either by the fingers or the pincers (2. 6), 
held horizontally, covered with sufficient water on the upper surface to flow 
freely from side to side when inclined, and made to vibrate strongly by a bow ap- 
plied to one edge, x » fig* 1^9 in the usual way. Crispations appear 
on the surffice of the water, first at the centres of vibration, and 
extend more or less towards the nodal hues, as the vibrations are 
stronger or weaker. The crispation presents the appearance of 
small conoidal elevations of equal lateral extent, usually arranged 

* bisBia’s Hist of Natural PhenomeoA for 1613. f Annals of Philosophy, N. S. d. p. 82. 

% Wellenlehre, p. 414. 
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with incfcaa^ cr diminished vll^inlloiif Jhn^aot alMied In dior liteiiil eoMit 
by snch vacations, thcugh the whole cristvated siii:tfhoe hi eidargod or diininlidied 
at thlcM«e tMe^ Iftiiii|ilambe?Sbisa»0dtiO«rlo^^^ 
crispations still appear at the centre of v%f«ldon, but are smaBer tbr a high 
note^ larger for a low m^e, Ibe same note prodncod on dii^trtitt stand 
by didermt modes of Tihration^ appears to piodiico crispaidons of the same 
dimension, other t^umstanc^ 

66. These appearances are beantibdy seen when ink^diliited with its htilk 
of water is used on the plate. 

,6^. It was necessary, for examination, both to prolong and enlarge the ^ect, 
and the following were found advantageous modes of produoing it* Plates of 
crown-glass, from eighteen to twenty-two inches long, and three or fonr inches 
wide, were supported each by two triangular pieces of wood apcting as bridges 
(18), wid made to vibrate by a small glass rod or tube resting peipcndiculariy 
at the middle, over which the moist fingers were passed. By sprinkling dry 
sand on the plates, and shifting the bribes, the nodal lines were found (usually 
about one fifth of the whole length from each end)| and their places marked 
by a file or diamond* Then clearing away the sand, putting water or ink upon 
the plate, and applying the rod or fingers, it was easy to produce the crii^ 
tions aud sustain them undisturbed, and with equid Intearity for any length 
of time. 

68« By malting a broad mark, or raising a little ledge 
of bee’s wax, or a mixture of bee’s wax and turpentine, 
it was easy to confine the pool of water to the middle 
part of the plate, fig* ISfwhere, of course, ^e crispations were most powerfriUy 
prodi^ed* Such a harrier is often useful to 8q>arate the wet and diy parts of 
the especially when a violin bow is used as the exciter. 

69. In other ^periments, deal lathfi^ two, three, or four fieet long, one inch 
and a half wide, and three eighths or more of an inch m thickness, were nsed 
mst^ of Ae glass plates. These could be made to vibrate by the fingers and 
wet it^ (^^)t <diifring the bribes or changing the la|h an altnoit 

• Wjwwi'* Wrikiiieliie, p 4M* 
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lities yery great. A glass plate, from four to eight inches square, ccmld be 
oommi trith oiiapitaQiis of the utmost regularity; for, by attaching 

tb# plate with a little method, and at points equidistant from the centre of the 
bar* it was easy to make every part travd with the same vidocity^ and In that 
respect differ from and surpass the bar which sustained it. The eonoidal heaps 
eohstitnting the ciispatiqn eould be so enlarged by slowness of vibration, that 
three or fcmr occupied a linear inch. The glass plate coiild be removed, and 
ilHitber df differmt form Or substance, and with oth^ fluids, as mercury, &c., 
sahstliatod in an instant. 

yt:« In imng kfhs. It is necessary to confine the parts bearing upon the 
bridges,, rither by slight pressure of the fingers, or by locjps of string, or by 
wrig^its. . The exciting glass rod need not necessarily rest upon the middle of 
the bar or plate, but may be applied with equal effect at some distance from 
it. hoog laths may be made to subdivide in their mode oi vibration, accord^ 
ing as the rod is i^lkd to different places, and the pressune given by the ex- 
citing moist fingers is varied ; with each change of this kind an immediate 
change oi the crispation is observed. 

72. This form of apparatus was enlarged until a board eighteen feet long 
was used, tlm layer of water being now three fourths of an Inch in depth and 
twenty-eight inches by twenty inches in extent. The sides of the cistern were 
very much indined, so that the water should gradually diminish in depth, and 
thus refloctad waves be prevented. The vibrations were m slow as to be pro- 
duced by the direct application of the hand, and the heaps were each from an 
inch to two inches in extent. Though of this magnitude, they were identical 
in their nature with those forming crispations on so small a scale as to appear 
merely UcaaduUness on the siwfime oi the water. ^ 

In Idicm experim^ the proportion of water recpiires a general adjust- 
menti the pispations bring produced more readily and beautiflilly when there 
* Equal peHa of yuliow fax and turpentine. 
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diould floir vpm the flor&oe firMfy. Li^ lafafat to iii'^ Moee^aihiMar 
dim midi oHis. T<6o mttidi wstw fiotaediiHSB fatefMii^ tlie iietu^ 
i^ilieBnuioe, but tbe criqmdoo Is Bot incon^paiible widt Bni^ Stddi 
d^itti iBa; amoont to ciglit, tea, or tvdre in<diet~(lll‘),- tu^ ll petAMriUf un- 
limited. 

74. Thew crisj^ons are eqoidly produced iipon dm uxtdtf iHlih' dte i^per 
BurfiKm (d’vibradog plates. Whenthelowm' sttrihoeisii^stteadtiiidtilietiew' 
Implied (65), die drops udiich hUi^ down by tbe force of gravity too r^p^ed; 
but bang immediately gathered up as desmibed in the former paper (44), a 
cert^ defimte layer is produced, which is beaudfolly ripped w prfopmed at 
the centres of vibration. 

75. Most fluids, if not all, may be used to produce these cri^admis, but 
some with particular advantages ; alcohol, oil of turpentine, white of egg*, itdc, 
and milk produce them. White of egg, notwithstanding its viscodty, diows 
them readily and beantifoUy. Ink has great advantaj^, because, fWnn its 
ccdonr and opadty, the snrfoce form is semi undisturbed by any reflection 
iVom the glass beneath ; its appearance in sunshine is exceedingly beantiflil. 
When dilated ink is used for large crispations, upon tin plate or over white 
paper, or mercury, the difierent degrees of colour or translucency correipond- 
ing to diflhrent depths of the flmd, give importaiA information relative to tbe 
true nature of the phenomena (78. 85. 97). Milk is, for its opadty, of similar 
advantage, espedally when a light is placed beneath, and being more viscid 
• than water is better for large arrangements (72. 98), because it produces less 
splashing. 

76. (M dom not diow small crispations readily (120), and was supposed to 
be incapable of forming them, but when warmed (by which its hquidity is in- 
creased) it produces them foedy. Ckild dl will also produce huge crispations, 
and for vdy large ones wonld probably be jbetter than water, because of its 
Cifoaidoa. Tbe diflhienoe between oil and white egg is rmnUrkable; fortiie 
lattm^^m common observation, would appear to be a thicker fluid ihaai dl : 
bid the iiiialities of cdiesicn in the two, the apparent tUdcBeas of white 
pf egg; th^pendiug npon an dastib power ^[ndbably due to an aj^proiseh to 
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first position^ and co-* 

with gmt lluroagh siimU stpaces^ whilst that of oil 

|i dae to a md dyfi^ |a t^i^ovixig the particles one by another^ It is pps- 
s8»le that the power of assmniiig, more or less readily^ the crispated state may 
be a iisefid and even important indication of the internal constitntion of 
ferent flidds. 

77* With maronry the crispatiom are formed with great fiMsiUty^ and of 
extreme beauty^ when a piece of amalgamated tin or copper plate being fixed 
on a lath (09)i is flooded with the fluid metab and then vibrated* A film quickly 
covm the metal, and then the appearances are not so regular as at first ; but 
on removing the film by a piece of paper, their regularity and beauty are re- 
stored* It is more convenient to cover the mercury with a little very dilute 
acetic or mtric adkl ; for then the crispations may be produced and maintained 
for any length of time with a surface of perfect brilliancy. 

78. When a layer of ink was put over the mercnry, the acid of the ink 
removed all fiilin> and the summits of the metallic he^s, by diminishing the 
thickness of the ink over them, became more or less visible, producing the ap- 
pearance pearb of equal siase beautifully arranged in a black medium* When 
mercury covered with a film of dilute acid was vibrated in the sunshine, and 
the light reflected from its surface received on a screen, it formed a very 
beautifol and regular image ; but the screen required to be placed very near 
to the metid, because of the short focal lengths of the degressions on the mer- 
curial surface. 

79. It is sometimes difficult to arrive by inspection at a satisfoctory conclu- 
sion of the forms and arrangements thus presented, because of multiplied 
reflection and the particular condition of the whole, which wUl be described 
hereafter (9&)« When observed, well formed with vibrations so slow as to pro- 
duce three or four elevations in a linear inch ( 70 ), they are seen to be conoidal 
heaps rounded above, and apparently passing into each other below by a cur- 
vature in foe opposite direction. Wbm arranged regularly, each is surrounded 
by eight ofoers, so that, a single light being used, nine images may be sent ftom 

elevation to the eye* ^hese me still further complicated, when trans- 
paiWt fluids are used, by reflections from foe glass beneath^ The use of inh 
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81. Hw crii^ation i« the Ions {date nf #us deecifiwd (ST) idoa^w niti- 
mately Bssnined a rectangular arrangement, i. e. the heaps Were ogijddiitMdt 
had in rows phalM or at right angles to ^Mdl other. He iMi q|wfiy .%m 
anglesof ^‘^lothesiideBofihBjiibitoatlheoeinnifnlceineBtrl^ 

tkm be oentinued, the wfaoleajraten nsatlfy aheris ronnd ttwtufgh, tS” nplfi 
the roiTB cesndde With the edges of the fdate. 

89; He l^enl dnOenrion of the heaps remrined constant notwithstanding 
oonsideraMe -variatkon in the force of ribration. But it was soon found that 
t^riatimt in the depth of water affected their nninber ; diat with less water the 
heaps were smaller, and witih mme water larger, tboagh the soimd and there- 
fore the nninber of ribratioos in a given poiod remained the same- The 
noufoer of h«mB could be reduced to ei|^t or inceeesed to eleven and a half 
in the three inriies by a change in no other oondsdon than the depth of fluid. 

. 83. With the above plate (67. 81) the appewanees were usually in the fol- 

lowing order, the po<fl of water being qmidraagnlar or nearly so, and the ex- 
cidng rod resting in the middie Of it. Ring-like linear heaps ooncentric to the 
exckhig Todflrst form tothe number of six or seven ; these may be retained by 
a moderated state of vibratiim, and prodnOe mtervsis which measnred across 
the diameter of the rings are to the number of ten in three inches, with a oer- 
taln ctmstaiit d^ith of water. By increasing the force ofvUnation the altitude 
of these devations increases, but not their lateral dimOision, and then linear 
heaps form aCroes these circles and the plate, mid pmdlel to the bridges, 
having an evident rdatiail to die manner in Which the udude plate vilnates. 
These, vhkh like all other of these phenomena are j^wngost at the part most 
strongly vflwhtkig, soon break up the circles, and are themselves bidieo np, 
prodnei^ indqimideat heaps, which at first are bvegidsr and changeable, but 
sornibeDoraOiiniflinn and produce dm quadrhngnlar order; find at angles of 
46” to the edgna of die plate, bnt gtadnally n»|ving round nod) paraUd to 
fteitt. So tim arraDgimAeotcaoihiiies,iiideB8 dm Save be so videntM to break 



or 'm vtMATiiio suimc svefaces. 325 

ht giiidiiidly 

m grtyimilf fltU^ but w|th«i«ilt retutidng throitgli die bi^ Sn wbioh they wbre 
yiiriiaeii* iKie feUkiirlAg lines nmy serve to indicate the course of the 
uomentt.: * 

Fis.14. 



^Vhen perfectly fortned, the heaps are also to the httmher of ten In three inches 
with die same depth of wafer as that which prodneed the rings. The iater- 
vals between the rings and the heaps are the same^ other indnential drcnia^ 
stances resiEuning unaltered, 

M. Hen another ferm of heaps occasionally occurred, but always passing 
ultimately into those described. These heaps were grouped in an arrangement 
still very nearly rectangular, and at angles of 45® to the aides of the plate, but 
Were contracted in one direction, and elongated in the other 5 these directions 
being parallel to the sides and ends of the plate^ If the marics 
in fig. 16 be suj^iiosed to represent the tops of the heaps, an - 

idea of the whole will be ohtdned. Three inches along these T JTJT 
heaps included eight, but across them it included fifteen nearly. 

These numbers are therefore the relation of length to breadtk ZJZJZSZJZ 
But along the lines of the quadi^ateral arrangement three “ 

inches included eleven heaps, whidi, nmwithstanding the difference in form, 
is the same number that was produced by the same plate, with the same 
depths of water, when the heaps were round ; therefore an equal number of 
heaps existed in the same area in both cases ; and the departure from perfect 
rectangular arrangement, and al|p the ratio of 1 : 2, is probably due to some 
slight induence of the sides of the plate. 

86. When mercury covered with a film of very dilute nitric add is vibrated 
( 77 )> tbe TOCtimgtilar arrangement is constant^ obtained. When vibrated 
under i^fe ink (78), it is still more beautiful^ seen and disthignisbed. The 
tin platp snsfejning the mercufy was square, and when the whole surface was 
4X)vm^ witfa Cr^ tlfe HnmoHhe iec^^ were always 

at angles of 46® m its edges* 
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m. Wbai l^l^i^bikled ^nUbml^ over a plate eki i^lakM 

ciispa^ciiis iir^ five or rixin ^ indli^il 'Wf 

impprteal itidtii»ilio^ It iiiiiius^^ beooem aniui^^ tinder iW ibiM'; and 
with a little metliod may be made to yidld very regular for^* 

It is always removed ftom unda' the b^ps> passing to 
between them, and frequently prodacing theit^t^ the aocMM- 
paoying fmmi, %• 16, of great regnlartty. As the i»nd 
mains when the v%ration has ceased. It allows of the detenod- 
nati<m of position, the measarement of intervals, Ac« very cqiiv^eiitly. 

87. Very often the lines of sand are not ccmtinnons, but sq|Miiaied with ex- 
treme regularity into portions as represented %. 17 . The portions of these 
lines were sometimes, with little sand on the plate, very small, fig. 18; and 
when more sand was present they were thickened oocarimially, fig. 19 ; riien 
assuming the appearance of heaps arranged in straight lines at angles of 45° 
to the lines regulating the position of the water-heaps which formed them, 
and just double in number to the latter. At other thnes the sand instead of 
being deficient at the inters^ting angle would accumulate there only, fig. 20 ; 
arid at other times would accumulate there principally, but still show the 
original form by a few connecting particles, fig. 21. 
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Fig. 21. 



Fig. 22. 

88. When the heaps were of the form described (84), the sand . 

was still washed from under tiiem ; it did not however assume t | 1 i ~ 
lines parallel to the rectangular arrangemeht of the heaps, but ^ ^ 
was arranged as in fig, 22, j T , T 

89. yVhm only the cirenlar linear heaps (8S) ware produced, the sand 
assuined rimilar circular forms, ccmcentric and alternating with the water 


elevations. , 

90. On stremng a little lycc^xxliam over the water fimr the puipose of 
gaining information relative to what occurred at^tbe suifoce daring the cris- 
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palimif it moved about over the fluid in eyery possible direetiORj whilst 
the oriapatioiis eadsted of the utmost steadiness beneath. The same thing 
occurred with {deces of cork on veiy lai‘ge crispadons (08). But when much 
lycopodium was put on, so that the particles retained each other in a steady 
position, then it formed lines * parallel to the arrangement of the heaps, the 
powder being displaced from the parts over the heaps, and taking Up an 
arrangement perpendicularly over the sand beneath. As the lycopodium forms 
float cm the water they are easily disturbed, and in no respect approach as to 
beauty and utility to the forms produced by the sand ; but lycopodium may 
be used with smaller crispations than sand. 

fll. The crispations are much influenced by various circumstances. They 
tend to commence at the place of greatest vibration ; but if the quantity of 
flmd is too little there, and more abundant elsewhere, they will often commence 
at the latter place first. Their final arrangement is also much affected by the 
form of the plate, or of the pool of water on which they occur. When the 
plates or pools are rectangular, and all parts vibrate with equal velocity, the 
lines of heaps are at angles of 45^ to the edges. But when semicircular and 
other plates were used, the arrangement, though quadrangular, was unsteady, 
often breaking up and starting by pieces into different and changing po8i> 
tions. 

92. When mercury was used (77)> the film formed on it after a few mo- 
ments bad great power, according to the manner in which it was puckered, 
of modifying the general arrangement of new crispations. 

93. When a circular plate, supported by cork feet attached where a single 
nodal line would occur, was covered with water and vibrated by a rod resting 
upon the middle, the crispations extended from the middle towards the nodal 
line ; these were sometimes arranged rectangularly, but had no steadiness of 
position, and changed continually. At other times the heaps appeared as if 
hexagonal, and were arranged hexagonally, but these also shifted continually. 
This and many other experiments (83) showed that the direction and nature of 
the vil^timi of the plate (i. e. of the lines of equal or vatying vibrating force), 
bed a powerful influence over the regularity and final arrangement of the 
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ill <Mr acaaiktM oioiif»^lffited ]^glil» lliflide^ 

already rdkmA to (7B. f0). Whm tbi^ »dle<^ iiiiag4 Is 

examined) (finr which purpose ink (75) or mercary (77) to tcry ^uoatetito^)) It 
will he fonad not to he stationary, as woidd happen the Map Htui permanent 
and at rest) nor yet to form a vertical line) as wnidd occto* If the heap were 
pemanent hnt travdHed to and fid with the Tfbraling plate ji hat It moves so 
as to re<*enter upon its course) fbrming an en^iess figniC) like tibiose prodneed 
by Dr. Youno^s piatio^forte wires, or WnaATSTONS*# kalcSdophdtIe) varying with 
the position of the light and the observer) but oonatant for any partikmlar post* 
and velocity of vibration. Upon placing the light and the eye In posi* 
tions neaiiy perpendicuUn* to the general snrfooe of the firnd, so as to avoid 
the direct inflnenoe of the motion of vibration, still the InminonS) linear) endless 
figure was produced, extending more or less in different directions, according 
to the relation of the light and eye to the crispated surface, and occasionally 
corresponding in its extent one way to the widtib of the heap, i. e. to the di- 
stanoe between the summit of one heap and its neighbours, but never exceeding 
it Ihe figure produced by one he^ was accurately repeated by all the heaps 
when the vibratang force of the plate was equal (70) and the arrangement 
regular. 

95, The view wfaidi I had been led to anthsipate of the nature of the heaps, 
Srom the effects described in the former paper, were, that each heap was a per* 
manent elevation, like the cones of lycopodium powder (53. 56), the fluid rising 
at the centre, but descending down the inclined sideS) the whole qrstem bdng 
infinmioed) regulated, and connected by tiic ccdiesive force of the fluid. But 
tibiese diaiwters of the reflected image, witii others of the effects already de* 
scdibed) led to the oonclndon, that notwithstanding the apparent permanency 
of IhC crii^ted surfime, especi^y when produced mi a small scale) as by the 
usual method) the heaps were not commnt, but were luised mid destroyed with 


each idbra^km of the plate; and afeo that the heaps did notali 
exist at 00(06) but {referring to locality) formed two sets eff equal 
Uiunber and aixmigeinent, fig. 23, asnrer exkitiiig together, bat 
alternating with) and being resolved into each other)and by their 
rapidity of recnrrence giving the appemance of simultaneous and 
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jPrmdited 4li}8 mm were cqninoedl, it seetned as if 
|liipfa|f|be {wodiictioB t^e heaps, tiieir regular arrange. 

fiea^ lca«f.aikdrta d^ ceeiuraice, dhi^^ and many other points 

ra|ftiye; to th^ condition. 

Chai prodiieli^ crhfpation^ having four or ive heaps in a linear 

iiidti, piaoiag ft oaiM^e beneath, and a screen of French tracing -paper above it, 
the phenoaaena were very heandlhl, and such as supported the view taken. By 
placing the screen at diiferent distances, it could be adapted to the focal length 
due to the curvature at different parts of the siir&oe. of flukl> so that by ob- 
serving the Inminous figure produced and its transitions as the screen was 
moved nearer or farther, the g^ieral foim of the surface could be deduced. 
Each heap with a certain distance of screen gave a star of Fig. 24 . 
lights, fig. 24, which twmkled, L e. appeared and disap- 
peared alternately, as the heap rose and felL At the comers 
X equidistant from these, fainter starred lights appeared; 
and by putting the screen nearer to or further from the snr- 
fisce, lines of light, in two or even four directions, iq>peared 
intersecting the luminous centres and apparently permanent, whilst circum- 
stances remained unchanged. These effects could be magnified to almost any 
scale (72). 

97« When heaps of similar magnitude were produced, with diluted ink on 
glass (7fi), and white paper or an illuminated screen looked at through them, a 
chequered appearance was observed. In one position, lines of a Fig. 25 , 
certain intensity separated the heaps from each other, but the 
square places represendng the heaps locdced generally lighter. 

In another position, when but little reflected light came from 
the eui'fime of the heaps, their places could be perceived as daik, 
fiom the greater depth of ink there. By care, another position could be found 
in whidi the whole surfiu^ looked lil^ an alternate arrangement of light and 
dark chequers, fig. 25, not steady, but with a quiverhag motion, which furthm* 
atlexi^Cii ^onld trace as due to a rapid alternation in which the light spaces 
hocame d|ark and the dadk light, simultaneously. When, Instead of glass, a 
jptate was used under the diluted ink, the chequered spaces and their 
could be seen sdU mcne beautifully. 

98. It was in consequence of these effects that very large arrangements were 

2u2 
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itiaiie(7^)> giving heaps that were tiro ihches aiid a faiif ii4^ eaeht ; and 
now it was erideiit« % ordinary iztspecdoh, that the heaps wei7t» not itatloa^ 
bet rose and iMi ; and also that them were two mts rc^fidarly aad alt^^ 
arranged^ the one set rising as the other descended. f 

99. Sand gave no Indications of arraitgement with tiiese terge heaps (86) ; 
bat when some coarse saw-^ust was soaked, so as to sink In water, and 
distributed in the dnid, its motions were beantifiiiiy MlaMtaMve of the whole 
philosophy of the phenomena. It was immediately washed away ikom under 
the rising and fiyOlihg heaps, and collected in the places equidistant between 
these spots, as the sand did in the former experiments (86), and by its vibra- 
tory motion to and fro, it showed distinctly how the water oscillated drom one 
heap towards another, as the heaps sunk and rose. 

100. When milk (75) was used instead of water for these large arrangements 
in a dark room, and a candle was placed beneath, the appearances also were 
very beautiful, resembling in character those described (07)* 

101. Each heap (identified by its locality) recurs or is re-formed in two com- 
plete vibrations of the sustaining surface -f-; but as there are two sets of heaps, 
a set Occurs for each vibration. Ihe maximum and minimum of height for 
the heaps appears to be alternately, almost immediately after the supporting 
plate has begun to descend in one complete vibration. 

102. Many of these results are beautifully confirmed by the appearances 
produced, when regular crispations have been sustained for a short time with 
mercury, on which a certain degree of film has been allowed to form (77). On 
examining the film afterwards in one light, lines could be seen on it, cotnddlng 
with the intervals of the heaps in one direction; in another light, lines ooin- 
dding with the other direction came into sight, whilst the first disaj^eared; 
and in a third light, both sets of Unes could be seen cutting out the square 
iptaces the heaps had existed : in these spaces the film was minutoly 
wrinkted and bagged, as if it had there been distended ; at the lines it was 
oi% a Iitil4» wrinkled, giving the appemanoe of texture; and at the crossing 

V tthk it giren in accnrdnnen with the mode of ettimatbgthe former and tmsller lieii|iv, as 

ff ^Iwspi w&et formed eimnbuieoit^ f M it is erident thst if only half the nmafcer esfot nt ouoe, 
: ^ will hare twice the width or fow fi*see the area of tbpee whi^ can he fwmed ft oil e^t 
^togwr*' 

f A Vihfeikm is here considered as the motion rf the plate, bom the time that it leares its etitreme 
pdslffoii Witi k returns to k, and not the fime hfHi tMrhtO Ibe Islerfoediate fma^Oii. ' ^ ^ 
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nr l|i^Mdf€8, it ^ free from mark, and fully distended. 

AU liifif Aim coi^^nences^ if the film be considered as a flexible but 

ioelfil^C; enyelape formed over the whole surfiice whilst the heaps were rising 
and fidling. 

103, Ibe mode of acdon by which these heaps are formed is now yery evi- 
dentr and is analogous in some points to that by which the currents and the 
invoMng heaps already described are produced. The plate in rising tends to 
Hit the overlying fiuld^ and in frUing to recede from it ; and the force which 
It is competent to communicate to the fluid can, in consequence of the physical 
qualities of the latter, be transferred from particle to particle in any direction. 
The heaps are at their maximum elevation just after the plate begins to recede 
from them j before it has completed its motion downwards, the pressure of the 
atmosphere and that part. of the force of the plate which through cohesion is 
communicated to them, has acted, and by the time the plate has begun to re- 
turn, it meets them endowed with momentum in the opposite direction, in con- 
sequence which they do not rise as a heap, but expand laterally, all the 
forces in action combining to raise a similar set of heaps, at exactly interme- 
diate distances, which attain their maximum height just after the plate again 
begins to recede; these therefore undergo a similar process of demolition, being 
resolved into exact duplicates of the first heaps. Thus the two sets oscillate 
with each vibration of the plate, and the action is sust^ed so long as the 
plate moves with a certain degree of force ; much of that force being occupied 
in sustaining this oscillation of the fluid against the resistance ofiered by the 
cohesion of the fluid, the mr, the friction on the plate, and other causes. 

104. A natural reason now appears for the quadrangular and right-angled 
arrangemait which is assumed, when the crisp^on is most perfect. The hexa- 
goii» the square and the equilateral triangle are the only regular 
figures that can fill an area perfectly. The square and triangle 
are the only figures that can allow of one half alternating symme- 
trically with the other, in conformity with what takes place be- 
tween the two reciprocating sets of heaps, fig. 26; and of these 
two ^ boundary lines between miuares are of shorter extent 
than those between equilateral triangles of equal area. It is evi- 
dent therefore that one of these two will be finally assumed, and 
that that will be the square arrangement ; because then the fluid 
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10^. AU Abe pbexioiiiera ^serv^ and described nmyi as it appears tp »% 
be new ftaid inay be isoouddei^dsw peadai^^i^^ 
to wd fiti iiiider a gii^ 01^^^ the t^om ebmmstaiM^ spiMafic fia^ 
vitjr> oobadoiii 0!leticNS» intensil; ai sibrathig f(m% &c* detmniiiii^ the extent 
<oi oseiHatim) nr; what is the same tbinf « the number of heaps m a Inter- 
val. When^nuinliarof vttiinijons uia given timeto^ these heaps 

are more numeious^ beoanse the emiUatimi, to be nmre must ooomr in a 
shorter space. The necesMty of a certain depth of fluid (73) is evident^ and 
also the reason why, by Yar3ring the depth (33)» the lateral extent of the heaps 
is changed; The arrangement of the s&nd and lycopodium, by the crispatioiis, 
and the occurrence of the latter at centres of vibration, and only upon surfliees 
vibrating normally, are all evident consequences. Ibe permanency of the 
lateral extension of the heaps, whmi the velocity of the vibrating plate varies, is 
a very marked effeot, and it is probable that the investigation of these phe* 
nommia may hereafter importantly facilitate inquiries into the undulations of 
fluids, their physical qualities, and the transmisskm of forces through them. 

106. As to the origin or detenninatkm of crispations, no difOyculty can arise ; 
the smallest possible diflerenoe in almost miy oircumstance, at any one part, 
wmld, whilst the plate is vibrating, cause an ^vution or depression in the 
fluid there ; the smallest atom of dust flilling on the surface, or the smallest 
elevation in the plate, or the smallest particle in the fluid of different spedflc 
gravity to die liquid itsdf, mi^t produce this first eflect ; this would, 1^ each 
^bration of the plate, be increased in amount, and also by each vibration ex- 
tended the breadth of u heap, in at least four directions: so that in less than a 
second a forge surfooe would be affected, even under the imjMTobahfo stqipositkm 
6iie point should at first be (hsturbed. 

I have thought it unnecessary to dwell upon the mplanation of the cir- 
cular Unfow hei^is (S3. 93. 110} produced on long or cifcufor fflates by fooble 
Y!blVttioit<^ Tbey are mcplicable upon the same principles^ aqoount bmng at lhe 
safo^ tm>c taken of the arrangement and propoitioii of vifoating force in die 
various pariu of the plates. 

TImi beaiM whiifo consf^^ (as the word has been used in 
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^ ptup&t) mrkk fmA, md moaon of tlieir {>art$, tte mne wilih wbal 

tttt Closed sHidioiiafy umbiliiliiNis } and if the mercuiy in a small circtdar badn 
he ta|»ped at the middle^ stationary undulations^ resembling the ling-Uhe heaps 
(33, 110), wfll be obtidned; or if a rectangular frame be made to beat at equal 
intenmls oi time on mercury or water, heaps like those of the crispatiotis, ar-* 
ranged qumtrangularly at angles of 45° to the frame, will be produced. .These 
ei^MTts are in frmt the same with those described, but mre produced by a cause 
dMNfkig altogether. The first are the result of two progressing and opposed 
undulatkins, the second of four; but the heaps of crispations are produced by 
the power impressed on the fluid by the vibrating plate ; are due to vibrations 
of that fluid occuning in twice the time of the vibradons of the plate ; and 
have no dependence ott progressive undulations, originating laterally, as many 
of the phenomena described prove. Thus, when the edges were bevelled {7% 
1 10), or covered with cloth, or wet saw-dust, so that waves reaching the side 
should be destroyed, or when the limits of the water or plates were round (91) 
or irregular, still the heaps were produced, and their arrangement square. 
When the round plate (9S) was used, regular crispations were still produced, 
though, as the water extended over the nodal line, and was there perfectly 
undisturbed, no progressing and opposed undulations could originate to pro- 
duce them. Vellum stretched over a ring, and rendered concave by the pressure 
of the exciring rod, produced the smne effect. 

109. When a plate of tin, rendered very slightly concave, was attached to a 
lath (69), so as to have equality of vibratory motion in all its parts, and a 
little dilute alkali (which would wet the surfrice) put into it, the crispations 
formed in the middle, but ceased towards the sides, where, though well wetted, 
there was not depth enough of water, and from whence also no waves could 
be reflected to produce stationary undulations in the ordinary manner. 

1 10, When a similar arrangement was made with mercury on a concave tin 
plate, the effects were still more beautiful and convincing. The centre portion 
was covered with one regular group of quadrangular crispaflons ; at some 
distance from the centre, and where the mercury was less in depth, these passed 
into concmitric, ling-like heaps, of which there were a great many; and outside 
cC these there was a part wet with mercury, but with too little fluid to ^ve 
mtber Hues or heaps. Here there could be no reflected waves ; or, if that were 
thought {KMSrible, those waves could imt have formed both the cheuiar rings and 
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all diree^oRS up^be sidey a natural consequenoe of tlie production of powerful 
osciliatituis aS Ibe middle, which would mctmid Ihw force laterally, but ^uite 
against their being due to the of^ition «nd cioesing Cf waves orlgiiuilbig at 
the sides. 

111. A limited depth of duid is by no means necessary to produce crlipa- 
tkms on the sur&ce (73). A circular glass baidn about five indies in diameter 
and four inches deep was attached to a lath (69), filled with water and vibrated, 
the exciting rod being applied at the side (71). The sur&ce of the water was 
immediately covered with the most regular crispations, i. e. heaps arranged 
quadrangularly. On taking out part of the water and filling it up with oil, 
the oil assumed the same superficka. On putting an inch in depth of mer-> 
cury under the water, the mercury became crispated. The experiment was 
finally made with water fourteen inches in' depth. Particles at a very moderate 
depth in the water seemed to have no moti<m except the general motion of the 
fiuid, and the whole of the lower part of the water may be considered as per- 
forming the part of a solid mass upon which the superficial undulating portion 
reposed. In fact it matters not to the fluid, what is beneath, provided it has 
sufficient cohesion, is uniform in relation to the surfhce fluid, and can transmit 
the vibrations to it In an undisturbed manner 

112. The beautiful action thus produced at the limits of two immiscible 
fluids, dlflering in density or some other circumstances, by which the denser 
was a:iabled most readily to accommodate itself to riqiid, regular and alternating 
displacements of its support when that support was honzontal, suggested an 
inquiry into the probable airangemoit of the fiuid when the displacements 
were lateral or even superficial 

1 13. On airanging the long plate (67. 81) vertically, so that the F%.27. 
lower extremity dipped about one third of au inch into water, fig. 27, 
and causing it to vibrate by applying the rod at x>or by tapping the 
plate with the finger, undulations of a peculiar character were observ- 
ed : those passing from the plate towards'the mde$ of the basin were 
scsrcely visible though the plate vibrated strongly, but in place of 
suchi^ppeared others, in the production c^whidi the mechanical force 

* 1 Imw teen die mter in a pail |teed ia a iNMir, and that on the bead of m apfight eoib In a 
brewer^ voa poaitag over stones, eibibit these eleiratioiis. 
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oi fibraitiilf plate txMed upofi the fluid was principally empldyed. The&e 
We^i^^Rk'ently peimaneiit devations^at regular intervals^ strongest at the plate, 
prcjeoUng diimtly out flroui it ofar the sur^ce of the water, like the t^b of 
a coarse comb gradually diminishing in height, and extending half or three 
quarters of an inch in length. These varied in commencing at the glass. Or 
having intervening ridges, or in height, or in length, or in number, or in 
breaking up into violently a|^tated pimples and drops, &c. according as the 
|date dipped more or less into the water, or vibrated more or less violently, 
or subdivided whilst vibrating into parts, or changed in other circumstances. 
But when the plate (sixteen or seventeen inches long) dipped about one sixth 
of an inch, then four of these linear heaps occupied as nearly as possible the 
same space as four heaps formed with the same plate in the former way (83) 
and accompanied with the same sonnd. 

114. By fixing a wooden lath (69) perpendicularly downwards in a vice, 
plates of any siae or form could be attached to its lower, end and immersed 
more or less in water ; and by varying the immersion of the plate, or the length 
of the lath, or the place against which the exciting rod ( 71 ) was applied, the 
vibrations could be varied in rapidity to any extent. 

11&« On using a piece of board at the extremity of the 
lath, eight inches long and three inches deep, with pieces of 
tin plate four inches by five^ fixed on at the ends in a per- 
pendicular position to prevent lateral disturbance at those 
parts, very regular and beautiful ridges were obtained of any desired width, 
fig. 28. These ridges, as before, formed only on the wood, and were parallel to 
the direction of its vibration. They occurred on each side of the vibrating 
plane with equ^l regularity, force and magnitude, but seemed to have no con- 
nection, for sometimes they corresponded in position, and at other times not ; 
the one set shifting a little, without the others being displaced. 

1 16. It could now be observed that the ridges on either side the vibrating 
plane consisted of two alternating sets ; the one set rising as the other fell. 
For eaxfli &oand to motion of the plane, or one complete vibration, one of the 
sets appefMcb so that in two complete vibrations tbe cycle of changes Was 
ccihi^lllsu l^oces of cork and lycopodinm powder showed that there was no 
ippqrtlift setting in the cUrection of the ridges i towards the heads 
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of the ridgee jdeces oi oork oscillated ttom one lidge t<Mi?ards its nidgfabour, 
and back agidn. The lycopodium sometimes seemed to mme <mi the ridges 
fmm the Emod, and between them to it; but the motitm was irregolaiv and 
thei« was no general current outwards or inwards^. Tbahe waa nal so miadi 
disturbance as amongst the heaps (dO)^ 

117. A very simple arrangement exhibits these d^ples heantiliiUy. If an 
oval or drcnlar pan, hitem or eighteen inches in diameter^ be 611ed with 
water, and a piece of lath (69) twelve or fifteen inches long be held in It, edge 
upwards, so as to bear against the sides of the pan as supporting points, and 
cut the sur^e of the water, then on being vibrated horizontally by the glass 
rod and wet finger, the phenomenon immediately appears with rifples an inch 
or more in length. When the upper edge of the lath was an inch below the 
surface, the ripples could be produced. When the vessel had a glaas bottom, 
the luminous figures produced by a light beneath and a screen above, were 
very beautiful (96). Glass, metal and other plates could thus be easily expe* 
rimented with. 

1 18. These ripple-like stationary undulations are perfectly analogous as to 
cause, arrangement and action with the heaps and crispations already ex- 
plmned, i. e. they are the results of that vibrating motion in directions perpen- 
dicular to the force applied (105), by which the water can most readily accom- 
modate itself to rapid, r^lar, and alternating changes in bulk in the immediate 
neighbourhood of the oscillating parts. 

119. From this view of the effect it was evident that similar phenomena 
would be produced if a substance were made to vibrate in contact with and 
normally to the surface of a fluid, or indeed in any other direction. A lath 
was therefore fixed horizontally in a vice by one F%. 29. x 

end, so that the other could vibrate vertically ; a 
cork was cemented to the under surface of the ftee 
chd, and a basin of water placed beneath with its 
surface just touching the cork; on vibrating the 
lath by means of the glass rod md fingms (67), 
a beautiffil and regular star bf ridges two, three, or even four inches in /kngth, 
was fimned round the cork^ fi^g^ 29^ TTieie ridges were more or lem mimeibus 
accordiog to the number Cf vibmtkms, As the water inns raisedi and more 
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JB§ tie imaiersed^ the < ridgei 4iixi!itished la strength^ and at last dis- 

a{>{terods whee the eylkder of cede just touched the surface, they were most 
fioweiAiiiy defwieped. This is a necessary consequence of the dependence of 
tliB d<j^ upim the of water which is verticaUy displaced and restoied 

at each vibration. When that, being partial in relation to the whole snrfece, is 
at or near the surhKse, the lidges are freely formed in the immediate vicinity; 
when at a greater depth (being always at the bottom of the cork), the dis- 
plteeelxiient is diffhsed over a larger mass and surface, each particle moves 
through less space and with less velocity, and consequently the vibrations must 
be stronger or the ridges be weaker or disappear altogether. The refraction 
of a light through this star produces a very beautiful figure on a screen. 

130. A heavy tuning-fork vibrating, but not too strongly, if placed with the 
end of one limb either vertical, inclined, or in any other position, just touching 
the surface of water, ink, milk, &c. (7^), shows the effect very well for a mo- 
ment. It also shows the ridges on mercury, but the motion and resistance of 
so dense a body quickly bring the fork to rest. * It formed ridges in hot oil, but 
not in cold oil (7^)* With cold oil a very inclined fork produced a curious 
puitip-like action, throwing up four streams, easily explained when witnessed, 
but not so closely connected with the present phenomena as to require more 
notice here. 

121. There is a well known effect of crispation produced when a large glass 
full of water is made to sound bypassing the wet finger round the edges. 
The glass divides into four vibrating parts opposite to which the crispations 
are strongest, and there are four nodal points considered in relation to a hori- 
zontal section, at equal distances from each other, the finger always touching at 
one of them. If the vessel is a large glass jar, and soft sounds are produced, the 
surface of the water exhibits the ridges at the centres of vibration ; as the 
sound is rendered louder, these extend all round the glass, and at last break 
up at the centres of vibration into irregular crispations, but both the ridges 
and crispations are eflPects of the kind already described, and require no further 
expbaiation. 

123. There are some other effects, one of which I wish here briefly to notice, 
as coiiiipdtied more or less with the vibratory phenomena that have been de- 
scribed* If, during a strong steady wind, a smooth flat sandy shore, with 
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enough water on either from the receding tide or iiom the shingly idmFe, 
to cover it thoroughly^ but not to form waves^ be observed in a place where 
the wind is not broken by pits or stones^ stationary undulations will be seen 
over the whole of the wet surface, forming ridges like those already de8cribed> 
and each several inches long. These are not waves of the ordinary kind ; they 
are accurately parallel to the course of the wind ; they are of uniform width 
whatever the extent of surface, varying in width only as the force of the wind 
and the depth of the stratum of water varies. They may be seen at the windward 
side of the pools on the sand, but break up so soon as waves appear. If the 
waves be quelled by putting some oil on the water to windward, these ripples 
then appear on those parts. They are often seen, but so confused that their 
nature could not be gathered from such observations, on the pavements, roads, 
and roofs when sudden gusts of wind occur with rain. The character of these 
ripples, aqd their identity with stationary undulations, may be ascertained by 
exerting the eye and the mind to resolve them into two series of oixiinary 
advancing waves moving directly across the course of the wind in opposite 
directions. But as such series could not be caused by the wind exerted in a 
manner similar to that by which oidinary waves are produced, (the direction 
being entirely opposed to such an idea,) I think the effect is due to the water 
acquiring an oscillatory condition similar to those described, probably in- 
duenced in some way by the elastic nature of the air itself (124) and ana- 
logous to the vibration of the strings of the i^olian harp, or even to the vibra- 
tion of the columns of air in the organ-pipe and other instruments with em- 
bouchures. 

These ridges were strong enough to arrange the sand beneath where ordi- 
nary waves had not been powerful enough to give form to the surdice. 

123. Ail the phenomena as yet described are such as take place at the w- 
faces of those fluids in common language considered as inelastic, and in which 
the elasticity they possess performs no necessaiy part; nor is it possible that 
they could be produced within their mass. But on extending the reasoning, it 
does not seem at all improbable that analogous effects should take place in 
gases £md vapour, their elasticity supplying that conditio^ necessary for vibra- 
tion which in liquids is found in an abrupt termination of the mass by an un- 
confined surface. 
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1^4. If tilts be so, tben a plate vibrating in the atmosphere may have the 
mr immediately in contact with it separated into numerous portions, forming 
two alternating sets like the heaps described (95) ; the one denser, and the other 
rarer than the ordinary atmosphere ; these sets alternating with each other by 
their alternate expansion and condensation with each vibration of the plate. 

125. With the hope of discovering some effect of this kind, a flat circular 
tin |date had a raised edge of tin three quarters of an inch high fixed on all 
round, and the plate was then attached to a lath (69), a little lycopodium put 
on to it, and vibrated powerfully, so that the powder should form a mere cloud 
in the air, which, in consequence of the raised edge and the equal velocity (70) 
of all parts of the plate, had no tendency to collect. Immediately it was seen 
that in place of a uniform cloud it had a misty honeycomb appearance, the 
whole being in a quivering condition ; and on exerting the attention to perceive 
waves as it were travelling across the cloud in opposite directions, they could 
be most distinctly traced. This is exactly the appearance that would be pro- 
duced by a dusty atmosphere lying upon the' surface of a plate and divided 
into a number of alternate portions rapidly expanding and contracting simul- 
taneously. 

126. But the spaces were very many times too small to represent the inter- 
val through which the air by its elasticity would vibrate laterally once for two 
vibrations of the plate, in analogy with the phenomena of liquids ; and this 
forms a strong objection to its being an effect of that kind. But it does not 
seem impossible that the air may have vibrated in subdivisions like a string or 
a long column of air; and the air itself also being laden with particles of lyco- 
podium would have its motions rendered more sluggish thereby. I have not 
had time to extend these experiments, but it is probable that a few, well chosen, 
would decide at once whether these appearances of the particles in the air are 
due to real lateral idbrations of the atmosphere, or merely to the direct action 
of the vibrating plate upon the particles. 

127. If the atmosphere vibrates laterally in the manner supposed, the effect 
is probably not limited to the immediate vicinity of the plate, but extends to 
some distance. The* vertical plates intersecting the surface of water and vibra- 
ting in a horizontal plane (117) produced ripples proceeding directly out from 
them five or six inches long ; whilst the waves parallel to the vibrating plate 
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w&te baitMy sensible Mind something an^gods to this may take in the 
atmosphere. If so, it wonld se^ likdy that these vibrations oocnrring con- 
jointly Ifkii those producing sound, wonld have an important influence upon 
its production and qualities, upon its' apparent directibn; and nkny diher of 
its phenoniena. 

128. Then by analogy these views extend to the undulatory theory of light, 
and especially to that theory as modified by M. Ebesnbl. That philosopher, in 
his profound investigations of the phenomena of light, especially when polar- 
ized, has conceived it necessary to admit that the vibrations of the ether td(e 
place transversely to the ray of light, or to the direction of the wave causing 
its phenomena. In &ct we may conceive direct light to be an assemblage, 
or rather a rapid succession, of an infinity of systems of waves polarized 
(i. e. vibrating transversely) in all azimuths, and so that there is as much 
polarized light in any one plane as in a plane perpendicular to it.** Hebschel 
says that Fresnel supposes the eye to be aifected mfy by such vibrating 
motions of the ethereal molecules as are performed in planes perpendicular 
to the direction of the rays. Now the effects in question seem to indicate 
how the direct vibration of the luminous body may communicate transversal 
vibration in every azimuth to the molecules of the ether, and so account for 
that condition of it which is required to explain the phenomena. 

129. When the star of ridges formed by a vibrating cylinder (119) upon the 
surface of water is witnessed instead of the series of circular waves that miglit 
foe expected, it seems like the instant prodnction of the phenomena of 

tion by means of vibratory action. Whether the contiguous rarified and con- 
densed portions which I have supposed in air, gases, vapour and the ether, are 
arranged radially like the ridges in the experiment just quoted, or whether 
rare and dense alternate in the direction of the radii as well as laterally, is a 
question which may perhaps deserve investigation by experiment or calcu- 
lation. 

Royal ImiiMim, 

Jufy mh, 1831. 
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XVIII. A Table for facilUaiing the Computations relative to Suspension Bridges. 

By Davies Gilbert^ Esq. F.P.R.S. 

Read, May 19, 1831. 

The following Table is supplementary to those accompanying the paper 

On the Mathematical Theory of Suspension Bridges,” printed in the Philoso- 
phicaf Transactions for 1 826. It is deduced from the first Table there given, 
by the plain operations of common arithmetic ; but this admits of a far more 
ready application than the former, to all cases of practical investigation. 

The first column contains the deflections or versed sines of the curve, ex- 
pressed in fractional parts of the double ordinate or Span. It is therefore 2y 
divided by x, and their reciprocals are added under each. 

The second column gives the lengths of the chain without alteration from 
the former Table, except that the double ordinate or span is taken as the unit. 

The third column has the tensions of the chain at the middle points or 
apices of the curve, when the tensions are least ; taking the weight of the 
chain, or that weight augmented by the adjunct weight, or with the adventitious 
weight also, as unity. The numbers are obtained by dividing a by 2 sj. 

The fourth column gives the tensions in a similar manner for the extremi- 
ties of the chain, where they are greatest ; and it is made by dividing T by 2 c. 

The fifth column gives the angles made by the chains at their extremities 
with the plane of the horizon, being the complements of those in the former 
Table. 

As all these numbers are immediately derived from an existing Table, there 
would have been much additional trouble, and without any adequate advan- 
tage, in making the denominators of the fractions in the first column or their 
reciprocals (the decimal fractions), to succeed each other by equal differences. 
And I ha^ thought it unnecessary to extend the Table ftirtber in either di- 
rection ; rince no deflection is likely to be so great as a seventh of the span ; 
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and in the event of a short and light bridge being constructed with a deflection 
less than one part in forty, the columns may be continued with an accuracy 
quite sufficient, by taking the direct proportion of the denominators for 
columns three and four, and the inverse proportion for column five* The 
numbers in column two may be neglected, as not sensibly differing, in such a 
case, from unity, or they may be found in the Table from which this has 
been derived. 


Deflecttom or 
Verwd Sine*. 

of th« 
Chains. 

Tendons at the 
Middle Points. 

Tendons at the 
Extremities. 

Angles with the 
Horison at the 
Extremities. 

One in ^9*97 
.02509 

1.00166 

4.998 

5.017 

5 43 

39.17 

.09553 

1.00173 

4.892 

4.917 

5 50 

38.37 

.09007 

1.00181 

4.791 

4.817 

5 58 

37.57 

.09669 

1.00189 

4.691 

4.7I8 

6 5 

36.76 

.09790 

1.00196 

4.591 

4.618 

6 13 

35.96 

.02781 

1.00206 

4.491 

. 4.519 

6 21 

35.16 

.02844 

1.00215 

4.391 

4.419 

6 30 

34.36 

.09910 

1.00225 

4.290 

4.319 

6 39 

33.56 

.09980 

1.00236 

4.190 

4.220 

6 48 

32.76 

.09053 

1.00247 

4.090 

4.121 

6 58 

31.96 

.03129 

1.00260 

3.989 

4.021 

7 9 

31.16 

.03210 

1.00273 

3.889 

S.92I 

7 22 

30.36 

.03294 

1.00288 

3.789 

3.822 

7 31 

29.56 

.03384 

1.00304 

3.689 

3.723 

7 43 

28.75 

.03478 

1.00322 j 

3.588 

3.623 

7 56 

27.96 

.03577 

1.00840 

3.488 

3.524 

8 9 

27.15 

.03683 

1.00360 

3.388 

3.425 

8 24 

26.35 

.03705 

1.00383 

3.287 

3.325 

1 

8 39 

25.55 

.08914 

1 1.00407 

3.187 

3.226 

8 55 

24.76 

.04041 

1.00434 

3.087 

3.126 

9 12 
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Table (Continued). 


Deflections or 
Versed l^nes. 

Len^h of the 
Chains. 

Tensions at the 
Middle Points. 

Tensions at the 
Extremities. 

Angles with the 
Horison at die 
Extremities. 

One in ^.95 
.04176 

1.00463 

8.986 

3.087 

9 30 

83.14 

.04381 

1.00496 

2.886 

2.928 

9 50 

88.34 

.04476 

1.00538 

8.785 

8.830 

10 11 

81.54 

.04642 

1.00568 

8.685 

2.731 

10 33 

80.74 

.04628 

1.00617 

2.584 

8.638 

10 57 

19.93 

.05017 

1.00668 

2.483 

8.533 

11 23 

19.13 

.00827 

1.00725 

2.383 

8.435 

11 61 

18.33 

.a‘i4.^6 

1.00789 

2.888 

2.337 

12 22 

17.58 

.05706 

1.00863 

2.181 

2.238 

12 55 

16.78 

.05980 

1.00947 

2.080 

8.140 

13 31 

15.92 

.06282 

1.01045 

1.979 

2.041 

14 11 

15.11 

.00617 

1.01158 

1.878 

1.943 

14 54 

14.31 

.06989 

1.01391 

1.777 

1.846 

15 43 

13.50 

.07406 

1.01448 

1.676 

1.749 

16 28 

18.70 

.07876 

1.01635 

1.574 

1.652 

17 37 

11.89 

.08411 

1.01862 

1.473 

1.555 

18 45 

11.08 

.09024 

1.02139 

1.371 

1.469 

20 2 

10.27 

.09734 

1,02484 

1.869 

1.363 

21 31 

9.47 

.10563 

1.02893 

1.166 

1.269 

23 12 

8.65 

.11559 

1 1.03474 

1.063 

1.174 

25 11 

7.84 

.12762 

1.04219 

O.96O 

1 

1.083 

27 31 

7.00 

.14280 

1.05343 

0.854 

1 

0.990 

30 20 
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XIX* An Account of the Comtructum and Verficatvm of a Copy of the 
Imperial Standard Yard made for the Royal Society. By Captain Henry 
Katbb, F.R.S. 

ReadMfy 19« 1981. 

The IU)yal Society having done roe the honour to request that I would un- 
dertake the construction and verification of a copy of the Imperial Standard 
Yard for their use, it becomes necessary to place upon record the manner in 
which this was executed, in order that some judgement may be formed of the 
degree of confidence which may be placed in the result. 

The scale in question is constructed in the manner which I have described 
in the Philosophical Transactions for 1830 ♦ for diminishing the errors arising 
from the thickness of the bar upon which it has hitherto been customary to 
trace the divisions* The support of the scale is of brass, forty inches long, 
If inches wide, and Aths of an inch in thickness. A brass plate of seven 
hundredths of an inch thick was made to slide freely upon the support in a 
dovetail groove formed by two side plates, and was then fixed to the support 
by a screw passing through its middle* 

This plate carries the divisions, which are fine dots upon gold disks let into 
the brass ; the scale is divided into inches, and there is one inch to the left of 
zero, which is subdivided into tenths. The scale is the work of Mr. Dollond. 

As the points designating the Imperial Standard Yard are upon a brass bar 
one inch in thickness, it was necessary to be extremely careful that the bar 
during the comparisons should be placed upon a surface as nearly as possible 
plane ; since it has been shown in the paper before alluded to, that a curvature 
of which the versed sine is only one-hundredth of an inch in a yard would 
occasion a variation in the length of this standard amounting to nearly five- 
thousandths of an inch. 

* Page 359. 

2 y 2 
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Tlie marble slab formerly used was employed on the present occasion. Its 
sur£eu;e was examined by means of a wire^ the diameter of which was one> 
hundredth of an inch, stretched by a bow with a force of about four pounds; 
but as this wire would suffer a deflexion by its own weight amounting to about 
four>thousandths of an inch, a wire of two-hundredths of an inch diameter was 
placed at each extremity of the marble slab, and the wire of the bow resting 
upon these ; the distance of its middle point from the sur&ce of the marble was 
found to be a little less than two-hundredths of an inch, estimated by passing 
beneath it a wire of one-hundredth of an inch in diameter. The marble slab 
being sixty-four inches long, its surface may therefore, perhaps for the extent 
of a yard, be considered as sufficiently approximating to a plane ; and I may here 
remark that no new adjustment of the slab was found to be necessary, as its 
position appeared to have undergone no change since my last measurements. 

The scale was placed upon the marble slab near the Imperial Standard Yard, 
and the comparisons were always made about nine o'clock in the morning, in 
order to ensure as far as possible an equality of temperature in the scale and 
the Standard Yard, It will be seen that seldom more than three comparisons 
were taken on the same morning, lest the proximity of the person of the 
observer might destroy the equality of temperature. 

The microscopic apparatus used on the present occasion is that which was 
employed in the comparison of various British standards of linear measiire, an 
account of which is given in the Philosophical Transactions for 1B21, and the 
mode pursued in making the comparisons was the same as that which 1 have 
there detailed. The value of one division of the micrometer is =.0000428742 
of an inch. As the microscopes invert, an increase in the readings indicates a 
corresponding deficiency in the length of the scale. 
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Dst*. 

1S31. 

Imperia] 
Standu’d Yard. 

From 0 to S6 
on die Royal 
Society’a 

Difierence. 

Drderence in 
Inches. 


microm. readtnfft. 

microm. readings 

div. 

inches. 

April 5 

46 

624 

164 

.0007074 



61 

124 

.0005358 


46 

69i 

134 

.0005787 


43 

59 

16 

.0006860 


32 

4Si 

13| 

.0005787 

6 

36 

53 

17 

.0007288 


38i 

53 

144 

.0006216 


37 

54 

17 

.0007288 


39 

52 

13 

.0006573 

7 

26i 

43 

164 

.0007074 


29 

44 

15 

.0006431 


31 

44 

13 

.0005573 

8 

31 

47 

16 

.0006860 


33i 

47 

134 

.0006787 


34 

46 

12 

.0005144 

9 

51 

67 

16 

.0006860 


51 

68 

17 

.0007288 


52 

67 

15 

i .0006431 

10 

43 

57 

14 

.0006002 

11 

35j 

534 

18 

.0007717 


36 

541 

184 

.0007931 


41 

52 

11 

.0004716 

i 

37 

51 

14 

.0006002 

12 

30 

45 

15 

.0006431 


30 

46 

16 

.0006860 


35 

44i 

94 

.0004072 


30 

44 

14 

.0006002 

13 

39 

55 

16 

.0006860 


37i 

61| 

14 

1 .0006002 


36 

50 

14 

.0006002 

14 

17 

29 

12 

.0005144 


16 

274 

114 

.0004930 


7 

18 

11 

.0004716 

15 

86 

103§ 

174 

.0007502 


91 

106 

15 

.0006431 


92i 

105 

124 

.0005358 

1 Mean 

1 .0006204 


It will be seen in the above Table that the greatest difference between any 
one of the thirty-six comparisons and the mean is less than two ten-thousandths 
of an inch ; the distance from 0 to 36 on the Royal Society’s scale may there- 
fore be considered as equal to 35.99938 inches of the Imperial Standard Yard. 
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XX. Qrt the Theory of the Elliptic Transcendents. By James Ivory, A.M. 

FM.S* Instil. Reg. Sc. Paris, et Soc. Reg. Sc. Gottm., Corresp. 

Read June 9, 1831. 

The branch of the integral calculus which treats of elliptic transcendents 
originated in the researches of Fagnani, an Italian geometer of eminence. He 
discovered that two arcs of the periphery of a given ellipse may he determined 
in many ways, so that their difference shall be equal to an assignable straight 
line ; and he proved that any arc of the lemniscata, like that of a circle, may 
be multiplied any number of tim^, or may be subdivided into any number of 
equal parts, by finite algebraic equations. These are particular results ; and 
it was the discoveries of Euler that enabled geometers to advance to the inves- 
tigation of the general properties of the elliptic functions. An integral in 
finite terms deduced by that geometer from an equation between the diffe- 
rentials of two similar transcendent quantities not separately integrable, led 
immediately to an algebraic equation between the amplitudes of three elliptic 
functions, of which one is the sum, or the difference, of the other two. This 
sort of integrals, therefore, could now be added or subtracted in a manner 
analogous to circular arcs, or logarithms ; the amplitude of the sum, or of the 
difference, being expressed algebraically by means of the amplitudes of the 
quantities added or subtracted. What Fagnani had accomplished with respect 
to the arcs of the lemniscata, which are expressed by a particular elliptic inte- 
gral, Euler extended to all transcendents of the same class. To multiply a 
• function of this kind, or to subdivide it into equal parts, was reduced to 
solving an algebraic equation. In general, all the properties of the elliptic 
transcendents, in which the modulus remains unchanged, are deducible from 
the discoveries of Euler. Landbn enlarged our knowledge of this kind of 
Unctions, and made a useful addition to analysis, by showing that the arcs of 
the hyperbola may be reduced, by a proper transformation, to those of the 
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ellipse. Every part of analysis is indebted to LAOiuNnEj who enriobed this 
particular branch with a general methcMi for changing an elliptic function into 
another having a different modulus, a process which greatly ftcOitates the 
nutperical calculation of this class of integrals. An elliptic function lies 
between an arc of the circle on one hand, and a logarithm on the other, 
approaching indefinitely to the first when the modulus is diminished to Eero, 
and to the second when the modulus is augmented to unit, its other limit. 
By repeatedly applying the transformation of Laoranoe, we may compute 
either a scale of decreasing moduli reducing the integral to a circular arc, or 
a scale of increasing moduli bringing it continually nearer to a logarithm. 
I^e approximation is very elegant and simple, and attains the end proposed 
with great rapidity. 

The discoveries that have been mentioned occurred in the general cultivation 
of analysis ; but Legendre has bestowed much of his attention and study upon 
this particular branch of the integral calculus. He distributed the elliptic 
functions in distinct classes, and reduced them to a regular theory. In 
a M^moire sur les Transcendantes Elliptiques, published in 17£)59 and in 
his Exercices de Calcul Integral, which appeared in 1817, he has developed 
many of their properties entirely new; investigated the easiest methods of 
approximating to their values ; computed numerical tables to facilitate their 
application ; and exemplified their use in some interesting problems of geo- 
metry and mechanics. In a publication so late as 1825, the author, returning 
to the same subject, has rendered his theory still more perfect, and made many 
additions to it which further researches had suggested. In particular we find 
a new method of making an elliptic function approach as near as we please to 
a circular arc, or to a logarithm, by a scale of reduction very different from 
that of which Lagrange is the author, the only one before known. This step 
in advance would unavoidably have conducted to a more extensive theory of 
this kind of integrals, which, nearly about the same time, was being discovered « 
by the researches of other geometers. 

M. Abel of Christiana, and M. Jacobi of Konigsherg, entirely changed the 
aspect of this branch of analysis by the extent and importance of their disco- 
veries. The first of these geometers, whom, to the great loss of science, a pre- 
mature death cut off in the beginning of a career of the highest expectations, 
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bapi»% eimeelf ^ the Mea of expresdog the amplitade of aa Elliptic function 
in UsmM ^Si the function itself. By this procedure the sines and cosines of the 
mtifdltndei become periodical quantities like the sines and cosines of circular 
arcs ; and analogy immediately points out many new and useful properties 
which it would be difficult to deduce by any other mode of inirestigation. This 
new way of considering the subject struck out by M. Abel^ not only disclosed 
to Itim some interesting and original views^ but it conducted him to the general 
and recondite theorems which, without his knowledge, had been previously 
discovered by the geometer of Konigsberg. M. Jacobi, following in his 
researches a different method from M. Abel, proved that an elliptic function 
may be transformed innumerable ways into another similar function to which 
it bears constantly the same proportion. In the solution of this prbblem the 
modnlns and the amplitude sought are deduced from the like given quantities, 
by equations which depend upon the division into an odd number of equal 
parts of the definite integral, having its amplitude equal to 90®; and, as any 
odd number may be chosen at pleasure, the number of transformations is 
unlimited. In consequence of this discovery, an elliptic function can have its 
modulus augmented or diminished according to an infinite number of different 
scales. The new process for effecting the same reduction discovered by 
Legbndrb in 1825, is only the most simple case of the extensive theorem of 
M, Jacobi ; and, although the older transformation of Lagrangb is no part of 
the same theorem, it bears to it a close resemblance in every respect. Such is 
the principal addition made to this branch of analysis by M. Jacobi ; but the 
new methods of investigation introduced by him and M. Abel, open a wide 
field of collateral research, which probably will long continue to furnish matter 
for exercising the ingenuity of mathematicians. 

But it seldom happens that an inventor arrives by the shortest road at the 
results which he has created, or explains them in the simplest manner. The 
demonstrations of M. Jacobi require long and complicated calculations; and 
it can hardly be said that the train of deduction leads naturally to the truths 
which are proved, or presents all the conclusions which the theory embraces 
in a connected point of view. The theorem does not comprehend the trans* 
formation of Lagrange, which must be separately demonstrated. This is an 
Imperibotion of no great moment ; but it is always satisfactory to contemplate 
imcccxxxi. 2 z 



352 ME, IVORY ON THE THEORY OP THE BI4iI«TIC TRANSCENHENTfil. 


a thewy in its^lull and to deduoe all the ooviReoted tilths from the 

same prlnci|des. On a careful examination it |riU be found that the eines or 
cosines the amplitudes used in the transfonnathm^ are analogous to the sines 
or cosines Of two circular arcs, one of which is a multiple ^ the other ; inso* 
much that the former quantities are changed into the latter when the modulus 
is 6imp<Med to vanish in the algebraic expressions. We may tfaerefcire transfer 
to the dliptic transcendent the same methods of investigation that succeed in 
the circle. When this procedure is followed, there is no need to iHstinguish 
between an odd and an even number ; the demonstrations are shortened ; and 
the dificulties are mostly removed by the close analogy between the two cases. 
It la in this point of view that the subject is treated in this paper, in which 
it is proposed to demonstrate the principal theorems without going into the 
det^ of the applications. 

1 . Elliptic functions of the first kind are of this form viz. 

d p 



d 

1 — A* sin^ ^ ’ 


the arcs p and being the amplitudes, and the quantities k and h, which are 
always less than unit, the moduli of the functions. For the sake of abridging, 
I shall denote the foregoing integrals by K {<p) and H (%p), the prefixes K and 
H having reference to the moduli k and h ; and, for the definite integral 

between the amplitudes 0 and--, I shall use indiscriminately either K 
and H more simply, K and H. 

The general equation to be investigated is the following, 


/ *-. ^ a C 

J V'l — A*8in*f * 


0 ) 


being a constant quantity equal to the first ratio of the nascent arcs -4/ and (p. 


* In follows, the tenns ' elliptic fimctions ’ and ' dliptic trantoeodenta ' are to to tinderiCood as 
i^])lrtDg to those of the fint kind only, which alone are tieatad of. 
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If ire admit that tius is a possible equation, and suppose that when success 
sivcly equal to the arcs of the series, 

0» -f. 2^, 3f , &c., 

p attains the respective Vidues, 

0, Xj, ^2, Xg, &C. ; 

we shall have, 

H = pK(x0,2H = f3K(X2),3H = i3K(X3), &c.; 

and consequently, 

K(X2)=2K(xO, K(X3) = 3K(X,),&c. 

Thus the arcs X2, X3, &c. are the amplitudes of the multiples of the fimction 
K (Xj), which itself remains indeterminate. We may therefore suppose 

p X K (Xi) = K P representing any integer number ; and, in conse- 
quence, we shall have 

K(X,) = i K, K(X,) = |-K. ... K(X„) = -”-K. 

Any proposed number being assumed for p, we may determine the amplitudes 
Xj, X2, X3, &c. by the theoiy for the multiplication and subdivision of elliptic 
functions : but as the equations to be solved are complicated and impracticable, 
the arcs X^, Xg, &c. may be treated as known quantities without any attempt to 
compute them. 

An elliptic function becomes equal to the arc of its amplitude, when the 
modulus vanishes : and in this case the arcs X^, X2, X3, &c. are obtained by the 

subdivision of the quadrant of the circle, and are respectively equal to y . 



Having made these observations, we shall for the present dismiss all consi- 
deration of the equation to be demonstrated, and turn our attention to inves- 
tigate two variable arcs yp and p, such that the first ^all have the successive 
values, 

O 2 f > 3 X 3 X y, &c. 

2 z 2 
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when the second becomes ra^pebtively ^ual to the serei^ known amplitudes, 
0, X|, ^ X3, 5tc. 

2. As we shall have occasion to refer to theifbnnulas Ibr the addition and 
subtractimi of elliptic functions, it will be convenient to premise them. 

Let a and b represent any two amplitudes, and put 

K(a) + K(&) = K(^) 

K (a) - K (b) = K ((t) : 


then, according to the formulas of Euler 


. ^ sin a cos h Vl sin* b cos a sin b */ \ -- 1^ sin* n 

, sin a cos 6 i/ 1 — • Ar* sin ’^ h — cosaun^ -v/l — • /r*8in*a 


Sinff J 


I — ^^sin^asm'*^ 

From these we immediately deduce, 

. , sin* a — sin* h -!• 

Sin S sin (t ““ ii la oJ**® M A • 

1 -- Arsm”asin*d 


(A) 


It may be observed that if a = X«, 5 = Xn ; then ^ = X« 4.n, «r = X« : for 
it is obvious that 


K (K^) + K (?w) = (m + n) K (X^) = K (X^+») 
K (X 4 ^ K (Xn) = (m - «) K (Xi) = K (X« - n) 


3. In order to avail ourselves of the analogy between the elliptic functions 
and the arcs of a circle, we must take that view of the matter first suggested 
by M. Abel. Let 


Jq 4/1 — X:*8in*^ 


K(^); 


then, as u is a variable quantity depending upon the amplitude reciprocally 
this latter quantity will depend upon the fitst ; which dependance we shall 
express in this manner. 


p 2 = amplitude of w = A «, 
sin ^ sa sin A 2 ^. 


* Tmit^ des Fonctions Elliptiques, tom. L p. 22. - 

t This equation is cdled by M. Absi. ** la propddtd fotiilamentale.* 
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For the sake Of aMdgfaig^ let ar = ^ K ; so that &0. will be the 

respective amplitudes of 2 3 &c. ; aud =: amplitude of jp «» = amp. of 

Kss 9(^; audA8||Ssamp.of2pAfs=samp.of2K =: 180^. From the nature of 
the integral, it follows that when u receives an addition equal to 2pA» or 2 K, 
the amplitude of u will be increased by 180^ 

To the indeterminate quantity u let there be added the several even multi- 
ples of « less than 2p ; and let us consider the sines of the amplitudes of the 
functions so formed, viz. 


sinAu, sinA(u + 2A»), 8inA(M + 4*), . . . . sinA(^< + * 2<v) : 

in this series, if we substitute in place of w, the successive quantities m + 2 <w, 
u + 4 «, + 6 &c., the same sines will constantly recur in periodical order, 

abstracting from the change of sign when an amplitude becomes greater than 
180°, or than a multiple of 180°. Thus, if we put a + 2« in place of m, the 
second term of the foregoing series will stand first, and the last term will be 
sin A (w + 2 jp «#) = — sin A (w). In like manner, if m + 4 ar be substituted for 
u, the third term of the series will stand first, and the two last terms will be 
— sin A M, — sin A (w + 2 «) ; and so on. 

Let us now put 

7 = 6inA«; X sinA(3A>) X sinA(5«) .... X sin A(2p(v — a») 


or, which is the same thing, 

y sssinXi X sinXg x sinX^ X sinAg^-.!; 

t! 

and further, let us assume. 




sin A tt X sin A (k + 2 w) x sin A (k -f 4 cp) . . . . x sin A (k 4- 2^” 2 a>) 


(B) 


In this expression, if we substitute for a, the several odd multiples of » in suc- 
cession, viz. 

Of, S 5 of^ 7 a, &c. 

it follows, from what has been smd, that the products in the numerator will 
always be the same, and equal to the denominator, but that their signs will 
change alternately as the successive quantities are substituted. Thus, when 
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any odd multiple Is sublltittited fortiln the dcpreBsion (B)» the 

value of ^ is always + 1 or — 1, accordiuif as (2 n + 1) holds an odd or an 
even rank in ike series of the odd multiples of a>. 

On the other hand^ when u is zero^ or equal to 2 n a/ any even multiple of 
we shall hhve ^s=0, one of the factors of the numerator necessarily vanishing; 
for in a sequence of the even multiples of a>, of which the number is p, there 
must be one equal to 2|J4», or to a multiple of 2p»; and therefore when 
a £= 2 n one of the hustors must be the sine of an amplitude equal to lB(f or 
to a multiple of 180^. 

Further^ let — z be substituted for u in the expression (B), z being less 
than m ; then, 

sin A (a> — «) sin A (S « — . sin A (2 p o> — » — a) 

y 

Now, in the numerator, the partial products, of the fii*st and last factors, of the 
second and last but one, and so on, are as follows : 

sih A (at — «) sin A (2p4> — si — «) =a sin A (<w — z) sin A (a> + z), 
sin A (3 «i — z) sin A ( 2 p» — 3 a/ — «) =t: sin A ( 3 » *— «) sin A (3a» + *)> 

to which we must add the single factor sin A.{pv z), when p is an odd ntinv 
ber. All the partial products, it will be observed, have the same value whe- 
ther z be positive or negative ; and they are all greatest, vfhm z = 0, as will 
readily appear from what is proved in ^ 2. Wherefore p has the same value 
and the same sign, when u is at equal distances from the limits 0 and 2 a> ; and 
it attains its greatest magnitude, equal to 1, when msz And, if we substi- 
tute (2« + 1) A» — « for u, this substitution will nbt change the foregcung 
factors, but only their order, and the sign of their product, which sign, while 
u is contained between the limits 2 w<w and 2 n » + 2 », will be + or accord- 
ing as (2 n + 1) holds an odd or an even rank in the series of the odd mul- 
tiples 6f A^. 

We may now conclude, from what has been proved, that y, in the expression 
(B), represents the sine of an arc -J/, which increases from zero with the elliptic 
fhiicti<m w, and coincides with the successive terms of the series, 

0, y , 2 3 &C. ad infinitum. 
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at the same time that u attsuns the Talaes, 

0^ 2 0 ^, 3 e^, &c. ad infinitam, 

or^ when the ampUtude of u becomes equal to the several known arcs, 

0, Xi, infinitum : 

and further, that there is but one value of y, or of sin ^p, between the two con- 
secutive terms mx ^ and (m+ 1) x for any given value of u between the 

limits mat and (m + 1) Af, or for any given amplitude between the arcs Ki, and 
1 * 

4. In what has been proved, p may be either an odd or an even number ; 
but we must now distinguish between the two cases, in like manner as it is 
necessary to do when we investigate the sine of a multiple of a circular are. 
Representing the amplitude of u by <p, we shall have, = K (^), and sin (p 
= sin A «. When p is odd, there will be an even number of factors after the 
first in the numerator of the expression of y or sin ; and any one of these, 
iis sin A (w + 2 « »), will have another, namely, sin A (t# + 2 p or — 2 w <w) 
= sin A (2«ft> — a), answering to it; and the product of this pair of factors, 
viz. sin A (w + 2 » a;) X sin A (2 nai — tt), will be found by the formula (A) of 
§ 2, observing that sin a = sin A (2 w <v) = sin Xg,, sin A = sin A « = sin sin 6* 
= sin A (2 ?i « + «)> sin (r = sin (2 n<w — «) : 
thus we have, 

sin®Xfl — 

sin A(w 4- 2 Wft») sin A(w + 2p<w— 2n<») = - — 

^ \ / 1— F8m*Xg^sm*4> 

Wherefore, by taking in all the factors and writing z for sin (p, we shall obtain, 

sinJ.— — g* -;g» 

^ y ’ 1 — s* sin* A, ’ 1 — ^ sin* X, ‘ * 1 — X:* sin* ^ - i' 

The expression of y, viz. 

y = sinXi . sinX 3 . sin Ag . . . sinXsp-. i, 
may be written in this form, 

y =s sin^Xi . sin^Xg . sin^Xg sin^Xp- 1 , 

omitting the factor sinXps: 1 : wherefore, if we assume, 



958 jiE. iront m thb frasoRT of iths BmrriG TiUNSGBiiBEiffs. 


” sin* A| .sin* a®, sin* $* 

we shall have^ 

p being an odd number^ 




1 - -T-T 

Sin* 


rAg s m*A4 sii 

sin* V I — ifc* i* sin* * * * I — 


When p ism erm number^ if we leave out (be first &otor in the numerator 
of the expression of p or sin^i^, there will remain an odd number of fiictors, 
that which occupies the middle place^ being sin A (a +/»«>) : and any &ctor, 
as sin A (u + 2 » at)^ between the first and the middle one^ will have another, 
viz. sinA(w + 2pA> — 2«<y), corresponding to it after the middle one; and 
the product of this pair of factors will be obtmned as before, viz. 

sin* — sin* e 

sin A (« + 2 « ».) siu A (« + 2 p « - 2 n «) = i 

With regard to the nuddle factor, we shall have, in the formulas of ^ 2, 
sin a s sin A (pof) = sin 90°, sin ft = sin Aw = sin f, sin^ =: sin A (w + pof ) ; 
and 

• A r I \ 

sin A(u+pa>)=: 

Wherefore, by proceeding as before, we shall have, 
p being an even number. 


/3s v' 1 — «* 


sm*Ag 8m*A4 

* »* sin* A,* 1 — A:* z* sin* \ 


sin* Af> .. s 
1 -A:*s*sin*Aj,-s 


— sin* Ag . sin* A4 . sin* Ag , , . sin* Ap - 3 
^ sin* Aj . sin* Ag . sin* Ag . . . sin* - 1* 


In both the formulas (2) and (3), it is obvious that |3 is the quotient of the 
product of the sines of all the even amplitudes, A2, K Sec, between the limits 
0 and 180°, divided by the product of the sines of all the odd amplitudes, 
X}, A3, Sec, contained between the same limits. The general expression of /3, 
common to the two cases, is therefore as follows, 

sin Ag . sin ^4 . sin Ag * . . sin Ag^— 2 
V ^ sin Ai , sin Ag . sm Ag ... sin A2p -ri* 


( 4 ) 
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In Ihe fonnula (3) let P and R stand for the products of the binomials in 
the numerator and denominator; then> 


and^ 


♦ |3j»P 

Sin v — — g — ; 


1 — R« — ^*««P« 

COS^y — . . 


The numerator of this expression is a rational function of and it will vanish 
whenever cos* -4^ = 0, or sin^-vj/ss: 1, that is, when is equal to sin^Xan + i, 
2 n + 1 being any odd number less than 2p. Suppose that 2 n + 1 is any odd 
number less than p, the numerator of the value of cos* will be divisible by 

v*- — 




Sin*X2p-. 2 




equal, it will be divisible by their product 


and as these binomials are 
2 


; and, p being itself 

an odd number, to the double divisors there must be added the single one 
= 1 — 2 ;*. The numerator is therefore divisible by the product, 

(1 — JS*) , ^1 — sinU,) * (} ~ sm«Aa) ^ sin* ^-^) * 

and, as the two expressions have the same absolute term and the same dimen- 
sions, they must be identical. Wherefore we have, 

p being an odd number, 

C08\p 


sm® A. 


1 - 


sm^Ag 


sin*A;y - 2 


1 — 1 — i6:®«®sm®A4 ‘ ” 1 — 4r*«®sin*Ap-r 


(5) 


In like manner, if P and R represent the rational binomial products in the 
numerator and denominator of the formula (3), we shall have 


and 


j /3 « 1 ~ z® P , 

- TrrrFT- ^ ’ 


cos If (I — *« z®) It* 


Proceeding as before, it will app^r that the numerator of this expression is 
MDCCCXXXl. 3 A 
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divisible by tbe doable divisor B #• + 1 bdng aiiy odd num- 

ber less than*jp ; and in this case when is an even number, all the divisoiis 
are double. Wherefore the product 


(■ 



— V.C 

sm^ Aj,/ \ 


1 


-r^5l~V A — -* ^ 

801%/ • * ’ ‘ V h 


will divide the numerator of the value of cos* ^ ; and it will be identical to it, 
because both the eicpressions have the same dimensions. Ihius We obtain, 
p being an even number. 


1 


1 


, * «n* Ai * gio^Ag sin* Ap - 1 , 

cos — it*** ^ 1 — A:* a* sin* A, * 1 — 

Prom the equations (2) and (6) we deduce, 

a ^ * •“ I 

tan^ 


1 — 


sm^ 


/3g ^ sii 

Vl ^ z^ * , _ ' 

sm* Ai sin* Aj* 


1 - 


sin* Ap ~ 1 


1 - 




but it will readily appear that 

sin*y ^ 


1 - 


sin*Ag, 


1 — 


tan*Aa, 


sin*^ 


1 - 


tan*y * 


sai*Ag„ -j. I 

wherefore we obtain, 

p being an odd number, 

j tan*^ j 

tanyp=^tanf>x - — 


ten*^ 

‘ tan^ A4 


tan*^ 
tan* As 


1 

tan*Ap^ I 


i - 


tftn*v 

tan*Asp-» 


And in a similar manner we deduce from the equations (3) and (6), 
p being an even number, 


tand/ss: __ 

^ 1 _ ^ j j tan* ^ 


tan*^ tan*^ 

^ ““ tan*Aa ^ "" tan*A4 ^ "" tan*Ay^g 


tan*^ 


( 6 ) 


( 7 ) 


( 8 ) 


tan^A] tan*As tan*;^ tan*Ap..i 

The formulas (2), (5), (7), in which is an odd number, are those used in 
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the theorems of M. Jacobi ; the other three^ (3), ( 6 )| and ( 8)5 hav^e been added 
here. All the formulas will be true in the cirele, if we make A = 2 : 0 , and derive 
the arcs Xj, &c. from the subdivision of the quadrant, in like manner as 

they have been obtained from the subdivision of the definite integral k 

The coefficient |3 is the esrpression of the first ratio of the nascent arcs 4^ and p ; 
and it is equal to ^ in the circle. 

All the formulas are, however, imperfect in one respect : they all suppose 
that the amplitudes hf ^29 &c., derived from the subdivision of the definite 

integral are known. By means of these amplitudes, the general solu- 

tion of the problem has been deduced from a particular case : but the formulas 
cannot be considered as complete till all the coefficients have been expressed 
in functions of the modulus k ; and, with respect to this point, the researches 
of analysts have not yet been entirely successful. 

5. Having now investigated the relation between the arcs %// and p, we have 
next to demonstrate that the equation (1) is true when these amplitudes are 
substituted in it, and a proper value is assigned to the indeterminate modulus 
h; but this requires some preparation, in order to avoid complicated operations. 
First, p being an odd number, we have, 

cos*4/= g 

R, P, Q, representing the rational binomial products in the denominators and 
numerators of the equations (2) and (5) ; we therefore obtain, 

R2 = j3***P2 + (l 

This equation has been foimd on the supporition that z is less than 1 ; but, as 
it contains no radical quantities, it will be true for all values of z. We may 

therefore substitute ^ for z; and, in the resulting equation, the symbol jsr will 
still represent a quantity unrestricted in its value. Now, the substitution of 
^ for z being made, we shall obtain, 

R2 - /32 A2«2P2= (1 - 

3 a2 
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ill which expuefision R and P denote the siune functions of s as befoi^^ and the 
values the new symbols h and R' are as foUows, 
hsst JPsin^Xi . ian^A3 .dn^^« • . 

If tt:<(l Fs<sin*Xx) (i — . . . <t 


We thus have 


VR*- ^* = ^1 - A*** . R'. 


} 


(C) 


" Secondly, when is an even number, R, P, Q will stand for the rational 
binomial products in the denominators and numerators of the equations (3) 
and (6) : thus 


am^p = 


fiz jp 


cos 4 


I Q. 
-✓1 - * 1* 


consequently 

(1 - Jt2;s2) R2:::. ^2^2 (1 _ aj2) P24.Q2. 

And if in this equation we substitute ^ in place of «, we shall obtain this 
result, 

(1 -;t2 2r2)R2=:^2;22(i ^2) p2 + B.'2 

R and P representing the same iimctions of ^ as before, and the new symbols 
h and R standing for these values, 

A = . sin^ Xj . sin^ X3 . sin* X5 . . . sin* Xp _ j 

R = (1 — sin2 Xi) (1 — ^ «2 giu2 X3) . . . (1 — A® JK* sin* >> -. 1. 

From what has been proved we now have 


n/O" - A* z*) R* - |32 z2 (1 z2) P* = Q, 'J 
V(1 - ** *“) R* - |3* A* a* (1 - a*) P* = R' J 

To these formulas we must add the following principle of analysis, on which 
the demonstration we have in view mainly turns. Let V and U denote rational 
functions otzi we shall have this identical equation, 
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Q 


u» 


»±{(V+«U) 


dz 


(V-flU) 


if.(V^gU) 
dz 


} 


from which it ifolkiwsy that every dcmble hiaomial either of V 4- ^ or 
of V — a U, is a simple binomial fsu^tor of — — U*; and further, if V+ a U 


and V — aU have no common di\^r, that every double binomial factor 
of (V + a U) X (V — a U) = V2 — o 2 ^2^ jg ^ simple binomial fiu^tor of 



6. The differential of the equation (1) may now be readily demonstrated, 
supposing that |3 has the value investigated in ^ 4, and A, the value assigned to 
it in ^ 5. And first when p is an odd number, we obtain from the equation (2), 


gln^ B 




=: sin ^ : 


and with these values the equation (1) will become 
di^-VE) 1 




and, on account of the formulas (C), 
R* 


dz 


"irA =— — — ..i. 1 , 


Q.R' 


Now it is evident that R + /3 . « P and R ~ /3 . « P, have no common divisor : 
for, as R contains only the even powers of z, and z P only the odd powers, if 
i + ^ he a factor of R + |3.ssP, 1 — c;s will necessarily be a factor of 
R — |3 . « P. Wherefore, according to what has been proved above, every 
double binomial factor of R® — 13^ P*, that is, every factor of Q, will be a 

fiu;tor of the function in the numerator of the left side of the last equation. In 
the very same manner it is proved that every double binomial factor of 
R 2 ^ |32 ^ p 2 ^ that is, every factor of R', will be a factor of the same function. 
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Wherefore the ntimerator of the left side of the last equation is dhrisible by 
the product X B' in the denomina^} and, ^ both the expresrfons have 
the same dim^sions and the same absolute term, they are identical ; which 
verifies equation. Wher^re the equation (1) is demonstrated when p is 
an odd number. 

Secondly, when /i is an even number, we have by equaUon (3), 

aIm f ...M jS If '4/1'““" ^ ^ _• ^ - . 

sin "vj/ — ^ , sin Y ^ • 


and the differential of equation (1) will become by substitution, 

— IT — 


^(l P*)^(i -il***)R*-^*i*»*(l -*•) P») 

\ : and, on account of the formulas (D), 

V 1 — 1 — Ar a* 


/ArV'l-aSPX 

dz ■ V^7T^F?7r/ _ 1 

^TW v'l ~ 


It will be proved, by the like reasoning as before, that the numerator of the 
left side of this equation is divisible by the product in the denpminator. Now 
if we perform the differentiation indicated, we shall find, 


S = (1 - 2 55* + ^ 2^) PB+ * (1 - 2*) (1 - B* 


■*(1) 

* 


(1 ^ / xa/i P\ _ S _ . 

dz • ‘ R/ a/iZ^ 


and it is evident that all the rational factors of the left side of this last formula, 
and consequently all the factors of Q x B^, will be lactors of S. By substi- 
tutiCn the differential equation (1) will now become 
S 


which is manifestly verified : for, as Q X B' divides S, and the two expressions 
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h&Te ttiE same dimensioiis and the same absolute term, they are identical. 
The equation (1) is ther^ore demcmstrated when p is an even number. 

7- The transformation expressed by the equation, 

■C 

has now been demonstrated for any number whether odd or even, the constant 
/3 being determined by the formula (4), and the modulus h by the special for* 
mulas in ^ 6, or, generally without (hstinguishing whether p is odd or even, by 
this formula. 

Ass /c** . (sinXi sinX^sinXs . . . sinXg^^ j)2, (9) 

the sines multiplied together being those of all the odd amplitudes less than 
180°. The relation between the variable amplitudes y)/ and p is expressed by 
the several equations in ^ 4. 

In order to render the solution of the problem more complete, it may be 
proper to add a useful method of computing the amplitude yp. 

In § 5 we have obtmned this equation, 

R2 = ^Sb2P2 4,(1_5j2)Q2 



And, if we represent by N and M the products of the binomials in the nume- 
rator and denominator of the equatkm (7)> we shall have 

. , /3tan«N 

taayps= gp*. 

«r* 

Let then a* = sin*^ = ; and, observing that 

1 iL 



(I * 


it will readily appear that 


= yrri?.Q = 

(1 + *^* 


M 
(i + 


These values being substituted in the foregoing equation, we get 
M2 + ^ a:® = ( 1 + *») ^ . R2 ; 
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And if R be tranafonned into a function of 3 ^, we shall obtain 
M» + 13* *»N» = (1 + J!®) (1 + c,* *»)»(! + C 4 * a*)* . , . . (1 + 
the new symbol ca, being determined by this formnla, 

■^* = 1 - /:*sin*X,,. 

The last equation may be resolved into these two, 

M + |3aNy:^l = (1 (1 + c,a • • • • (1 + 

M - /3aN,/^l = (1 - a^/^l) (1 - c*x,/=“l)* .... (1 - c^x^~iy-. 
the second of which being divided by the first, there will result. 


1 tan 4^ a/ — 1 
1 + tan t|f V" — 1 


1 ~ jy V* — I / I 4 /— l y / I ^ 1 \^ 

1 + jr — 1 A1 -f- C9X 4/ — 1' 


Now w being an arc of a circle, we have this well known formula, 

“ ~ sV^ ^ (l + tanu 4^-1) ■ 

wherefoi'e, if we take the logarithms of the factors of the foregoing expression, 
and substitute the equivalent circular arcs, we shall obtain, 

p being an odd number, 

4 . = f + 2 ^ + 2 ^4 + 2 . . . 2 ( 10 ) 

the arc <Pin being determined by the equation, 
tan<ps„=cs, X tanip. 

When p is an even number, we have this equation in § 5, 

(1 -*2 «2) K2 - (1 _ ;g2) p2 + Q2. 

And, using N and M to denote the products of the binomials in the numerator 
and denominator of the equation ( 8 ), we have 


By the substitution of 


. P 


for z as before, it will be found that. 


M 


= _ 1 £N_, 
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Wherefore we haTSi 

4* ^ == ( 1 + ( 1 - ^ R® ; 

and by converting (1 — . R® into a function of we get 

M2 + ^2 a^N* = (1 + a?*) (1 + (1 + 

A^=cl-.A2, 1 — A2sin2X2,. 

By treating this equation as before^ we get 

1 — taili|» 4 /— 1 — — 1 / I 1 \2 

l+tamirV"^^ 1 1 + A' j? i/ — 1 \1 + j? / 

and from this we deduce^ 

p being an even number^ 

4 = ^ 4. ^' + <p2 + ^4 • • • • + (i i) 

tan = A' tan <p, tan fa, = Ca* tan f. 

8. In what goes before, our attention has been confined to two related 
functions, which, for the sake of abridging, we have denoted by the prefixes 
H and K ; but as we shall have occasion, in what follows, to compare several 
functions differing from one another in their moduli and amplitudes, it will be 
proper to adopt the usual and more general notation, by means of the cha> 
racteristic F prefixed to the modulus and amplitude. According to this nota> 
tion, the equation (1) will be thus written, 

F(A,4)=^F(*,?)5 F{*,f) = jF(A,,J,). 

The modulus k being g^ven, we can compute the amplitudes, ^ 1 , &c., at 

least by approximation ; and the amplitude f being supposed known, the fore- 
going formulas will determine the modulus A, the multiplier /3, and the ampli- 
tude 4 ; so that the function F (A, f ) will be reduced to the similar function 
F (A, %p), of which the modulus k is less than the given modulus A. And in 
like manner as the three quantities A, |3, ^ were determined foom the two 
A, f , we can deduce, from the two A, three new quantities, k, |3^, which 
will satisfy the equations, 

F (h„ 4,) = ^,F(h, 4 ) ; F (A, ?>) = ^ X F {h„ yf,,) s 
3 B 


MDCCCXXXI. 
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tiie modulas being less than the modulus A, Continuing the like aperationiy 
we can pass along a scale decreasing moduUi till we arrive, a^ ^ne which, 
being as small as we please, will make the function F (A, p) approach to a oir> 
cular arc as near as may be required. 

If ire, wish to apply the same theorem to reduce the g^ven fon^^oii F (A, 
to a logarithm, through a scale of increasing moduli, tl|ie process is not so 
direct. For, in the first place, the greater modulus A is not immediately da- 
ducible from the less A, by means of the formulas that have been investigated ; 
and, in the second place, the amplitude ^ cannot be ' foulid whtm is ^ven 
without solving an equation of p dimensions. The theorem is, no doubt, 
mathematically suflSicient for effecting the reduction; but the operations re- 
quired are practically impossible, except in a few cases when p is a small 
number. But the ingenuity of M. Jacobi has provided a remedy for this in- 
convenience by a new transformation, which we shall now briefly explain, as 
it discloses a new set of remarkable properties of the elliptic functions. 

If we put y tan a; ==: tan^. A'* = 1 — A*, sss 1 — A®, the differential 
of the equation (1) will assume this form, 

rfy fidx ^ 

i/1 1 + i/1 i 

and, for solving this equation^ we shall have by the formula (7), 
p being an odd number. 


y = X 


, ^ 
“"talFxj 


1 


1 — 


tan* A4 

Z2I 


1 


1 


tan* 1 
> ' 

tan* Ajp - 2 


But If this value of y solve the differential equation, it will still sdlve it, if we 
change + 3 ^ end into — and — y^; for it is c^ous that, if the ex- 
presslon of y make the two sides of the equation identical in one case, It will 
necessarily make them identical in the other case. Wherefore the equation 

_ (^dx ^ 

-v^ l ~y* r 1 V' 1 - 4:* . 1 - 

will have for its solution. 
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, » ^ . X . . . '-1^5. 

*+5S*a. ‘•+55ri; *+sr5?r, 

In this equation the vnlues of y and x are between 0 and i 1, which limits 
they both attain at the same time. If we make ^ = i 1, and attend to the 
value of /3, we shall findy = i !• Let y =s sinr, d? = sino^: then the inte- 
gral of the differential equation will be 


F(A^r)=:/3F(^,ir) 
1 + 

sin r = |3 sintf X 

1 + 


gin*^ 

gia^g- 
tan^ hi 


I + 
1 + 


8in*<r 
tan* A4 
atn* y 
taa*^8 


1 + 


1 + 


sm*g- 

tan* A|>~ I , 
gin* r * 
tan* ^2 


( 12 ) 


the amplitudes r and g" increasing together from zero, and becoming equal to 
one another at 90®, and at every multiple of 90®. 

A property of considerable importance in this theory, results from the com- 
parison of the equations (1) and (12). Recalling the notations before used, 

viz. K = F and H = F we obtain from what has already been 

said in ^ 1, 

H=:^X K; 

and if we put similarly K' = F (^>'1') H' = F and observe that in 

the equations (12), r and <r are equal to 90® at the same time, we shall have, 

By combining the two equations, we readily obtain, first, 

H ^ 1 K . H ^ia\ 

(13) 

and secondly, 

For any number p, the first of the formulas (13) determines k, and the second 
determines |S, when k is given. Both the formulas involve transcendent quan- 
tities ; they are nevertheless of great practical utility in this theory ; and th^ 

3 B 2 
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eKiNress succinctly the cendi^ons iiecess&ry 5 in lurdar ^i«t the Iraiisforiiifitioiis 
in the equations (I) and (12) take place. A little attention vdU show that the 
formulas (14) and (13) are entirely siniilar> the quantities k oocupjring 
the same places in the first, that |3, Ar, h do in the other. From this we learn 
that the equations (1) and (12) will still be true if we change (3, Ar, h for 
U, A/, respectively. Thus we have, 

F(^,4) = ^'F(A^^), (15) 

the letters -J/ and it need hardly be noticed, although used on a former occa- 
sion, here express simply the variable amplitudes of the related functions. If 

therefore we divide = F ^ into p equal parts, and put &c., 

for the respective amplitudes of y ^ H', ^ &c. ; we shall have by the 

formulas (4) and (9), 


sin fA2 sin ft4 . - . . sin __ 2 
^ ~ suiT^siniita. ..."sin/ig^ __ ^ 

y (sin sin f /^3 sin - 1 ) • 

The multipliers |3 and /3' being similar functions, the first of the amplitudes 
^^29 hy > amplitudes &c., the equation 

^ s=t JO, expresses a curious property of those functions. 

And, in like manner, if we change /3, k, k, respectively for k!, U in the 
equation (12) ; or, which is the same thing, if we derive an equation from (15) 
in the same manner that (12) was obtained from (1), we shall get 



F(A:,r)=^'F(A,^), 

sin^<r sin^y sin*tf‘ I 

sin r = /?■ 8in <r X - -. *?■> . I* 

^ tan’* /A} ^ ^ ^ tan* fi>p —"a J 


Although, in the investigations of this we have supposed that is an odd 
number, yet it is obvious that they will succeed equally when p is an even 
number, the formula (8) being used instead of (7). 

The analysis by which the equation (12), of which those that follow are con- 
sequences, i|as been deduced from the equation (1), is preeisely that by which 
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the exjiren^oci of a eiveOlar arc is made to pass into a logarithm ; so that the 
whole of this analytical theory rests on one principle^ namely^ the analogy 
which an elliptic fnnction bears to a circular arc and to a logarithm^ which 
are its extreme limits. 

,10. Of the transformations in the last the principal one is contained in 
the formulas (17)> which constitute what is called the second theorem of M. 
Jacobi. One of its chief uses is to supply the defect of the first theorem by 
furnishing a direct process for reducing an elliptic function to a logarithm, 
through a scale of increasing moduli. In the function F (h, cr), the modulus 
h being given, we know A' (= i^l — h^) named the complement of h for the 
sake of abridging ; we shall therefore obtain the amplitudes ^be 

subdivision of the function H' = F ; we next compute the quantities 

and ^ by the formulas (16) ; and, the amplitude <r being given, we deduce 
from the formulas (17), the amplitude r, which will satisfy the equation, 

F (A, <r) 5= . F (k, r), 

the modulus k of the new function being greater than k, because the comple 
ment l<f is less than the complement h'. Taking now the complement of k, 
we deduce from it, by means of the formulas (16) and (17), the three quanti- 
ties |3/, kj, in like manner as |3', A', r were deduced from k ; and we shall 
have these equations, 

F {k, t) = ft' F (k„ r,) ; F (ft, ff) = ^, X F (ft,, r,); 

the modulus being greater than k, because the complement kj is less than 
k!. The like operations being continued, we shall at length arrive at a mo- 
dulus k^y as near the limit 1 as may be required. 

Another use of the second theorem, when combined with the first, is to find 
any multiple of an elliptic function, or any aliquot part of it. By the first 
theorem, we have 

F(^,^^.)=/3F(^,^); 

and by the second, making er = <4* in the equations (17), 

F(Ar,r) = p^F(^,4); 
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wad, by combteb^die tnro eqaadons^ observing that ^^ acp, we get 

V(k,rywip¥(k,<p). 

If be aa odd miinber, the amplitudes are obtained by the fonnnlas (3) and 
( 17 ), viz. 

s!n*f 

dnn)/=^smf — u ' ^* 1 °**? . i - > ‘” 1 *^. 1 " * 


sin r = /3^ sin X 


1 + 


1 -f 



1 + 


1 + 


8ip*4f 
tan*f^ - 


1 


2 


When a multiple is required, we pass directly, by means of the two equa- 
tions, from the ^ven amplitude f tor which is sought. In the case of an 
idiquot part, the amplitude r being given, the solution of the second equation, 
of which p is the dimensions, will determine sin yp ; and the amplitude p which 
is sought, will then be fotmd by solving the first equation, which is also of p 
dimensions. From the nature of the second equation, it has only one real 
root, and p — 1 impossible roots, for every real value of sin r ; and therefore 

it follows from the first equation, that the amplitude p of the function^ F (A, t) 
admits in all of p* values, of which only p values are real quantities, and the 
rest impossible. 

If p be an even number, the expression of sin yj/ will contain radical quan- 
tities, but instead of it we may take the value of tan 4 in the formula (8) ; and 
the two equations for the amplitudes will be. 


tan <4^ = 


/Stan ^ 


tan«4> 
^ tan% 


• S' sin ^ 

Sin r = . 

* tan*pi 


tan*^ 

1 

tan*^ 

tan*Xs 

tan*)^-a 

tan*^ 

1 - 

tan*^ * 

tan’As 

tan*>|)~ 1 

sin*4f 

1 + 

810*4^ 

tan*fAs 

tan* ftp ^ 9 . 


1 + 


tan^M3 



from which the same gmend properties may be deduced, as when p is an odd 
number. 
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poiats of this theory^ for which we are kldebtedi to Mi Jacobi. For the suh-* 
detdk^ and for many cuiioifii and impoitaiit edihleral researches that 
have been suggested by the new views Md 6p99i in this bthhdh of analysis^ we 
must refer to M. Jacobi's own work^ to the papers of M. Abbl^ and to the 
writings of Leoenors. We shall conclude this paper by applying the forinulas 
that have been investigated to two particular instmices, taking for p the most 
simple values, namely 2 and 3. 

Example 1 . Supposing p = 2. 

By the formulas (3) and (6) we have these equations between the ampHtudes 
and ip, z being = sin 

, A* 

. , v^i - > , 

sin^= co6>f/= 

wherefore 

1 -*?** = ^*a2(l _ *a) + (l - 

and 

We now get 

(3 = 1 + *'; 

Also, by the formula (9), 

= r+F’ 

from which we deduce 

(1 + h ) (1 + ^) = 2 . 

The equation (1), vi2. 

may now be put in one or other of these two forms, 

F (*,?) = 4-* P 
F(A,^^-) = (l+*')F(*,rt: 
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hy the first we pass firom the greater modulus k to the less k ; and l)y the 
second^ from the less modulus h to the greater k, . 

In the first of the two cases we must derive the amplitude ^ frmn p : and, 
for this purpose we immediately obtain from the formula (11), 

tan (yp ss k'tanp. 

Wherefore, if 

k, hy hiy &c. 

represent a series of decreasing moduli, of which the complements are, 

h!y h^y h4y ^C. 

the successive quantities being derived from one another by these formulas, 

ft - ^ ft _ 1 - A' ft 1 - V « 

h — ““ FTP^ ^ — TTV ' 

and, if we likewise deduce a series of amplitudes in this manner, 

tan (yp — p) = k' tan p 

tan (yPi ^yP) ssh! tan yp 

tan (yp 2 — ypi) = hi tan , ypiy See. 

we shall have these successive transformations, by which the value of the given 
function F (k, p) is made to approach indefinitely to the arc of a circle, 

Fik,i>) = &c. 

In the second case, when we would pass from the less modulus h to the 
greater k, the amplitude p must be deduced from For this purpose we 
have 
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8 sin 8 p 

but (3 SK ; COS ^ Bin ^ sa: — ^ . 


and 1 


sini^ ^ sinSf 
cos$ X-f cos 2^ ’ 


and^ sin (2 f 


2 sin® ^ 3* cos 2 ^ : wherefore, 
— = k sin 


Wherefore if the quantities, 
X, X, Ai, kc. 


represent a series of increasing moduli derived from one another by these 
equations. 




1 4^ A» 


X/: 


1 -A 

r+T’ 


k ' •— 


1 - At 
1 + 


, &c. 


and further, if the amplitudes yp, <p, p 2 > ^ deduced from the formulas, 

sin (2 ^ — t//) = A sin yp, 
sin (2 — ^) = A; sin <p, 

sin (2 <p 2 — ^i) == sin Pi : &c. 

we shall have these transformations in which the successive moduli tend to 
the limit 1, 

F(A, yP) = {l + k)Fik,p), 

F(hA) = (l+/^){l+k,')F(k^,<p,), 

F (A, 4-) = (1 + A') (I + Ai') (1 + Aj') F (Aj, &c. 


Example 2. Supposing p = 3. 

By the formulas (2) and (5) we have these equations between the amplitudes 
yp and p, 


sin^p = 




1 - . 


A*#* sin’* A, 


, ^ sin** X, 

COS^=^l_*2.j_^ 


Bm*Aa * 


wherefore, 

(1 — A® JK® sin® = (3® X® ^1 
from which we get 


sm^Xg 




a A* sin* X* = + 1 - 

3 C 
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Sin^ X 2 = 


sin^ ^ 2 ' 


/3=^ 



AS A 

Now, observing that obtain by equating the values of 

sin^ Xg, 

/ 1 , hjz£V - ^ 4 - 2(1 . 

Vsin*Ai 2 / sin* x, "» sm®x, * 


from which we deduce 


sin A. 


1 . 


In order to simplify the formulas I shall put = 1 g : then j3 = 1 + 
and sin^ Xg = )3 sin^ Xj = : and, having substituted these values in the 

fi!*st of the foregoing equations, we shall get. 


g4-|.2g3~.2A:'2fi— A:^s=0. 


This equation may be resolved by the usual method into the two following 
quadratic factors, 

^=:4A:2A/2, 

•“ + (1 + = 0 . 

+ (1 - + 4 - if = 0. 

The second of these equations has two impossible roots : the first has two real 
roots, one being negative and foreign to the question, and the other positive, 
which solves the problem. Thus g has only one value, which may be con- 
structed geometrically, but the algebraic expression of it need not be written 
down. 

We have next to derive the amplitude from <p. We readily obtain from 
the foregoing biquadratic equation, 


_ (1 + 8y»(i-^8) 



MR. IVORY ON THE THEORY OF THE ELLIPTIC TRANSCENDENTS. 377 
and hence, 

1—^2 gi ||2 ^ ^^2 -s g 2 . 

And the formula (10) will determine when p is given. 

Finally, therefore, we have these determinations, 

/3 = 1 -I- 2 i, A = tan = s tan ^ ; 

the modulus h being less than By repeating the like operations, a suc- 
cession of moduli rapidly decreasing may be formed, by means of which the 
given elliptic function will be reduced to a circular arc as near as may be 
required. 


3 c 2 
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XXL Q» the Tides in the Port of London. By J. W. Lubbock^ Esq,, 
F,P, and Treas, R,S. 

Read June 16, 1831. 

I HAVE the honour to present to the Society a discussion of observations 
of the tides made at the London Docks, in the form of various Tables, which 
show the time and height of high water, not only at different points of the 
moon's age, but also for the different months of the year, for every minute 
of the moon’s parallax, and for every three degrees of her declination. This 
work has been Jiccomplished by Mr. Dessiou of the Admiralty ; but for the 
arrangement of the Tables, and the methods employed, I alone am responsible. 

The tides take place in the river Thames with extreme regularity, and, as 
the rise is considerable*, the observations are made with facility. Those upon 
which the annexed Tables are founded are made at the entrance to the London 
Docks ; the time of high water, or the time when the water has just made its 
mark, is there noted on a slate by the watchman on the pier-head, generally 
only to the nearest five minutes ; this is afterwards copied in a book kept for 
the purpose by Mr. Peirse. I am enabled, through the kindness of Mr. Solly, 
the worthy Chairman of the London Dock Company, to present to the Society 
the books containing the observations which serve as the foundation of 
Mr. Dessiou’s Tables. These observations are not made with sufficient care ; 
but they are valuable from the extent of time during which they have been 
carried on, as they were instituted soon after the opening of the Docks in 
1804, and have been continued without interruption to the present time. I am 
not aware of any series of observations of the tides so extensive, except that 
made at Brest by order of the French Government. Mr. Peirse informs me 
that the observations of the night are generally more correct than those of 

* I believe about nineteen feet. 1 am not however able to speak with precision, not having yet been 
able to examine the observations of low water. 
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the day, (which I was not aware of until lately,) because the persons in 
attendance at night have nothing else to do than to look out for high water ; 
but in the day, owing to the press of business at the top of the tide, the water 
has fallen an inch or two at times before it has been noticed. Ibe water 
remains stationary for some little time at high water, and therefore it is diffi- 
cult to fix the time of that phenomenon precisely, without the aid of some 
mechanical contrivance ; this will however I hope soon be supplied both at 
the London and St. Katherine Docks. 

I have also to present to the Society some observations of the tides made 
during one year at the East India Docks, under the superintendence of Captain 
Eastfield, and which were kindly undeitaken at my suggestion : these obser- 
vations were made with great care, and may, I believe, generally be depended 
upon to the minute. 

When the variations in the time and height of high water due to changes in 
the parallax and declination of the luminaries are neglected, the theories of 
Bernoulu and of Laplace lead to the same results, and these results agree 
most remarkably with observation. The same agreement is manifested in the 
circumstance that the variations of the interval between the time of the moon’s 
transit and the time of high water, and the variations of the height of high 
water from the mean height, are greatest at the equinoxes, and least at the 
solstices, or soon after ; and also that the height of high water increases as 
the distance of the moon decreases, that is, as her parallax increases. The 
difference between the heights when her parallax is greatest and least may 
be considered nearly a foot at the London Docks. 

The changes in the declinations of the sun and moon, and in the parallax of 
the moon, have a sensible eflfect both on the time and on the height of high 
water ; the law however of these changes is so complicated, and the observa- 
tions are so imperfect, that for the present I think it will be necessary to have 
recourse to empirical tables for their calculation. They are not in conformity 
with the theory of Bernoulu, which has, I believe, never before been com- 
pared with observation ; nor can I reconcile them to the theory of Laplace. 
The constants which might be supposed the same for this port and for Brest, 
determined by means of these observations, do not agree with those determined 
by Laplace from the observations at Brest. The comparison would be ex- 
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tremeljr interesting, if the results of the observations at Brest ivere arranged in 
Tables similar to those which accompany this paper. In a classihcation of this 
kind it is necessary that the epoch of the phenomena should be defined by the 
minute of the moon*s transit ; the day of the moon*sage is quite insufficient. A 
complete classihcation of this kind is desirable, because enx)neous conclusions 
may be drawn from isolated portions of the curve; and it is necessary, in order to 
ascertain the agreement between theory and the fact, to compare them through- 
out the whole period or extent of the inequality whose effect is considered. 

According to the theory of Bernoulli, and the Tables founded upon it, 
which are given in vmrious works on navigation ♦, the variation in the interval 
between the time of the moon’s transit and the time of high water, due to 
chmiges in the moon’s parallax, vanishes or is equal to zero when the moon 
passes the meridian at 2 o’clock or 8 o’clock (or when ^ ~ — X + \ = 0 or 

180®). This is directly contrary to our obseiTations, according to which the 
variation is the greatest at this age of the moon. See Table XV. 

According to our observations, the time and the height of *high water are 
the same, whether the moon’s declination be north or south ; if any difference 
obtain, it must be determined by more delicate means : nor is there any sensi- 
ble difference whether the moon’s transit be superior or inferior, as may be 
seen by Table XIII., where the observations for one month are separated, those 
corresponding to the supenor and those corresponding to the inferior transits 
being kept distinct. 

The Tables XV, XVI, XVII, XVIII, XIX and XX are intended to fur- 
nish the means of calculating empirically the time and height of high water, 
taking into account the changes in the different months of the year, and also 
those due to changes in the moon’s parallax and declination. By means of 
these Tables, Mr. Dessiou has calculated the times and heights of high water 
for the year 1826; and, having classed all the observations made at the London 
Docks in that year according to the different winds, has found for each a 
correction, which is given in l^ble XXI. The variation or correction due to 
the wind depends, of course, also on its rapidity or force ; it appears liowever 

♦ I have had occasion in the PrefiMie to my Account of the Traits sur le Flux et Reflux dc la Mcr/* 
of Dahibl BfiaKOux.Li, to point out an error which exists in several Tables of this kind, from the heading 
being reversed ; but this error does not remedy the discrepancy in question. 
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I^enerally to have but Kttle effect on the tide. North-westerly gales raise the 
tide ; south-westerly winds depress it 

Two maps ere annexed to this pe^r, drawn by Mr. WAikami ihe oa^ lAiow- 
ing the time ol high water on the coast of Great Britain^ the otiber throoghotit 
the worMi or at least in as many places as it has been asoertainied. 

The following are the authorities from which these maps have been compiled. 

Hie Chart of the British Isles is taken from the observations and surveys of 
Messi^. McKenzie, Spence and Murray on the South coast of England ^ from 
those of Captiun Hbwett and Mr, Thomas on the East coast ; France and the 
North Sea have been copied from the Admiralty Charts ; the coast of Scot- 
land is from M'Kenzie^ Captain Huddabt and the Admiralty Charts ; and 
Ireland has been drawn from the surveys of Captain White, Captain Huddaet, 
Mr. Nimmo, &c. &c. 

In the Chart of the World, the Coast of France, Spain and Portugal is copied 
from the Admiralty Charts and the surveys of Tofino ; Africa from those of 
Ci^tain Owen ; Newfoundland is from Captain Bullock ; Nova Scotia and 
the coast of the United States are from the Admiralty Charts ; South America 
and the west coast of North America have been copied from the Spanish Charts, 
and from the surveys of Captains King, Bbechey, Vancouver, &c. &c. The 
coasts of Persia, India and the Indian Seas have been taken chiefly from 
Captain Horseurgh’s Charts and Book of Directions ; Australia is from 
the surveys of Captain Flinders, King, &c. &c. 

It will be seen that the continents alter the direction of the cotidal lines, (I 
mean the series of points at which it is high water at the same instant,) and 
that the progress of the tide is not always from east to west : in the Atlantic 
it is from south to north ; so that it is high water at nearly the same time on 
the coast of Portugal and on the opposite coast of America. This remarkable 
circumstance is noticed by Bacon*. 

The map of the world is offered as a mere sketch, for our information nn this 
subject is at present lamentably deficient. The map of Great Britain presents 

* De Flaxu cl Rcfluxu Maris. Bacon*8 Works, vol. ii. p. 81. ** Idqueaoii fortoito notatum, scd dc 
indusliia inquisitom atqae repertum, aquas ad littora advcrsa Europe ct Florida ikdem borh ab uttoque 

liuorc zefiuere, aeque desercre littus Europa cum odvolvantur ad littom Florida, mora aqua (ut stqiia 
diximus) agitata in pclvi, scd plane simul ad utrumque littus attoUi et demitti.'’ 
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more details^ and is, I tnlst, more accurate ; the time of high water being gene> 
raUy wdl asoertmned (as a ^st approximation) and easily observed on these 
coasts. Lines are drawn round the coast to mark the depth of the water : it 
is to be regretted that this method of indicating the soundings, which, accord- 
ing to Captain Alexander *, is adopted by the Russians in their charts, is not 
more general. The tide which reaches the port of London is principally due 
to the tide which descends along the eastern coast of Scotland and England : 
this branch of the tide meets the tide which comes up the Channel oft the sand 
called the Kentish Knock. 

If when the tide is single, the height of the water is represented by a series 
of cosines, affected with constant coefficients ; when the tide results from the 
union of two branches, each of this kind, the height of the water will still be 
represented by a series of cosines of angles, affected with other constant coeffi- 
cients, the periods of the inequalities being the same as before, but the epochs, 
or the times when they arrive at their maxima and minima, different. This is 
shown by Laplace in the M4c. Cel. vol. ii. p. 225. Fresnel has applied the 
same method (M4moire sur la Diffraction de la Lumi^re, p. 279.) to finding the 
resultant of any number of luminous waves of the same length. This method 
rests upon the superposition or coexistence of small oscillations, which may not 
be rigorously true ; but it may be stated generally, that when the tide results 
from the union of any number of partial tides, the resultant of the whole may 
be considered as one tide, affected with inequalities, of which the periods are 
the same as the periods of the inequalities of the partial tides of which it is 
composed, but of which the magnitudes and the epochs are different -f-. It is 
owing to this cause that the high water in some places takes place only once 
in twenty-four hours, which is a case of interference. 

I shall now proceed to explain the manner in which the annexed Tables were 
formed. 

Table f . was made by classifying all the transits of the moon which took 
place in the yeai*s 1808 to 1826 inclusive, and in each half hour ; thus, all the 
transits were found from the Nautical Almanac which took place between 
twelve o’clock (a.m.) and half-past twelve (a.m.), the moon being above the 

* See Ai.bxandsb*s Travels to the Seat of War in the East, vol. ii. p. 101. 

t If COB (9 — A) represent an^ inequality, the constant A determines its magnitude, the variable 
9 its period, and the constant K its epoch. 
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horizon ; the inferior ts^^itsof moon betwo^ t^e ^wne l^ inter* 

po}ated> and ad^ed to tlie rest. The mean of these tmnsits ^ t^e m<N^ 
January^ with the equation of time, was founds to be twenty^fot«f miqutes, apd 
the mean corresponding time of high water 2** 9“ ,i t^o trmarits between half- 
past twelye and one, and in every imcceedmg half^onr^ were treated in the 
same way. The columns underneath are given to explain more iuUy the 
method employed, which was the same for all the Tables. 

All the details of these calculations are deposited in the library of the Society. 


TabiiU I. 



The equation of time was generally taken for the l<$tb of the month. 












un, mmpcK m m jpwt of IiOwon. 


Hence 1 Inler Ibai iiegtectl^ iiMliiecce af the mcc^*s paralto at%d de> 
clination^ when the moon passes the meridian at twenty-four minutes past 
twelve mean solar time in January, the time of high water at the London 
Docks is nine minutes past two. 

The other Tables, which result immediately from the observations, were 
formed in the same manner, and are, I trust, sufficiently explained by the head- 
ing which accompanies each. 


Let m be the mass 

h . . declination 

0 . . hour angle 

r . . distance from the centre of the earth 

n . . mean horizontal parallax 

/ . , longitude 

n . . mean motion in its orbit 

at . . obliquity of the ecliptic 


In the notation of the M4c. Cel. 


>of the sun. 


L 

V 

n / + cr — yp 
r 

P 

m 

€ 


The same letters accented at foot refer to the moon, being the inclination 
of her orbit to the equator ; let also <p denote the geographical latitude of the 
port, in the notation of the M^c. Cel. 90^^ — 0, 

Considering only the terms which arc multiplied by the cube of the parallax, 
the forces which produce the phenomena of the tides are the partial differences 
of the function 

o n { f sin ^ + cos (p cos i cos d)» — -i J See the M6c. Cel. vol. v. p. 168. 

According to the theory of Laplace, this function being equal to 
2 cos (0 — ^ variable angle depending on the time, and y/ and K 

constants, the height of tlie water at any given time is equal to 2 (yf cos (0 — x'), 
0 being the same angle as before, and ^4' and X' other constants. 

f . . ^ . 1 . « 1 * sin* f , cos* ^5 , COB* ^ , r sin* « cos'^ ® 1 _ « i 

< stn (psinS -j- cos ^ cos ^ cos 5 > ss - . j Z ^ — H cos 2 5 ^ ^ | cos 2 5 

+ I co» (2 9 - 2 5) + CM (2 » + 2 }) J + sin 2 } cot 9. 
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If the longitude of the sun be introduced by putting for i its value from the 
equation 

sin I S3 «in 10 till I 

/ being feckoned from the first point Aries^ 

{.in ^ .ill * + «»pcos»co.« } *» 

+ £^{l_!l^^co.2J 
+ “i ll " {co« (2 > - 2 i) +co.(2( + 2J) I 
+ .ini«{£^_!i^}«>.2< 

+ 9 un2}coa J 

Considering the results of many years so as to destroy the effects of changes 
in the moon’s parallax and decimation, and taking the mean of the times of 
high water when the moon passes the meridian at any given time, and twelve 
hours later, the tides, owing to the united action of the sun and moon, depend 
on the terms 

3inn’8in«C0/ cos*^ „ rnn?f 

“^214 2 

and the height of the water will be represented by 
i< m n»{l - coi (2 J - 2 X) 

+ .in«o; {co. (29 - 2i - 2X) + co»(2« + 2J - 2X) 


-I- Cn’.in*aiCM2{ 
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This expression coincides with that given by LAPiaci^ (M^. Cel. vol. v. 
p. 169, at foot,) when the terms multiplied by sln^ Y are n^lected^ t 

(in the notation of the M^. Cel.) being equal to the hour angle ^ at the equi* 
noxes and solstices, that is, when / = 0, 90^, 180^ or 270° ; but Laplace neg* 
lects the term cos 2 1, 

Laplace supposes that 

Am(\+ns)B A,^(li.n^)B 

n being the mean motion of the luminary in its orbit, and x an indeterminate 
quantity, to be determined by the observations. Making these substitutions, 
differentiating the expression for the height to find the time of high water, and 
supposing d ^ = d and v = 




tan (2 — 2 \) i 


-i- (ysin (2g, ~2Af-~20 


1 + !!!^ coi(2J,-2J-2X, +2X) + 

^m,n,’(l+V) ' 2i»,n/ 


tm*wcoi2t 


2 


cos(20^~20~2A,+2 


+ Ccoa(28^~2\-20 

C being a constant different from C, ^ and^^ being the values of those varia- 
bles at the instant of high water. 

If we consider the mean of all the months of the year, column A, Table III. 




The constants which enter into this expression may be determined by means 
of column A. The mean of this column is 1^ 25» ; I therefore take 


X^sal^ 26“, X~\m2'', XaS** 25" 

t = tangent of twice the <hfference of the interval when the moon 
passes the meridian at 2^ and at S\ I take 


log. 


i»n* (1 4- jg. 


9*5784858 
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When the moon pames the meridian at three o'clock ^ — X + \ = 15®. 

log. sin 30® « 9.6989700 
9.5;§4S59 

^ 9J77456# 

log. U2ai .1232808 

9.1542250 « log. tati 8® 7 * or 32' 38" in time 

2 - 2\ = - 32' 38", \ = 16|', 25»« - 16^ a 1*» 9«‘ 

In this way the following Table was calculated. 


Time of 
Moon’s 
Transit. 

Intmal between the Moon’s Tnuisit 
and the Time of High Water. 

Error 

of 

Calculation. 

Observed. 

Calculated. 

h 

b. n>. 

h. ro. 

m. 

0 

1 57 

1 56 

- 1 

1 

1 42 

1 41 

- 1 

2 

1 26 

1 26 

~ 1 

3 

1 11 

1 9 

- 2 

4 

56 

54 

- 2 

5 

45 

44.1 

- 0.9 

6 

42 

41 

- 0 

7 

62 

53.7 

+ 1.7 

8 

1 23 

1 25 

+ 2 

9 

1 66 

1 56.3 

+ 0.3 

10 

2 10 

2 9 

- 1 

n 

2 8 

2 6.6 

V6 


According to Table III. the establishment* of the London Docks is 1^* 5/‘". 
Adding ten minutes, the establishment of London Bridge is 2'‘ 7"‘. The esta- 
blishment of the London Docks according to Mr. BuitPit, who has calculated 
the times and heights of high water In the river for many years, is 2^‘. 
Mr. Bulpit’s calculations are founded on tables constnicted by the late Captain 
Huddart, which have not been published. 

Jn the Philosophical Transactions, vol. xiii. p. 10, Plamstekd gives A 
correct Tide-table, showing the true times of the high waters at London Bridge 
to every day in the year 1683.” It appears from ^ his remarks that the earliest 
Tide-tables which were calculated for the Port of London were mode on the 
supposition that the tide always followed three hours after the mooh^s tmnsit. 

* Bf the Mtabliahment of any port ii meant the time Of high mter Ot new and full moon. 


log.coB30'’ai9.93?6806 
9.9784858 ‘ 

9'.6ieOie4 dia log. ’Ml 
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The Annuaire du Bureau des Longitudes and.tatioiis^ miiyi 
give 2** 45“ for the establishment of the Port of Lcmdbn; it seems therefore 
probable that the high water takes place now much eatfier than it did formerly. 
It is generally admitted that the constant X — \ is the same at different ports ; 
this, however, requires to be confirmed by accurate deternnnatiom, and is one 
of the most interesting questions in the theory of tbe tides. Bernoulli makes 
this constant 20° or I*" 20“ only in time ; Laplace adopts the same value, 
though not expressly. Bernoulli’s Table for finding the time of high water, 
which is given in the Annuaire du Bureau des Longitudes, and in works on 
navigation, is quite inapplicable to the Port of London on this account, even in 
tiic mean distances of the moon, as the following comparison will show : 


Tims of 
Moon's 
Transit. 

Interval between the Moon's Transit ; 
and the Uroe of High Water. j 

Error 

of 

Calculation. 

Observed. 

Calculated. 

h 

h m 

h m 

m. 

0 

1 57 

1 67 

0 

2 1 

1 26 

1 23i 

- H . 

4 1 

56 

55 

~ 1 


42 

54i 

+ m 

8 ! 

1 23 

2 0 

+ 37 

10 i 

1 

2 10 

2 20 

+ 10 


The Table in the Annuaire for the year 1829 was made use of ; the Table in 
that for 1831 differs from that only in form. 

If X = the greatest tide takes place at new and full moon. 

The quantity X is called by Laplace the fundamental hour of the port. — Ex> 
position du Syst^me du Monde, p. 289. 

I shall now compare the heights of high water, calculated by means of the 
same constants with those given by observation column B, Table V. 
According to the preceding theory, the height of high water 

sa D + E {cos 2 - A,) + .3788 cos 2 (9 - X) } 

D and E being constants to he determined by observation. 

When the moon passes tbe meridian at two o’clock, 2^/— 2\=0, 2^-2X=0 
eighto’clock,2^^ — 2X^=0, 2^-2X=180* 
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Hence‘|)|rooh«nftB.3^Ue V. 

, SiSOmD+l^WS 
, 19^=:X)+ ^212iB 

Wbaxt-D ^ .16<68 and log. £ = .64819, £ b 4'446 
When the ntpon passes the meridian id; . 


fa. fa. 

2 the height of high water a 1 6.68 + 4-448{ 1 + .3788} = 22.80 


3 or 1 

do. 

do. 

= 16.68 +4.448{co«8® 7' +.3788cos22<>} =42.64 

4 or 0 

do. 

do. 

= 16.68 + 4.448{coi 15® 25' + 3788 coa 44° 30'} = 22.I7 

5 or 11 

do. 

do. 

= 16.68 + 4.448{coa20° 45' + 3788co*69° SO*} = 21.42 

6 or 10 

do. 

do. 

= 16.68 + 4.448{cm 22° 2' - 3788 ain 8°} =20.56 

7 or 9 

do. 

do. 

= 16.68 + 4.446{ooa 15° 45'— 3788 sin 44°} = 19.79 

8 

do. 

do. 

= 16.68 + 4.448{ 1 - 3788} = 19.43 


The following Table gives a comparison between theory and observation. 


Time of 
Moon'a 
Traosit. 

Height of High Water. 

Snor 

of 

Calcttkition. 

Obierved. 

Celculated. 

fa. 

Ft. 

Ft. 

Ft 

0 

22.46 

22.17 

- .29 

1 

22.72 

22.64 

- .08 

2 

22.80 

22.80 

0 

3 

22.69 

22.64 

+ .05 

4 

22.10 

22.17 

+ .07 

5 

21.28 

21.42 

+ .14 

6 

20.87 

20.56 

+ .19 

7 

19.66 

19.79 

+ .23 

8 

1943 

19.43 

0 

9 

20.10 

19.79 

— .81 

10 

20.92 

20.66 

- .36 

11 

21.86 

21.42 

- .43 


I shall now endeavour to show that the expression for tan (2 — 2 p. 38/ , 
line 13, does not satisfy the observations. 

When the moon passes the meridian at 2 o’clock ^ — X + = 0. 

tan (2 9 - 2 X,) = nearly. 

When the moon passes the merithian at 8 o’clock, ^ — X . 4 . X, = 90° 

tan (2 9, - 2 X,) = nearly. 

1_“^ + C'c(m2< ' 

i ■ «,n ,» 
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At the end of May / s 45^ nearly, and then acoording* to ^l^eiMe lit. when 
the moon passes the meridian at 2, ti» interval between her transit and H, W. 
is 16® nearly ; when the moon passes the meridian at 8, the interval be- 
tween her transit and H. W, is l*» 88® nearly. Tlie variation or difference being 
in the one case— 5®, (1** 20®— 1** 26® =» —6®), mid in the other 4* 1®"> 
(lU 38«n — 26® = + 13®). 

The formula gives in the one case 
tan (21^-2/^) sa-C 

and in the other 

according to which the variation or difference should be in both cases of the 
same sign : hence the variations or differences — 6® and -h 13® are not owing 
to this inequality. 

It is possible that this discrepancy may be owing to the terms which have r* 
in the denominator ; but the observations are made so carelessly that 1 shall 
not attempt to take these terms into consideration. 

The discrepancy which I have pointed out is sufficient to show that Table III. 
cannot be represented by the expression of p. 387, line 13, whatever value be 
given to the constants employed ; this discrepancy is not confined to the epoch 
I have noticed, but extends throughout the year. 

Neglecting this discrepancy which not only prevents the expression above 
from representing the observations, but must also I think vitiate any conclu- 
sions to be drawn respecting the mass of the moon ; in April when / = 0, and 


when the moon passes the meridian at 3^, the interval is 0** 34® 
11 2 14 

2^ 14® — 34® = 1** 40® 

1 may suppose 

sin* to *' 


tan 1“ 40“ = tan25'’ x= 

+»(*) "n’ (i + ii,t)/i -21^) 

•4863 -3788 + ^ 
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l^om wbleb eqtiatlQii ooiiibiiied wttli tbe eqaa^on ; / ^ / 

lL±L!!ilss.37d8 

1 4* « •** determined. 

The thMty of Laplace differe essentially firom that of BERNotrULi^ in sup> 
posing the constants to be modified by local circumstances^ which considera- 
tion introduces the factor y . 


According to the observations at Brest, 1 +»x=: 1.01891,1 +«,x as: 1.96291 


log. 


mH" 


=9.5385031 ? 

(1 + n,x) 


mW (l_±nj) 

(l-fn/) 


SS.3455. 


Whence 


log. 9.6283227 


which gives the mass of the moon equal to that of the earth divided by 74.940. 
If be the mass of the earth, by an extension of the third law of Kepler, 

i ” is nearly equal to the ratio of the squares oi the periodic times of 

the moon about the earth, and of the earth about the sun, or of their mean 
motions. This ratio is known very accurately to be .07480 1 3. Hence neglect- 
ing with regard to m, we have 


tuna 


= (.0748013)*. 


1 "“I* W 

If we neglect the factor ^ which is nearly unity; 


'“f- (SrSli? “ 

= -L, 

*1" 07 *7 

which gives the mass of the moon equal to that of the earth, divided by 66.7. 
Ast^nomers will, no doubt, concur in following the opinion of Laplace. 
En consid^rant la p^titesse des quantity qui m*ont servi k determiner Fac- 



mmmm. mtirmt tides m tbk -post ds sswDoWk- 30ft 


* 

eitHfltonent lie Faction lunaire «l qne eea eont tin 

ntee ordce lei pitites ertwro dont llB^plication dtt ^iriiicipe de la cc^lsl- 
aice ^ onddations tr&e pitites amc ph^nomines dbi maries est susceptible ; 
je n'ose garanlir FexacHtude de cette valeur de la masse lunaire, et jlneline 
k pe&ser qiie les pMapmi&nes pstronomiqu^ sont plus praprea k le fixer ” 

A vfiy aligijt cfiange in the internal employed producqp a considerable 
alteration in the mass of the moon. 

After dlfiTerentiation d 0 was supposed = d but since the time of the moon’s 
synodic revolution is 29.h30 days» and that in this time the hour angle of the 
moon is less by one circumference than that of the sun. 


dd=: 

28.530 ' 


The observations of the times and height of high water in different months 
of the year may be nearly represented by neglecting in the expression for the 
height, the term of which the argument is 2 d + 2 / — 2X , but it is not easy to 
see why the coefficient of this inequality differs so much ft'Om that of the in- 
equality of which the argument is 2 d — 2 f — 2X, the cause of this difference 
must be clearly established before the theory can be considered complete. 

If /, be the longitude of the moon reckoned from her perigee, and increased 
by a constant, considering the terms depending on the changes of the moon s 
parallax, the height of the water may be represented by 


or 


mn^eos (2 6 — 2 A) 

+ m, n,> I cos (2 - 2 \) + C ^cos (2 - 2 \ - y + co» (2 - 2 X, + J,)) } 


m n* co 8(2 d — 2 a) -f-w, { I -H Ceos I , } cos (2 5^ — 2 \^) 


tan(2 9, — 2AJ = 


mJP sin (2 9, — 2 S— 2 A, 2 A) 
fw n,* ( * + Ceos If) 

mn^ cos (2 2 d — 2 A, 4- 2 A) 
(l+CcosiJ 


According to this formula, the variation in the interval which elapses between 
the time of the moon’s transit, and the term of high water, is equal to aero 
when the moon passes the meridian at 2 o’clock or B o’clock; and this is the case 
.whatever value be given to the constant C, or the constant which 1 have sup- 

3 E 2 
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♦ 

posed to be included in the angle 1^: thifi result is directly contrary to obi^<^ 
vation^ as may be seen by Table VJ^ ^Tbis^difficulty may be got over by sup- 
posing the coefficients (C) of the anglas 2 2 X, and 2 ^1^^+// to bf 

diflbriilli It rethaiiiis hotr^^ to the cause of " 

NofiahdUl: been able to satisQi^ thyself adth respe^ iio ti^ and oi^er ^iWre^ 
panOl^*l^ shall not attempt to form any Tables ftotix thk>i^ fdf tiie purp^ of 
calcnlating the effects due to changes iii the ^eclluatlbn bf llhe luminaires, and 
in ^l|^e||>a^a;Kof th6m<K)n% but l hope that no great teugtb of 
befp|e th^ resirits cpnt^nod in Dasstou’s Tables adW beipoaliirmod^b^^ 
accurate observations here and elsewhere, and that the . problem of the tides 
will meet with the attention it deserves, no less practically than in conn^tion 
with Physical Astronomy, and particularly with the detenhlnation, even if im- 
perfectly, of the mass of the moon. Les marges ne sent pas moms interes- 
san^ ,;gL connottre, que les in^galit^ des mouvepoens celestes. On a n^ligh 
long-temps de les suivre avec one Exactitude convenable, h cause des 
iq;Egi4aritEs qu'elles prEsentent; mais ces irr^idarltEs en niul- 

tlpllant les observations.” — ^Exp. Syst. du Monde, p. 289. ? 

The Tables XV. XVI. &c. present irregularities, owing to the comparative 
paucily^aiid the imperfection of the observations. M. Dssaiou has therefore 
formed Tables from these, in which these irregularities are arbitrarily removed i 
these Tables are published in the Companion to the British Almanac for 1832, 
and ho doubt represent the phenomena rather better than the former. As, 
however, these alterations arc arbitrary, I have preferred giving here the re- 
sults of the observations without any change. The observations employed were 
taken in all cases indiscriminately from the Dock books. 

I have now only to express my acknowledgements to the, Conmiittee of 
tbe Society for the Diffusion of Useful Knowledge, and to Mr. Pon» the late 
superintendent of the Nautical Almanac, who have given me M. Dfissiou's 
assisrimee in Ibrmmg the annexed Tables. 



J * h ' M? '\ niM i H )> t v! ( * <\y i 

1 if*. V* ; jf -» lA’j ;tl Ji ju ^ ^ i''^ n\ r <'!-><< > 

. , \ i \ ^ ^ W i ) / i S * 

Table I. Showi^ ,fbf of High W^r BJt Jpf^ks^ 

mg to mean, iime (reckoiM^d ftpm np<^) ;of th^ l^op%> TraosH m «l»ph 

month of tb^ ^ear> from I3jp73v observatio^fi mado botiroen the 48t 
January l^aond the.3|istt of December 1826. ; * , 

li, (Intlerpolated from TaMe I.) Showftig flie intei^l bcftween the^14foon*6 
Transit mid the time of High Water ai' the London Dooke, fdi^ every 
tnotitiiin tbeyear. ' ' 

III. Formed from the preceding^ by taking the mean of the interval when the 
Moon passes the meridian at any given time, and twelve hours later* 

IV. Showing the hdght of High Water at the London Docks, corresponding 
to the mean time of the Moon's Transit in each month of the year; from 
6638 observations made between the Ist of January 1808 and tbe 31st of 
December 1826. 

V. (Interpolated from Table IV.) Showing the height of High Water at the 

London Docks. 

VI. Showing the time and the height of High Water at the London Docks, 

corresponding to the mean time of the Moon’s Transit for every minute of 
her horizontal parallax ; from 6414 observations made between th^ Ist of 
January }808 and 31st of December 1826. ^ 

VII. (Interpolated from Table VI.) Showing tbe interval between the Moon’s 
Transit and the time of High Water at the London Docks, for every 
minute of her horizontal parallax. 

VIII. (Interpolated from Table VI.) Sbowiiig tbe height of High Water at 
the London Docks for every minute of the Moon’s horizontal parallax. 

IX. Showing the time and height of High Water at the London Docks, 
corresponding to the mean time of the Moon’s IVansit for every three 
degrees of her declination north and south ; from 5372 observations made 
between the 1st of January 1808 and the 3l8t of December 1826. 



39$ MR. ttJBBdcK m tkfi Mbss imt pcmt m 

X. (Interpolated from l^ble IX.) (lowing the interval between the Momt^s 
TVanstt and tbe time of Higfa Water> and the hdght of High Water at 
the London iDocks for every three degree^ of her declihatio^, ttordi and 
sontbv'. 

XI. (Interpolated from Table DC.) Showing the interval betWndt tfae Moon’s 

Transit and the time of High Water at the Zxmdon Dock§> for every three 
di^rees of ber4«diBati<>n north or sonth. { 

XIL (Interpolated from Table IX.) Showing the height of Hi^ Water at the 
London Docks for every three degrees of the Moon’s declination north 
or south. 

XIII. Showing the time of High Water at the London Docks corresponding 
to the mean time of the Moon’s superior and inferior Transits ; and also 
the heights of High Water in the month of June ; from 1090 observations 
made between the 1st of January 1808 and 31st of December 1826. 

XIV. (Interpolated from Table XIII.) Showing the interval between the 
Moon’s Transit and the times df High Water, and the height of High 
Water in the month of June ; the interval and heights corresponding to 
the Moon’s superior and inferior Transits being distinguished. 

XV. Showing the difference in the interval between the time of the Moon’s 
Transit and the time of High Water, and the mean interval (Column A. 
Table III.) in different months of the year. 

XVI. Showing the difference in the height of High Water and the mean height 
(Column B. Table V.) in different months of the year. 

XVII. Showing the difference in the interval between the time of the Moon’s 
Transit and the time of High Water, and the mean, interval (Column A. 
Table III.) for every minute of the Moon’s horizontal parallax. 

XVHL Showing the difference in the height of High Water and the mean 
height (Column B. Table V.) for every minute of the Moon’s horizontal 
parallax. 



mu iiXjBimcK 13 ^ mm warn m mps Of uoko^n. 397 

XIX. Showi&g the cUffereuce la the intar^ between the time of the Moon's 

. Tcnniit mn) the time of High apd the mean interval (Column A. 

Tebj^ mj lor evciiy three degrees of the Moon's declination. 

XX. Showing the difference between the height of High Water and the mean 
hmght (Column B. Table V.) for every three degrees of the Moon’s decli- 
nation. 

XXI. Showing the influence of the direction of the Wind on the time and 
height of High Water. 
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Tabus I. 

Showing the time of High Water at the Lopdon Docks correspondiDg to the mean time 

vations made between ibe Ist of January 
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Tabix I. 

(redcohedfiromnoffli) of the Moon's l^tluMit in each month of the year; from 13^073 obrer- 
1808 and the Slat of Decend)er 18 * 6 . 



usis^s^gn 
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Table II. (Interpolated from Table I.) 

Showing the Inleml between the Moon*s Transit and the time of High 
Water at the London Docks for every month in the year^ 
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Tabus III. 

Formed from the preceding by taking the mean of the interval when the 
Moon passes the meridian at any given time^ and twelve later. 


SSK. 

Jaiiu 

F«f». 

ss 


Msy* 

[C&9I 

lEBEB 

191 

IBB 

ilgg 

Nov. 

Doc. 

Mean. 

IfaftaSbUi 

ftaM. 

Bich 

High 

W&x. 

11^^ 

S 

High 

Wi&r. 

WMer. 

High 

mt«r. 


B 

B 

Ml«fa 

Warn. 

Bigb 

A. 

b w 

b tn 

h m 

b m 

b m 

b m 

h m 

h m 


mhi 

b m 

b m 

h m 


0 0 

1 53 

I 59 

2 1 

2 4 

1 55 

1 50 

1 53 

1 57 

2 6 

2 4 

1 54 

1 50 

1 57 

0 80 

1 45 

1 51 

1 57 

1 54 

1 48 

1 48 

1 45 

1 56 

1 58 

1 55 

1 44 

1 44 

1 50 

1 0 

1 39 

1 45 

1 48 

1 46 

1 39 

1 35 

1 41 

1 50 

1 50 

1 45 

1 34 

1 35 

1 42 

1 30 

1 33 

1 38 

1 40 

1 88 

1 81 

1 28 

1 84 

1 43 

1 43 

1 37 

1 26 

1 29 

1 35 

» 0 

1 35 

1 29 

1 34 

1 29 

1 20 

1 20 

1 25 

1 87 

1 34 

1 28 

1 16 

1 19 

1 26 

S 30 

1 90 

1 24 

1 25 


■■Til 

1 12 

1 19 

1 29 

1 25 

1 18 

1 8 

1 9 

1 18 

3 0 

1 13 

1 17 

1 16 


IB 

1 6 

1 13 

1 21 

1 18 

1 7 

1 0 

1 3 

1 11 

3 30 

1 8 

1 11 

1 7 



1 0 

1 9 

J 14 

1 8 

0 56 

0 50 

0 57 

1 3 

4 0 

1 6 

1 3 

0 58 



0 55 

1 6 

1 8 

1 0 

1X3 

0 42 

0 53 

0 56 

4 30 

1 2 

0 57 

0 62 



0 58 

1 3 

1 1 

0 51 

0 40 

0 40 

0 49 

0 51 

5 0 

0 59 

0 49 

0 42 

0 84 

0 37 

0 51 

1 1 

0 55 

0 43 

0 81 


0 47 

0 45 

5 30 

0 50 

0 43 

0 34 

0 29 

0 36 

0 53 

0 59 

0 51 

0 37 

0 26 

0 35 

0 50 

0 48 

6 0 

0 58 


0 30 

0 38 

0 88 

0 56 

1 0 

0 47 

0 82 

0 24 

0 88 

0 55 

0 42 

6 30 

0 68 


0 29 

0 80 

0 45 

1 2 

1 2 

0 45 

0 30 

0 29 

0 42 

1 2 

0 44 

7 0 

1 5 

0 41 

0 30 

0 40 

0 59 

1 13 ^ 

1 6 

0 47 

0 33 

0 88 


1 8 

0 52 

7 30 i 

1 11 

0 48 

0 37 

0 58 

1 16 

1 28 

1 18 

0 56 

0 47 

I 5 

1 22 

1 21 

1 5 

8 0 

1 23 

0 56 

0 57 

1 19 

1 87 


1 28 

1 12 

1 10 

1 29 

1 41 

1 37 

1 23 

8 30 

1 35 

1 14 

1 25 

1 41 

1 56 

1 49 

1 88 

1 29 

1 34 

1 46 

1 55 

1 51 

1 39 

9 0 

1 49 

1 33 

147 

2 1 

2 9 

1 59 

1 48 

1 45 

1 55 

2 9 

2 11 

2 2 

1 56 

9 30 

1 58 

1 48 

2 1 

2 13 

2 16 

2 5 

1 55 

1 56 

2 6 

2 20 

2 18 

2 6 

2 5 

10 0 

2 2 

2 2 

2 12 

2 16 

2 17 

2 7 

1 59 

2 5 


2 24 

2 15 

2 6 

BEI 

10 30 

2 8 

2 3 

2 15 

2 16 

2 14 

2 6 

2 2 

2 6 



2 14 

2 7 

2 10 

11 0 



2 11 

2 14 

2 12 

2 1 

2 1 


B 1 


2 11 

2 5 

2 8 

n 30 

IB 


3 7 

2 10 

EBI 

nai 

1 58 


113 


2 8 

1 57 

2 3 


3 f2 
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Table IV. 

Showing the Height of High Water at the London Docks corresponding to the mean 
time of the Moon’s Transit in each month of the year; from 6638 observations made 
between the ist of January 1808 and the Slst of December 1886. 
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Tjmm V. (laterpolated from Tkble IV.) 
ShoidiBg the Height of High Water at the London Docks. 



Jua. 

ry». 

Mwroh. 

AprlL 

May. 

June. 

July. 

Aug. 

Sept. 

Oct, 

Not. 

Dec. 

Mean. 

Moon** 

Tfcwialt. 

By. 

TMe. 

By. 

TId*. 

H^ht 

Udm. 

Hei^t 

"y' 

me. 

“9“ 

Tide. 

Ke^ 

Tide. 

By. 

Tide. 

Tide. 

By. 

Tide. 

By. 

Tide. 

By. 

Tide. 

B. 

h M 

0 0 

Wtat. 

22ja0 

vm. 

99.93 

l^M*. 

93.44 

Wwt. 

99.67 

Feet. 

99.75 

Feet. 

99A0 

Feet. 

91.95 

Feet. 

92.13 

Feet. 

22A6 

Feet. 

32.97 

Feet. 

22.68 

Ftet. 

22.49 

Feet. 

23.46 

0 ao 

99.07 

99.78 

99.85 

39.90 

99.75 

99 A3 

99 A4 

92 A5 

29.74 

23.00 

33.08 

2237 

22.66 

1 0 

99.30 

99.70 

99.85 

93.00 

99.87 

22Ji3 

99.48 

92A6 

29.87 

23.12 

23.04 

2231 

22.73 

1 80 

22A7 

99.75 

99.95 

99.91 

99.91 

22£7 

92.69 

99.67 

99.86 

23.11 

83.00 

2230 

92.76 

2 0 

99.76 

99J1 

99.78 

33.99 

99.95 

99A4 

99.71 

22.65 

23.03 

32.98 

22.98 

89.73 

23.80 

9 80 

99.69 

99.97 

99.79 

99.98 

99.70 

92A4 

92.66 

92.77 

29.96 

22.60 

22A4 

82.61 

22.79 

8 0 

99.07 

99.72 

92.48 

93.63 

22A7 

99A4 

22.57 

29.69 

29.85 

32A8 

23.79 

2235 

32A9 

3 80 

99.41 

99.39 

99.48 

29.28 

99.93 

99.14 

39 A8 

92A9 

23.73 

32.63 

22.36 

33.1] 

2230 

4 0 

99.14 

99.39 

29.99 

91.98 

91.89 

99.05 

99.37 

39.08 

82.30 

91.94 

31.94 

21.97 

23.10 

4 80 

91.89 

91.79 

91.78 

91.04 

91.49 

91.69 

22.07 

21.06 

91.84 

91.01 

31A6 

21.64 

21.73 

5 0 

91.59 

91.34 

91.40 

91.99 

90i>4 

91411 

21.63 

21.60 

21.39 

20.80 

20.90 

91A1 

31.28 

5 80 > 

91.06 

91.18 

91.11 

30A9 

20A7 

30.86 

91.98 

81.19 

20.85 

90.65 

90A8 

20.95 

20.88 

6 0 

90.89 

90.40 

90.40 

30.08 

20.03 

80A8 

80.01 

90.72 

30.30 

19.72 

19.89 

90.47 

20.37 

0 80 1 

90.11 

19.69 

19.80 

19A3 

19.87 

90.34 

8035 

20.14 

I 19.79 

1 19.34 

19A3 

90.14 

19.93 

7 0 

19.83 

19^17 

19.30 

19.01 

19.79 

19.98 

90.19 

19.82 

19.20 

19A0 

19.18 

19.83 

1956 

7 80 

19.04 

18.68 

19.33 

18.93 

19.74 

19.79 

19.99 

19i»6 

19.11 

19.05 

19.57 

19A9 

19.40 

8 0 

19.33 

19.09 

18.88 

19.07 

19.98 

19.95 

20.03 

19.36 

19.00 

19.15 

19.63 

19.67 

19.43 

8 30 

19.86 

18.96 

19.96 

194» 

904» 

90.38 

20.07 

19.49 

19419 

19.83 

19.65 

2030 

19.70 

9 0 

19.93 

19419 

19.43 

19.98 

90.68 

80.09 

90.34 

19.79 

19.80 

20.30 

80.65 

20.68 

20.10 

9 30 

90.94 

19.86 

90.14 

30.70 

91.19 

90.88 

20J35 

20.04 

30413 

21.16 

1 20.78 

31.11 

9054 

10 0 

90.5] 

90.90 

90JS8 

91415 

9133 

91.18 

20.07 

20.48 

80.81 

1 31.38 

21.17 

314;9 

20.93 

10 30 

91.14 

90.98 

91.14 

91.75 

99.08 

81A] 

80.99 

20.89 

21 A9 

32.08 

31.81 

91.49 

31.43 

11 0 

91.45 

91.45 

91.64 

99A4 

99A5 

91.94 

31.37 

21.37 

21.94 

32.19 

29.45 

21.72 

21.85 

11 30 

91.06 

91.91 

99.16 

99.63 

99.63 

99.11 

91.71 

31.85 

2234 

22.47 

32A8 

21.97 

22.10 


91.99 

91.19 

91.95 

91.34 

31511 

91.43 

31A3 

21.36 

91.33 

31.43 

21.42 

21.39 

2154 
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Table VI. 

Showing tho Time and the tieight of High Water at the Lo^idon Docks^ corre- 
sponding to the mean time of the Moon’s Transit for every minute of Hori- 
zontal i^rallax^ from 5414 observations made between the 1st of January 
1808 and 31st of Becetaber 1826. 
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Tablie VII. (Interpc^ted from Table VI.) 

Showing the Interval between the Moon's Transit and the Hme of High Water 
at the £#ondon Hocks^ for every minate of her Horizontal Parallax. 



Tabi^ Vlll. (Interpolated from Table VI.) 

Showing the Height of High Water at the London Docks for every minute of 
the Moon's Horizontal Parallax. 


Moon** 

Tkwtait. 

H. P. 54'. 

H. F. S$\ 



H. P. S9', 

H. P. SO'. 

H. p. etc/. 

H. P. 61'. 

h m 

Fwt. 

F««t. 

Feet. 

Fwt. 

22.47 

F«at. 


Fm*. 


0 0 

21.85 

22.04 

22417 

29.43 

22.60 

22.70 

2220 

0 30 

22.06 

92 J8 

22.36 

22.64 

22.73 

22.97 

22.99 

9829 

1 0 

22.16 

22410 

92.65 

29.67 


22.98 

23.05 

2325 

1 30 

22.22 

22.31 

22.80 

22.70 

93.00 

28.00 

23.18 

2824 

2 0 

22.24 

2»J!9 

22.66 

22.76 

22.93 

23.05 

2321 

2326 

2 30 

22.19 

22.28 

22.45 

22.83 

29.81 

23.07 

23.42 

2322 

3 0 

21.87 

22.18 

22.30 

29^1 

22.60 

22.97 

2328 


3 30 

21.64 

22.04 

22.14 

22.85 

22.40 

22.88 

2327 


4 0 

21A7 

21.06 

21.82 

22.08 

22.14 


2222 


4 30 

21.08 

2lJi8 

21.44 

21.80 

2224 

2228 

22.40 


5 0 

90.70 

20BO 

90.90 

21.45 

21.73 

22.00 



6 30 

90JI5 

90A2 
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ME. LUBBOCK ON 7HB IfBEB IN THE HNIT OE IjOKBON. 


Tanm pc. 

Showing the Time and Hmght of High Wat^ at the liondoa l>ocks corre- 
sponding to the mean time of the Moon*s Transit for every three degrees of 
her declination north and south; from 5372 observations made between 
the let of January 1808 and the 31st of December 1826. 
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MR. LUBBOCK ON TOE TIDES IN TttE PORT OF LONDON. 


Table X.. (iDterpdiated from Table IX.) 

Showing the Interval between the Moon's Tran^t and the Time of High 
Water, and the Height of High Water at the London JDoi^s for every three 
degrees of her Declination, North and South* 
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MR. tUBBOCK ON THE TIDES IN THE PpET OP LONDON. 409 

Taiix^b XI* (Interpelated from Table IX.) 

Showing the Interval between the Moon*s Transit and the Time of High Water at 
the London Doc^, for every three degrees of her Declination^ North or South. 



Table XII. (Interpolated from Table IX.) 

Showing the Height of High Water at the London Docks for every three 
degrees of the Moon’s Declination, North or South. 



3 o 2 
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' ' " ''tABu' X^. ' ' ' 

Showing th^ lime of H%ii Water at the Ijoacloa Bodka oorregpoii4iiig to the 
Hme of the Moon's superior and inferior Transits^ and also the 
Heights of High Water, in the Month of June, from 10®0 Ohieryations, 
made between the 1st of January 1808 and 3lst of Beoemher 1836. 
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Table XIV. (iBteipolated from Table XIII.) 

Showing the Interval between the Moon's Transit and the Times of High 
Water, aiid the Height bf High Water in the month of Jtme; the Interval 
and Heights corresponding to the Moon's superior and Inferior Transits 
being distinguished. 
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MR. hvmocw ON rmm m turn of juonbow. 

Tawr XV. 

Showing the XHOhrence in the Interval between the Tim€^^ of the Moon’s 
’IVansit and the 'flme of Higb Water, ancl the Mmn Interval (Column A. 
IVbk Itli) ih difeiwt Months of 
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Table XVI. 

Showing the Difference in the Height of High Water and the Mean Height 
(Column B. Table V.) in different Months of the Year. 
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ME. iiUBBOCK Ol^ THE nBES m THE PORT OF M>NDON. 
TaRijsXVIL 

Showing the Difference in the Interval between the Hme of the Moon’s Transit 
and the Time of High Water, and the Mean Interval (Column A. Table III.) 
for every Minute of the Moon’s Horizontal Parallax. 



Table XVIII. 


Showing the Difference in the Height of High Water, and the Mean Height 
(Column B. Table V.) for eveiy Minute of the Moon’s Horizontal Parallax. 
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MR. IiUBBOOK OK T»£ TOlES 4PK TKS PORT 'm I&OKIKIK. 
Table XIX. 


Showing the IMfiRBrence in the Interval betM^een the THme of the Moon's Transit 
and the time of High Water, and the Mean Interval (Column A. Tdale III.) 
for every three degrees of the Moon's Declination. 



Tabus XX. 


Showing the Difference in the Height of High Water, and the Mean Height 
(Column B. Table V.) for every three degrees of the Moon’s Declination. 





+.27 
+.81 
+.20 
+.10 I -.10 
+.07 -.01 
+.04 +.04 
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Table XXI. 

Showing the Influence of the Direction of the Wind on the Time and Height 

of High Water. 


DtracUoa 
or Wind. 

Number 

y^jlTdai 

Sam of 

Time* of High Water. 

Me*n 

Error, 

Sum of 

Height* of High Water. 

Mean 

Error. 


Cakukted. 

Otaervod. 

Calmtlatod. 

Obwrred. 

N 

88 

h m 
802 48 

h m 
801 43 

m 

-9 

ft. 

812 

In. 

4 

ft. 

813 

in. 

4 

iaclMi. 

NNE 

53 

871 80 

872 45 

+3 

1150 

8 

1148 

4 


N£ 

81 

859 50 

368 85 


1766 11 

1778 

9 

+ 1 

ENE 

43 

330 54 

889 55 

-1 

938 

3 

951 

4 

4-4 

£ 

38 

186 8 

187 0 

+1 

889 

7 

834 

9 


£8E 

16 

96 47 

95 25 

-5 

348 

5 

344 

5 

-3 

SB 

83 

185 0 

185 5 



485 

6 

485 

8 


SSE 1 

18 

117 34 

117 55 


378 

8 

369 

3 

-8 


89 

148 58 

149 30 

+1 

608 

8 

603 

6 

-8 

SSW 1 

36 

868 85 

264 40 


734 

3 

736 

1 


8W 

148 

877 89 

874 0 

-1 

3129 

8 

3183 

8 


WSW 

35 

886 58 

883 35 

-4 

1189 

8 

1179 

8 

-8 

w 

36 

881 57 

820 0 

-3 

771 

9 

771 

1 


WNW 

10 

70 40 j 

69 55 

-4 

210 

7 

209 10 


NW I 

37 

189 51 1 

188 35 

-2 

810 

4 

810 11 


NNW 

86 

197 41 1 

197 10 

-1 

755 

8 

754 

JL 
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XXII. On the extmdve Atmosphere of Mara, Bp Sir Jambs Soirm^ F,R*S, 
(Communicated by His Royal Highness the President, 

Read June 16 , 1881 . 

That several of the planets as well as that which we inhabit are surrounded 
by atmosphere, astronomical observations have long since established; the 
extent, however, to which in particular planets such atmospheres are diffused, 
is as yet not satisfactorily determined. The former rests principally upon phe- 
nomena observed on the planets' discs, whilst the laXter derives its support 
chiefly from those detected at or near their respective limbs. Every night, nay 
almost every hour, may give us indication of the one, whilst years are some- 
times necessary, as in the case of planets unattended by satellites, to help us 
to the other ; thus the hypothesis of the extensive atmosphere of Mars derives 
its origin from the observations of Cassini and Roemer, and has stood more 
than a century and a half without refutation or support. 

The observations to which I allude formed part of a series undertaken for 
the determination of the parallax of Mars, and are recorded in the M ^moires 
de FAcad^mie des Sciences. Cassini’s were made at Briare and at La Charity 
sur Loire ; whilst Roemer’s was obtained at the Royal Observatory of Paris. 

Of the Briare observation Cassini says, ‘‘ Le premier Octobre 1672 k 2** 45“ 
du matin k Briare, Mars vh par une lunette de trois pieds, sembloit toucher par 
son bord septentrional, la ligne droite tir4e par la premiere et par la seconde 
de Fean d’ Aquarius marquee d’oh il n’^toit plus ^loign6 que de six minutes. 
Cette ^toile paroissoit si diminu^e et si aifoiblie de lumi^re, qu’on ne la pouvoit 
plus distinguer ni k la vue simple, ni par une lunette un peu plus foible.” — 
M4m. de FAcad. tome vii. p. 357. 

The La Charity and Paris observations entitled Eclipse de la Moyenne -4^ 
Feau d’ Aquarius ” are thus narrated: “ Quoique le ciel fut alors assez beau 
de part et d’autre, et que Fon vit Mars pendant un assez long espace de temps, 

3h2 
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o» ne vit jpoint T^toile moyewe qni devoit Hre CAch^ie par sw disque. ht 
diam^tre de Mars itoit Alois de 2S secoudos. — M^m* de VAcad* tom. yI^. 

, « qai survmroat ne permii^ent pas d’eq vpir Ja sortia* ©t Fop m 
sqait pas m^me si on Fauroit pA voir imm^diatement^ car trqia qi^rts d'tieare 
apr^ le ciel s’4tant d^couvert k Paris, M. RoaMaa la oticatstm attentivement 
autonr de Mars, et il ne la tronva qu*apr^ rattentipa de deux minutesi quapd 
elle Apit d^j^ 61oign6e bu bord oriental de Mars de deux tiers de son diam^tre. 
C^toitalors 11^ 16®, et le parall^le de F^toile coupoit le diamfetre de Mais 
en raison de 2 A 3. II commenga de la voir sans difficult^, quand elle 4tpit 
4loign4e de Mars de trois quarts de son diamfetre.’* — M6pa. de FAcad. tom. vii. 
p. 359. 

Hence we learn that a star of the fifth magnitude at the distance of six 
minutes from the planet Mars became invisible to Cassini ; and that after 
occultation by the planet, the same star could not be detected by RofiMBR, till 
the planeFs limb bad receded from it, almost seventeen seconds of a degree. 
Experience, however, has long shown us that stars of the same magnitude are 
visible even when in actual contact with the moon’s enlightened limb ; to 
what cause then is the invisibility of the star when in the vicinity of Mars 
referable ? Cassini attributed it to the atmosphere of Mars ; and although it 
seems difficult to imagine one of such enormous extent as the Briare observa- 
tion would require, still, as any other hypothesis would involve us in greater 
difficulty, 1 shall adopt it, and shall present it, as also the comments which 
precede it, in Cassini’s own words : Cette difficult^ de voir cette ^toile de la 
cinqui^me grandeur tr^s proche de Mars est considerable, d’autant qu’il n’y a 
point de difficult^ k voir des ^toiles de la mfime grandeur jusqu’au bord de la 
lime. Ce qui pourroit fair juger que Mars est environn4 de quelque atmo- 
sphire.” — M6m. de FAcad. tom. vii. p. 359. 

Admitting, then, that an extensively diffused atmosphere of Mars is indicated 
by the observations above quoted, let us see if modem observations can con* 
firm it. 

On the 27 th October 1783, Sir Wiluam Hkrschel, with a new 20-feet 
Reflector of 18.7 inches aperture, saw a star of the 13th or i4th miagnitude at a 
distance of two minutes and fifty-six seconds from the planet, ^^not otherwise 
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atfeoted bjr the approEcli of MmB, than what the bnghtness of itB superior 
might aceouut for*’’--*Vlde Rbil. Trans, vol, Jxxiv. p. ^72. 

On the 19th oi February 1892^ in Blackman-^street^ a star of the 9th or 10th 
ihagnltude was for several hours seen in the held of the 5-feet Equatorial 
vrith the planet Mars. At a distance of one minute and forty-three seconds of 
a degree from the planet, (which took place at 1 !*• 16“ sidereal time,) its splen- 
dour suffered no sensible diminution. 

On the following night a star 42 Leonis, of the 6th magnitude, was in the 
field of the same instrument with Mars, and the planefs progress towards the 
star was observed micrometrically for several hours ; nor did the star suffer 
any loss of its brilliancy as its distance from the planet diminished. 

Fatigued by previous watchings, at about two in the morning I retired to 
rest ; but thinking it probable that the star would undergo occuitation, accom- 
panied by my brother Mr. Henry South I returned to the instrum^t about 
4 o’clock, and found Mars about half his own diameter from the star. The 
planet had about twenty-four degrees of altitude ; its limb was at times well 
defined and steady, at other times extremely unsteady ; the star was compara- 
tively steady^, could be kept tolerably well upon the micrometer-wire, and was 
of a beautiful blue colour. At 15*^ 3“ 23».3 sidereal time, it was seen admirably 
defined, and was distant from the limb of the planet a diameter of one of the 
micrometer-wires, equal nearly to one second of a degree ; from which time 
till 15*^ 3“ 53* the planet’s limb was so extremely unsteady and ill defined, 
that the precise moment of occuitation could not be obtained. 

After emersion, at 15** 20“ 38*.3 the star was seen when it was about 1 J 
diameter of the wire, or one second and a half from the limb ; it was almost 
indigo blue ; and the contrast between it and the planet, which was of a deep 
red, was exquisitely beautiful. By reference to the double star 48 # Cancri, 
some idea of it may be entertained, if we regard the larger of its stars as 
Mars, and the smaller as 42 Leonis. At the time of observation the planet 
had passed his opposition only forty-seven hours, and his apparent diameter 
as measured with the micrometer, was sixteen seconds and six tenths. 

• Thk steadiness of one sidemd object, as contrasted witli the extreme unsteadiness of another, 
seen under similar circumstances of atmosphere and altitude, has long been familiar to me, and is a 
phenomenon to which, on some future occasion, ! shali probably invite the Society’s attention. 
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Tbe phenameiiR were also witnessed by Mr. Henry Soirm» and his obsw- 
vations strictly accorded with my own. lb render onr results as independent 
as possible of optical misrepresentation, his instrument wm my Gr^orian 
rdSiector^ by Watson, of six inches aperture and thirty inches focus ; the %nre 
of its metal was exquisitely perfect, whilst twelve years of constant use, bad 
not occasioned the slightest tarnish of its almost colourless sur&toe.. 

Accustomed as the hrst business of the night, to point a telescope to such ol 
the principal planets as are above the horizon, on the 17th of March oP die 
present year I bad the satisfaction of seeing in the held of the 5-feet Equa^ 
torial, with the planet Mars, several stars, some of them minute, but one of the 
5th and another of the 6th magnitude. Convinced that the planet would 
pass close by, or perhaps occult the larger, I took its place, and found it to be 
37 Tauri. The covering under which the dome for my large equatorial was 
being built, unfortunately rendered the 5-feet equatorial useless, when the 
{danet had approached within forty seconds of the star. The observations 
therefore were continued with the 12-feet Achromatic of 7i inches aperture, 
and also with the 42-inch of 2f aperture, till the star was one diameter 
and a half of the planet from his nearest limb ; when, fearing lest the trees 
to the north-west of my grounds, might intercept the planet from my view, 
at the instant of nearest appulse or occultation, the 8-feet Achromatic of 
six inches aperture previously ,placed on the top of the house, was recurred 
to. The star, from being a full diameter distant from the planet when 
first observed with this telescope, was watched most unremittingly till the 
planet, having been in contact with it, had receded from it a quantity equal 
to its own semi-diameter. The star suffered not the least change of colour, 
nor the least diminution of its lustre, except what of the latter might fairly 
be attributed to the splendour of the planet ; its rays were certainly in coik- 
tact with the planet's limb, but only at their circumference ; at times the 
planet and star were very steady, at other times for otherwise ; but at no 
period was there such contrast between the steadiness of the star and the un- 
steadiness of the planet, as occurred at the occultation of 42 Leonis. As the 
star’s distance from the planet diminished, the former seemed to undergo not 
the slightest alteration; and when in actual contact, both the star and the 
planet were red, but the planet bad the deeper tint. The night was remarit- 
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alil^ fine^ And althoi^ Mai^ bad xu>t more than seveti or dght deg^reea of 
altitude^ a poorer of 330 was used with advantage. 

The diameter of Mars^ as taken with the 5<>feet Equatorial, was about ten 
seconds. The observations were commenced at about seven hours sidei^ 
timAi whilst the nearest appulse was perhaps at about eleven hours ; they were 
not made for determining the place of Mars, but for noticing any phenomena 
whidi the star might exhibit. 

The foots being now before us, the inferences may be comprised in a few 
lines. 

Sir W* Hebschbl’s observation of the 27th of October 1783, and mine of 
the small star on the 13th of February 1822, are at variance with Cassini’s 
observation, but impugn not the accuracy of Roemee’s ; whilst my observa- 
tions of 42 Leonis and of 37 Tauri, being apparently subversive of the obser- 
vations both of Cassini and of Roembr, point out the extensive atmosphere 
of Mars'* as a subject meriting further investigation* 

Such are all the observations relative to the extensive atmosphere of Mars 
which my observatory can furnish. One of these, viz. that of the 17th of last 
March, demands further consideration, lest, having served to invalidate one 
hypothesis, it might be brought forward to support another ; namely, that 
“ the red colour of the planet Mars is dependent upon the physical properties 
of his atmosphere."** Moreover, it seems inconsistent with a previous ob- 
servation. 

The star 37 Tauri had nearly the colour of Mars” whilst in contact with 
the planet ; whereas, the star 42 Leonis was beautifully blue" previously and 
subsequently to occultation by the planet. The facts are different ; — are they 
reconcileable ? The following then are extracts from the Observatory Journal. 
On the night following the observation of 37 Tauri, namely, the 18th of 
March, “ the five-feet Equatorial was placed upon Mars, in order to compare 
its colour with that of 37 Tauri ; the star and planet were still in the field to- 
gether, though nearly at opposite points of its circumference. “ I can have no 
hesitation in saying, that the star is red, but not of so deep a tint as the planet." 

Mars being placed out of the field, I requested an*attendant (accustomed 
to use a telescope) to look at the star and to tell me its colour ; entirely un- 
* Vide Babwstbr’s Encyclopaedia, vol. ii. pages 636 A 637 (article Mars). 
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acquainted with the beadng of the question, and iguoraat of iht colour as- 
signed to it by me, he replied, ^ Certdnly a light red.’ Mars was now brought 
into the held with the star, and being asked what colour he now consider^, 
the star to have, he answered, ^ Certainly red, but not so deqp a red as Mars.* 
Lobkfng Ri it f^n, he said, ^ Mars is the darker, but dtere Is tt>t R jgres^ 
deal of difference.’ ” 

I now applied several other eye-pieces, magnifying from 70 to 548 times, 
and with all of them I felt convinced that the star was red, but not so deep a 
red as Mars.” 

** Whilst the colour of 37 Tauri was fresh in my recollection,** I placed i^e 
Equatorial upon 42 Leouis, when it had nearly the same altitude as that star; 
1 instantly pronounced the star 42 Leonis to be blue — light blue. The 
attendant was now requested to look again at 37 Tauri, and to retain its 
colour in his mind as much as possible : 42 Leonis was next brought into the 
field; he said, This star is certainly not red at all ; 1 do not know what colour 
it is, unless a light blue.” Alternating the examination of the one star with 
that of the other several times, and with various powers, he at last said, ** It 
is certhinly blue, and the first is certmnly red.” 

The comparisons were repeated with the 12-feet Achromatic of 7J inches 
aperture, and the inferences drawn from them were the same ; and, if just, the 
observations of 37 Tauri and 42 Leonis are perfectly reconcileable. Hypothesis, 
therefore, is not needed, to explain under similar circumstances with regard 
to Mars, the “ red” colour of the one star, or the blue” colour of the other. 
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XXIII. On and Mesin^ance qf Fluids, By GKomm Rsnnxe^ Ssq, 

r,P,R.S. 

Read June 16, ISdl. 

When on a former occasion 1 commnnicated the results of a series of 
eicpeiiments on the Friction and Resistance of the Sun&ces of Solids (Philo- 
sophical Transactions for 1828), I stated that they formed part only of a series 
pf eicperimaats on the nature of friction generally. My object at first was to 
trace the rdaticm subsisting between the retardation produced by the surfaces 
oi solids in motion when in contact with each other and with fluids ; but 
finding that the subject connected with either of these branches was sufficiently 
extensive, I deemed it necessary to postpone the second part of the inquiry to 
a future occasion. Those experiments, however, established some important 
fficts. They showed that (within the limits of abrasion) friction was the same 
for all solids, and that it was neither affected by surface nor velocity. Subse- 
quent experiments upon rolling bodies of great weight and magnitude, when 
the resistance was reduced ruWth part of the mass, and the surfaces in the 
ratio of 13 to 1, have corroborated the affinity of resistance between rolling 
and sliding bodies. Thus in connecting and continuing the isolated experi- 
ments of Coulomb and Vince, and assigning values to the abrasive resistances 
of most of the most useful solids, a considerable advance has been made in the 
science. 

The subject of the present paper, however, involves difficulties of a more 
complicated kind. The theory of solids as deduced from the laws of mechanics, 
and independent of experiment, may be applied to any system of bodies ; but 
the theory of fiuids, in which the form and the disposition of the particles, or 
the laws of their action, are unknown, must necessarily be founded on experi- 
ment ; and even with this aid, which can only be obtained through the inter- 
vention of a solid, our knowledge of the true properties of fluids must be vague 
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9ixA mtcettain* Aoeordliigfly we fod that the subject bf flhidd attract^ the 
atleotioa of some of the most distiagidshed mathematii^iiii aad t»Iiih>sophers 
of Europe for the last two centuries; that is, from the year 102S, when CAStam 
first publisbed his Treatise on the Measure Of running Water, dbwn to Ihe 
hydraulic investigations of Eytblwbin and Youno. between tiUte periodl, 
ltdy, Frmice, Germany and England, added their contributions to the science* 
But it is to the Italians principally that we owe the foundation df it, in their 
numerous investigations and controversies on the rivers of Italy ; hence the 
writings of Castblu, VmANf, Zekdrini, Makfreoi, Poi«mi, Erisi, Gcliblmxni, 
MicHBLLorri, and of many odiers*. 

Each of them has endeavoured to establidi a theory applicable to rivers and 
torrents, but in general vdth indifferent success. The science again received 
iiiesh accessions from the more valuabie investigatloiis of Bossirr, DnauAV, 
Yentubi, FiiKCK, Brunnino, BnmNB, Coouimb, Phony, Eyhelwrin and Gibaiio; 
and among our own countrymen, of M^LAOitm, VmcB, MAirrHBW Young, 
Br. JuRiN, Professor Robinson, and the late Dr. Thomas Young. Sir Isaac 
Nbwton had already demonstrated, in his celebratod proportions 51, 52, and 
58, <ff the Brincipla, (in the case of a cylinder in motion immersed in a fluid,) 
that the resistance arising from the want of a perfect lubricity in fluids is 
(caeteris paiibus) pn^ortional to the velocity inth which the parts of a fluid 
separated from each other ; and that, if a solid cylinder of infinite length 
revolves with a uniform motion round a fixed axis, in a uniforin and infinite 
fluid, the periodical times of the parts of the fluid thus put in motion will be 
proportional to their distances from the axis. This theory (althoujg^h conform- 
able to experiment) was objected to by BebnouUli and D’AtEimtiCr, on the 
ground that Sir Isaac Nbwton had not taken into consideration the cenUdfiigal 
force or fiiction arising from the pressure of the concentHc rings or filaments 
round the cylinder, the fluid being supposed in a state of permanenoc, and the 
fitetkn the rings ectimi through^ 

Ptwr (I^S), in his experiments on the water-works at Marly and Versfdlles, 
was the first to demonstrate that wi^ equal vetociries, and in the ratio of tiie 
vdame of watery the firiction of water in pipes was in the inversetado of thrir 
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Am 00 ^ nmm, #85 

#lwi|»psr^ #7^)1 W^iOTTB, iaii 4 ^Bii»Aiu)iEuxy€Eiisa^ 

iHflfeffl^p^ md calkivdBii^ ^jpenditui^ of glasii tubeo an# 

|!)p«air 4|lii md lTBd) was the firrt eagiaeer irho endeOToiiirod to eeta^ 
bli^ tpie relotioii suMstiog^ betweea the inehimtioo of flii iu|iiedoct oa 
traiiiteiie seotioo of the vc^iioie of water it oaght*to cariy>’-*^Ofi tbeoupfiositiciii 
that the aoeelerattiig fettle, doe to the indmatioa of the bed of the eoodtiit. Is 
coimterbalaoced by the rcdataiieea of the ohaoael in the ratio of the eur^e, 
and iucreasing in proportton to the square of the velocity. What Cnaw had 
retnariced was concluded by Bossirr^ who cleared the Investigation of most of 
its difficulties, and d^onstrated it to be in accordance with theory. He fonnd 
that small orifices discharged less water m proportion than great ones, on 
account of friction; that the vena contracta, and consequent expenditure, 
diminished udth the height of the reservoir : he pointed out the law by which 
the discharge diminishes according to the indinadon mid number of bends in 
a pipe, and the influence of friction In retarding the velocity of weaers moving 
in canals and pipes, in which he made the square of the velocity to be in the 
inverse rado of the length of the pipe : be determined the coefficients by expe> 
riment, and dins obtained a formula expressive of the conditions of the uniform 
motion of water in cqien canals. The greater part of these hypodieses may be 
said to have been removed by the more extensive researches of Hcbcat. His 
great hydraulic work, published in 1779 and 1786, contains a series of the most 
valuable observations, whose results accord very nearly with the new formula 
of the motion of watei* in pipes and open conduits ; and Ms experkn^ts, with 
pipes inclined in various angles from the 40,000th part of a right angle to 90 
degrees, and in channels which varied from a line and a half in diameter to 
areas of seven or eight square toises, seem to comprehend every case of in- 
clination ; so that by collecting a prodigious number of ilicts, both with com- 
pressible and incompressible fluids, he obtmned a general expression for ail 
casco rdbeitive to the friction and cohesion of fluids : but a logaritiimic function 
which he introduces in it, by a sort of approximation, gives it a character of 
uncertainty, which restrmns its u^, and shows the necessity of fr^h resemches. 
Vaimrai, in 1798, “ Sur la Communication lat4rale du Mouvements dans Ics 
Fluides,"* repeated and added many new ffiets to the experiments of Bosstrr, on 

3i2 
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the expenditure of differently shaped oridees and tubes^ hut pai^nntariy m ttic 
lateinl coinmnnieation of motion by the cohesion of fluids^ Cotlitpit ftf«t 
approximated to the solution of the question, by a very ingvmio^ l|ppamtn% 
consisting of discs of different sizes, fixed by their c^nlM 
mity of a brass wire, and made to oscillate in fluids by tOfOlOil 

only; he concluded that the resistance was a function, composed Of 
one proportional to the first, the other to the second powers of tlii reststanee i 
again, that it was not sensibly increased by increasing the fadigbi M the fitald^ 
but simply by the cohesion of the particles of the fluid which prewmted greater 
or less resistance, in proportion to the viscidity of the fluid, oil being to water 
in the ratio of 17*5 to 1. But whatever might be the conclusions of CotriOMa, 
it is obvious that both the size and construction of his apparatus were ill 
culated to produce results whereon to found a satisfactory theory; and accord* 
ingly both Messrs. Prony and Girard, in expressing their formii|te erf resist- 
ance, have not admitted that of Coudomb, but have adopted the mean of the 
best of experiments made by other authoi s ; but as these formulae give only 
the mean velocity, which is much greater than the velocity (of the fluid con- 
tiguous to the pipe) which ought alone to enter into the expression of the re- 
tarding force, it follows, that the coefficients deduced from the mean of all the 
experiments adopted by these gentlemen, have a value greatly inferior to the 
motion of the fluid contiguous to the side of the pipe or conduit. To ascer- 
tain correctly the value of this kind of resistance, M. Girard (vide les M^moires 
des S^avans etrangers for 1815), undertook a prodigious number of experi- 
ments on tubes of different diameters and length, from which he deduced that 
the retardation is as the velocity simply. The effects of temperature are very 
remarkable; if the velocity be expressed by 10, when the temperature Is 0^ 
centigrade thermometer, the velocity will be 42®, or increased four times when 
the temperature is 85®: these values must be deemed japproximations only. 

The contributions of British phil<^pher8 towards improvement of this 
scimice have been, unfortunately, scanty ; for, with die caption of Sir Isaac 
Newton (who led the way). Dr. Jurin, Dr. Matthew ¥oijnc. Dr. IhiSAOti- 
lAERs,^ Dr. Vince, Mr. Smeaton, Mr. Banks, and the htte Dr, Thomas Youim, 
(see the paper of the latter gentlemmi in the Philosophical Transactiems, and 
his commentaries on Eytklwein’s experiments,) we can scarcely find any 
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experiments on the subject* : whatever has been effected by our engineers or 
8cientific?|BaiegJ^^^^^^ either been withheld from the public, or consigned to ob- 
scurity ; ;iind thottgh we have tracts of marshes and fen land, consisting of 
many thoi^sand acres, the dissertations on the mode of draining and carrying 
off their iiii|>erfluous waters are confined to local pamphlets and reports, of com- 
paratively ininor interest to the science of liydraulics* 

From the foregoing short but imperfect history, it k obvious that much has 
been done towards perfecting this science. It is however certain, that tnuch 
yet remains to be accom[)lislu*d ; and althougli we are deeply indebted to both 
the French and English piulosophers for their extensive investigations on the 
laws of capillary attraction, the descents of globes in fluids, and the adhesion 
of fluids to metal discs, the plienomcua of fluidity, and the laws which govern 
the motion and equilibrium of tlieir particles, must yet remain a problem 
purely geometrical ; and as wo possess no tangible means of approximating to 
tlie solution of the pr(»blem, but through the intervention of a solid, we must 
contCTit ourselves, in like manner, witli the imperfec^t formulae deduced from 
experiments made on a small scale on the friction and adhesion of watcM* in 
pipes and cohdnits, until we can ascertain more correctly the causes of the 
retardations of rivers as they occur in nature. 

In tijc consideration of this question, therefore, I propose to examine, first, 
the retardations of the surfaces of solids moving in fluids at rest; secondly, 
the retardations of fluids over solids; and, thirdly, tfie direct resistance of solids 
revolving in fluids at rest. 

7\) illustrate the first case, 1 caused an apparatus to be constructed, of 
which the annexed Piute XI. is a representation ; it consists simply of a 
cylinder of wood ten inches and three (juarters in diameter, and twenty-four 
indies long, and divided into eight sections of three inches in each, and fixed 
upon a spindle of iron about four feet in leugtli, and one inch and a quarter 
thick. The apparatus was accurately turned and jiolislicd. Upon the upper 
part of the spindle, a small cylinder or pulley, six inches in diameter was fixed, 
and a fine flexible silken cord* communicating witli the weight, was wound ; 

* The experiments of the Society for the Improvement of Naval Architecture, in the years 1 79.3, 1 794 
1795, 1790, 1797, 1798, relate principally to the resi-stances of solids moving through fluids. 
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the apparatus was then fixed in an iron frame, and the frame let into a groove* 
in two upright posts, driven into the bed of the river Tliames. 

llie object of the frame was to allow the cylinder to slide up and down 
with the level of the tide, and immerse it more or less according to the expe- 
riment required to be tried. The friction of the apparatus, or the time that 
the weight took to d<\scend in the atmosphere, was first noticed; after which it 
was successively immersed in the water three, six, nine, twelve, fifteen, eighteen, 
twenty-one, and twenty-four inches, the difterence of time showing the retm'da- 
tion according to the annexed Table. 

Experiments on the Friction of the Surface of a Cylinder, tuarnty-four int'hes 
long and ten inches three quarters diameter, moving in air and in water. 

Table I. 

On Surfaces in Water. 


Depth of 
inimcr.Mon 
of 

cylinder. 

— 

Weight 

suspended. 

Number of 
revolutions of 
cylinder falling 
the wluile height 
of liU feet. 

I i 

Time in j Velocity ofj Time in 
descending pcripheiy jdoscending 
in water. ! per sectmd | in ait. 
j in watei. | 

Vi'lticity of 
penpheiy 
per second 
in air. 

Di Hen Tice 
between 
air and 
vtaler. 

Peru arks. 



inchcw. 

6 

9 

1 3 
lo 

18 

31 

24 

lbs. 

' 

Si I teen turns in 
descending. 
Periphery moves 
through 540.h2 
Indies. 

seconds. 

l.'i.OO 

1 8.00 

25.00 

28.00 

32.00 

37.00 

40.00 
55-00 

inches. 

36.021 

30.017 

21.612 

19.2.97 

16.885 

14.603 

13.508 

y .824 

seconds. 

10 

inches. 

54.032 

sen oiuis. 

5.00 

H.OO 

1 5.00 

is.oo 

22.00 

27.00 

30.00 

45.00 

Ilesisumce in- 
creased by sur- 
face witJi slow 
veloutus, but 
not in the ratio 
of llie surfaces. 

3 

6 

9 

12 

15 

18 

21 

24 

I 

2 

i 

! 

Ditto. 

i 

1 1 

y.oo 

10.00 

10.50 

1 0..50 

1 0.50 
10.50 

1 1 .00 

1 1 .00 

60.035 

54.032 

51.4.59 

51.459 

51.459 

51.459 

1 49.120 i 
: 49.120 : 

•• 

108.064 

; 

■1.00 

1 5.00 

1 5.50 

5.50 
5.50 
5.50 
6.00 
“6.00 

J IL'sistiujce 
scarcely influ- 
enced by sur- 
face with in- 
creased veloci- 
ties. 




On Velocities in 

Water. 




inches, i 

lbs. 


scLonds. 

inches. 

fw'conda. 

inches. 

i seconds. 

r 

24 1 

4 


8.0 

67.54 

2.4,5 

196.48 

! 5.15 


24 ! 

8 

1 Ditto. 

6.0 

90.053 

2.00 

270.16 

4.00 

Could not be 

24 

16 


4.0 

135.08 

1.50 

360.21 

2,50 

tried. 

24 i 

32 


2.5 

216.128 
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Conclusions. 

I| That thf friction or adhesion of water against the surfaces of solids in motion, approximates the 
the iurfaces with slow velocities; but that an increase of surface does not materially afiiect it 
witi^acreased velocities. 

m 'fhat with equal surfaces tlie velocities do not seem to observe any fixed ratio, but approximate 
to squares of the resistance. 

With incretuied velocities the index of the power was found to be less than the duplicate ratio. 


exemplify the result of the foregoing conclusion in a different way, — the 
cjpDder was removed, and circular discs of iron, ten inches and tliree quarters 
di^'meter and one eighth of an inch thick, accurately adjusted to the spindle 
polished, were substituted. The friction of the apparatus was again tried, 
Immersed in the river Thames, as before. 

Table II. (Sec Plate XII. Fig. 2.) 

iments on the Friction in Water of Circular Discs ten inches and three 


quarters in diameter and one eighth of an inch thick, revolving with the 
planes pai^cl to the horizon, and six inches apart. 


of dii^. 

, W%ht 

lltMghi fallen 
of weight. 

Time of 
weight de> 
scending 
in water- 

Velocity of 
periphery 
per Aecond 

Tunc de- 
scending 
111 air. 

Vcldcatj of 

Difference. 

1 

]b&. 

1 

1.2 

3 

6 

1 Hcuty-fivc 
feet, mean 
circle I6.8H 
would mo»e 
tlirough l2‘-2 
inciiet. 

becondi. 

10.00 

5.00 

3.00 
3.00 
3.00 

iltrhes 

42.200 

84.400 

140.6GO 

140.660 

140.660 

seconds. 

2 

211 

seconds 

8.00 

3.00 

1.00 
1.00 
1.00 


1 


15.00 

28.133 



13.00 


2 


6.50 

64.923 



4.50 

a 

3 

Ditto. 

4.50 

93.770 

2 

211 

2.50 


4 


4.00 

105.500 



2.00 


6 


4.00 

106.500 i 


1 

j 

2.00 


1 


17.00 

S^4.823 

1 


15.00 


a 

i 

7.00 

60.285 



5,00 


3 

DUto. 

5.50 

76.727 

2 '’V 


3.50 


4 


4.00 

105.500 

111 

Hi 

2.00 


6 


3.00 

140.660 

^'.1 


1.00 


















* i 

1 

1 

33.00 1 

1^.787 

0' 


31.00 



1 

17.00 1 

24.823 



15.00 

4 

a 

Ditto. 

f 8,00 

62.750 

2 


6.00 


4 


1 6,00 

64.923 


ffi ^ 

4.00 


$ 


4.00 ; 


^ 

fv 

2.00 


4 . 
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Conclusions. 

That the friction or adhesion of water is not quite as the surfaces with slow velocities, being in the 
ratio of one to three instead of one to four, but diminishes rapidly, without observing any ratio in 
incneased velocities*. Hence the resistance of a ship or vessel moving through the water, with an 
average or higher rate of velocity, forms an inconsiderable portion of the resistance resulting from the 
displacement of the fluid, and that the brightness observed on the copper of ships after a voyage, may 
be owing to other causes than the friction of the water simply. 


An experiment was made to ascertain the comparative resistance of a pipe 
revolving in water, and with water running through a pipe; when tlie resist- 
ance was found to be as the surfaces in slow velocities, but to diminish greatly, 
as before, in high velocities, without observing any fixed ratio. 

The above conclusions are in contradiction to those of Coulomb, who did 
not find that pressure augmented the resistance, but states that the resistance 
is greater when the immersion is partial. 

This apparatus being applicable to fluids generally, advantage wiis taken of it 
to ascertain the direct resistance of solids to fluids (see Plate XII.)'}-, by causing 
plates and globes to revolve in them, with their planes perpendicular to the 
plane of the horizon. 

As the resistance of solids in fluids does not form the object of this paper, it 
will be unnecessary to introduce many detailed observations on the subject of 
these experiments at present, connected as they are with another branch of 
hydrodynamics. But as it is important to show the relation subsisting be- 
tween the resistances of cohesion and impulse, I have ventured to detail the 
following experiments. 

* The experiments of the Society for the Improvement of Naval Architecture show a decreased 
resistance with increased velocities. 

t In this case, the number of particles struck will be diminished in the ratio of the radius to the sine 
of inclination ; wherefore the resistance will be diminished in a duplicate ratio of the radius to the sine 
of inclination. But as the sines of inclination of the two plates are equal, the resistances will be equi- 
valent to the area of one plate (moving perpendicularly to its planes) into the duplicate ratio of the 
velocity of its motion, and the density of the fluid. 
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Table III. 

Experiments on the Rotations of Iron Discs and Wooden Balls moving in 
Air, with their planes perpendicular to the plane of the horizon. 




Time in descending. j 

Weight 

suspended. 

Height fallen. 

Two circu- 
lar discs 
10|: inches 
diameter. 
Area 81 
inches. 

Velocity 

per 

second. 

Two square 
fans. Area 
81 inches. 

Velocity 

per 

second. 

Two 
wooden 
balls lOj^ 
inches 
diameter. 

Velocity 

per 

second. 

lbs. 

2 

4 

9 

16 

20 

The spindle made 
15.0 turns in full- 
ing 25 feet. Mean 
circle 5 1.83 would 
move through 

68.(57 feet. 

seconds. 

10.00 

6.00 

4.50 

3.00 

2 50 

feet. 

6.867 

11.445 

15.261 

22.891 

27.469 

seconds. 

10.00 

7.00 

4.50 

3.25 

3.00, 

feet, 

6.867 
9.810 
16.26 V 
21.130 
22.891 

seconds. 

23 

13 

8 

7 

6 

feet. 

2.984 

5.282 

8.584 

9.810 

11.445 


Conclusions, 

J . That the resistances are as the squares oi the velocity. 

2. Tliat the comparative resistances between discs and globes are as two to one nearly. 


Table IV. 

Experiments on the Resistance of Iron Discs and Wooden Globes revolving 

in Water. 




Time in descending. | 

Weight. 

Height fallen. 

Two circu- 
lar discs, 
81 inches 
area. 

Velocity 

per 

second. 

Two 

square fans, 
9 inches 
square, 

81 inches 
area each. 

Velocity 

per 

second. 

'I'wo 
wooden 
balls. Area 
81 inches. 

Velocit} 

per 

second. 

lbs. 

16 

20 

32 

40 

64 

256 

The spindle made 
15.9 turns in fall- 
ing 25 feet. Mean 1 
circle 51. 83 would 
move through 

824. 1 9 inches or 
68.67 feet. 

seconds. 

63 

54 

43 

40 

30 

14 

feet. 

1.09 

1.27 
1.59 
1.71 

2.28 
4.90 

seconds. 

63 

48 

40 

36 

28 

15 

feet. 

1.29 

1.43 

1.71 

1.96 

2.45 

4,67 

seconds. 

16.00 
14.00 1 
10.50 
9.50 
8.00 
5,00 

feet. 

4.57 
4.90 
6.59 
7.22 

8.58 
13.73 


3 K 
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Ckmclusions, 

1 . That the resistftnces ore as the square of the eelocities* 

2. That the taesh resistances of circular discs, square plates, and globes In air, are as the numbers 
25.180, 22.010, 10.627; and in water, 1.18, 1.36, 0765 ; consequentljr the proportional resistance of 
air to water, with 

. Circulardiscsyis as 1 to 21.3 
Plates and fans . . 1 to 16.2 
Wooden balls ... 1 to 2.2 

JIVote.«>-A portion of the square fans, represented by the letters a, b, c, d, in Plate XII. fig. l,and 
equal to one fourth of the area of each fan, was cut off, when the sesistance was found to be the same 
as with the square fans. 


Experiments on the Quantities of Water discharged by Orifices and Tubes of 
different diameters and lengths, and at different altitudes. 

The phenomena incident to spouting fluids are. 

First, The inequality observed in the velocity of the particles comprised in 
every horizontal section parallel to the orifice. 

Secondly, The contraction of the fluid vein beyond the orifice, and const*- 
quent diminution of discharge as compared with theor}\ 

Thirdly, The inversion and changes in the sections of the fluid vein at dif- 
ferent distances from the orifices. 

All these phenomena have been noticed and recorded by various writers, 
and formulae adapted to the different circumstances of the expenditure have 
been given. But neither Bossut nor Du Buat (the most accurate of writers) 
have recorded a continuous and systematic series of experiments upon the 
comparative expenditure of orifices and tubes under the circumstances of area, 
altitude, and length. 

The apparatus with which these experiments were performed, consisted of a 
wooden cistern very accurately made, two feet square inside, and four feet 
four inches in height. The water was kept at a constant altitude by a regu- 
lating cock ; and a float having an index attached to it enabled the observer 
to ascertain the exact height at which the water stood in the cistern above the 
centre of the orifice. 

ITie orifices were accurately made by Dollond in brass plates one sixtieth 
of an inch in thickness. The plates were accurately adjusted to a hole in the 
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side of the cistern, and closed by a valve of brass ground to each of the plates. 
The valve was opened by a lever, and the time noted by chronometers. 

The diameters of the tubes, from having been drawn on mandrils, were as 
accurate as possible; their diameters at the extremities were carefully enlarged, 
to prevent any wire edges from diminishing their sections ; and one extremity 
of the tube being inserted into a block of hard wood fastened to the cistern; 
and the other stopped by a valve, the experiments were recorded €us before. 

• Table V. 

Experiments on the Quantity of Water discharged by different-sized Orifices 
from a vessel kept constantly full and at different heights. 



N.B. Each result shows the mean of foar experiments. 


HemarAs. 

The plienomena relative to the fonn and direction of veins of spouting fluids, and the remarkable 
inversion of the fluid veins at certain distances from their orifices, have been so fully noticed in 
** Experiences sur la Forme ct sur la Direction des Veines et des Courans d’Eau j par George Bidone : 
Turin, 1829,** that it is unnecessary to state further than that they have been completely corroborated 
in tlie foregoing experiments. 


3 K 2 
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Table VI. 


Experiments on the Quantities of Water discharged from Reictangular and Tri> 
angular Orifices in brass plates one sixtieth of an inch thicks and of equal 
areas, from a vessel kept constantly full and at different heights. 


Equilateral Triangle whose area is one inch, and angle uppermost, | 

Constant height of 
the surface of the 
water shore the 
centre of the orifice. 

Time in discharg. 
ing one cubic foot 

Theoretical time in 
discharging ona 
cubic foot, 

a 

aAvilt’ 

Ratio of real to 
theoretical disJw 
charge. 

Form of orifice. 

feet. 

4 

3 

3 

1 

seconds. 

15 

18 

22 

30 

seconds. 

8.9 

10.3 

12.7 

17.9 

1 : .593 

1 : .572 

1 :.577 

1 : .596 

Vena contracts about half an inch 
beyond the orifice ; but tire jet 
with the angles reversed, and 
taking the iMes of the trian. 
gle, the jet afterwards ex- 
panded and lost its form. \/ 

Equilateral Triangle as before, with the angle downwards. 

4 

15 

8.9 

1 ; .593 

Vena contracts the same as be- 
fore, but the jet having its angle 
Uiwards, being the reverse a 
of the former experiments. /\ 

Rectangular Orifice of one square inch. | 

4 

3 

3 

1 

15 

17 

20 

29 

8.9 

10.3 

12.7 

17.9 

1 : ,593 

1 : .606 

1 : .635 

1 :.6l7 

Vena rontracta about three r|uar- 
ters of an inch beyond the onfice, 
when each angle of the jet took 
tire place of a side thus, r/yj 
and dissipated in spray. ‘ v / ‘ 

Rectangular Orifice 2 inches long, | an inch wide, having the long side parallel to the surface 

of the water. 

4 

3 

2 

1 

15 

17 

20 

29 

8.9 

10.3 

12.7 

17.9 

1 ; .693 

1 : .606 

1 : .635 

1 :.6l7 

Venacontracta as before . Each 
angle of the jet took the place 
of a side. 

Rectangular Jet IJ inch long, 4 wide, placed as before. 

4 

3 

3 

1 

15 

17 

19 

27 

8.9 

10.3 

12.7 

17.9 

■ 

1 : .593 

1 ; .606 

1 ; .668 

1 : .663 

Vena contracta oa befjre. 


Remarks, 

That with equal areas, the expenditure by different orifices> whether circular, rectangular, or tri- 
angular, is nearly the same, the increase being in fsyour of rectangular orifices. 
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Table VII. 

Experiments on the Quantity of Water discharged by Cylindrical Glass 
Orifices and Tubes, from one inch in length to one foot, and of different 
diameters, from a vessel kept constantly full, and at different heights. 


Constant height 
of the surface of 

Time in seconds in discharging 
one cubic foot. 

Itomarks. 

centre of oriBce. 

1 inch. 

\ in. 

4 in. 

\ in. 

feet. 

4 

11.6 ' 

24.6 

55 

145 

In comparing these experiments with 
the time and quantity discharged by 

3 

15.0 

28.5 

63 

157 

plate oriBces, there is a diminution of 

2 

17.5 

35.0 

77 

205 

time, and an increased discharge of 

1 

25.0 

53.0 

no 

297 

from -ir to -4. 

1 From Glass Tubes one foot long. * | 


1 inch. 

J in. 

4 in. 

4 in. 



mBM 

30 

63 

200 

Shows an increase of time and a dimi- 


17.0 

33 

73 

227 

nution of discharge in the ratio of 


21.5 

40 

88 

283 

from T to 4. 



58 

130 

410 



Conclmions. 

1 . That the quantities discharged in equal times by orifices and additional tubes, are as the areas of 
the orifices. 

2. That the quantities discharged in equal tiroes by the same additional tubes and orifices under 
different heads, arc nearly as the square roots of the corresponding heights. 

3. That the quantities discharged in equal tiroes by the different additional tubes and orifices under 
different heights, are to one another in the compound ratio of the areas of the apertures, and of the 
square roots of the heights. 

From the foregoing experiments the mean coefficient for altitudes of 4 feet with the circular orifices, 

is 0.621 

but with altitudes of 1 foot the coefficient is 0.645 

with triangular orifices at 4 feet altitude 0.593 

with triangular orifices at 1 foot altitude 0.506 

with rectangular orifices at 4 feet altitude 0.593 

with rectangular orifices at 1 foot altitude 0.616 

Hence, allowing for the inaccuracies incident to experiments of this nature, we may safely adopt 

Messrs. Peony and Bossot’s coefficients for altitudes of 4 feet 0.621 

1 foot 0.619 

In the case of additional tubes of glass the coefficient is much higher than Bossut’s, which was for 
4 feet 0.806, and I foot 0.817. 

Vide Vkntobi and Eytklwbin's experiments. 
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Let A = area of orifice in square feet. 
d = diameter of orifice if circular. 

H =s altitude of the ^id in feet. 

T SB "time. 

g m gravity in one tecoad. 

Q SB quantity of water in cubic feet. 

According to Bosaux’s experiments Q = 0.61938 A T n/3 g H. 

And as 2g is a constant quantity^ and is equal to 7.77125^ we have Q sc 4.$18 AT for orifices 
of any form, substituting d if circular, or Q ss 3.7S42 d* T 
From the second of these equations we obtain 

^ “ 4.818X^11^“ iSISA^/H * (JSTSTT)*' 


For additional tubes the equation will stand thus : Q = 0.81 A T g ; but since 2 g is constant, 


and is 7.771 


i: 


we have Q = 4.9438 d^T from which we deduce 

Q M, Q 




4.9438 TV"H 


T = 


4.9438 ” "" (4.9438 ’ 


Table VIII. 

Experiments on the Friction or Quantity of Water discharged by Leaden Pipes 
of different diameters and lengths, from a vessel kept constantly full, and at 
different heights. 


1 Pipes 15 feet long each* straight. | 

Constant height 
of the surface of 
the water above 
the centre of the 
pipe. 

Time in discharging one cubic foot. 

Remarks. 

1 inch. 

Jin. 


No leaden pipes 
to be had J bore. 

feet. 

seconds. 

seconds. 




4 

28 

54 

143 


The time in dischanpug one cubic foot 

.3 

33 

63 

164 


is nearljr double the time occupied by 

2 

41i 

79 

208 


gUun tubes of equal lengths and araas. 

1 

6ii 

117 

312 
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Table IX. 

Experiments on the Quantities of Watei* discharged by Leaden Pipes J inch 
bore, but of different lengths from one foot to thirty feet in length. 


GIam tubes 

1 iueb tofig, 

} inch diam. 

Brass 

orifice 

4 diangu 


dlt9ii). 

7ft. fiin. 

1103 in. 

15 ft. 

_ 

soft. 

Remarks. 

fbet. 

4 

3 

2 

1 

Moonds. 

65 

63 

77 

no 

Mccnuli. 

73 

83 

104 

144 

second!. 

55 

63 

93 

133 

■ooonda. 

78 

92 

113 

170 

Mcoads. 
102 
120 
161 1 
226 

seconds. 

122 

145 

184 

278 

seconds. 

143 

164 

208 

312 

seconds. 

203 

240 

303 

450 

The ratio of discharge by glass tubes with 
pipes of SO feet long, is as 1 : 4 1 , 

Ditto with brass orifices, is as 1 : 3 J *‘®**‘*y* 


Conclusions on Pipes of different lengths. 

That the expeoditures of water by pipes of equal diameters but of unequal lengths and under different 
altitudes, are nearly as follow. 

The length being as 30 to 1, the expenditures are as 3.7 to I 


Do. . ■ . 8 to 1 . . . do. . . . 2.6 to I 

Do. ... 4 to 1 ... do. ... 2.0 to 1 

Do. ... 2 to I . . . do. . . . ) .4 to 1 


The discharges by glass and leaden tubes are nearly alike. The length of a pipe may be increased 
from 3 to 4 feet without diminishing the discharge as compared with the plate orifices. 
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Table X* 

Experiments on Leaden Pipes with Flexures* 

Ilie straight pipe of f an inch bore, <m which the preceding experiments 
were made^ was carefully bent into one, two, and fourteen semicircular bends 
respectively, each of 7i inches in the semidiameter, and two of |;th part of a 
circle of 3| inches radius. One end of the pipe was fixed In the wooden 
orifice as before, and the following are the results. 


1 Pipe 15 feet long, | inch bore, with one semicircular and two j^circle bends. | 

Constant height 
of the surface of 
the water above 
the centre of the 
orifice. 

Time in dia» 
charipng one 
cubic foot by a 
pipe with three 
bends. 

Time diecherg* 
ing one cutdc 
foot bye 
straight pipe. 

Bemerks. 

feet. 

4 

3 

Z 

1 

seconds. 

147 

176 

213 

316 

seconds. 

143 

164 

208 

312 

The Dosition of the bends, whether vertical 
or horisonlal, at either extrinnity of the 
pipe, doei not effect the result. 


Pipe 15 feet long, i inch bore, with 14 semicircular and two ^circle bends. 

feet 

4 

3 

Z 

1 

seconds. 

162 

200 

247 

351 

seconds. 

143 

164 

208 

312 

The expenditure is diminished by the bends 
from -f to 4, which represents the friction 
of the pipe. 


Remits. 

1. That with one semicircular and two of a circle bends, as compared with a straight pipe of 
equal length and bore, the resistance varies from ^th to part of the resistance of the straight 
pipe. 

2. That with fourteen semicircular and two quarter of a circle bends, the resistance varies from rVth 
to of the resistance of a straight pipe. 

3. That the increased number of bends does not increase the resbtance in the ratio of the number 
of bends, but merdy shows an increased resistance, as compared with Uie four bends, of tVth to v^th. 




INt BBNMIE ON THE EHICTION AND RESISTANCE OF FEUID8. 4^ 


• Table XI. 

Experiments on the Discharge ai Water by Leaden Pipes of an inch bore, 
15 feet long, but bent in the forms of from one to twenty^foor right-angled 
elbows, each side being 6| inches long. 


H«ixht of the 
Hurnice of the 
water above the 
centra of the 
orifice. 

One right angle 
8} inches fhm 
the end of the 
pipe. 

Straight pipe 

15 feet long. 

Twenty-four 
right angles. 

Remarks. 

feet. 

4 

3 

£ 

1 

seconds. 

ISO 

214 

246 

371 

seconds. 

143 

164 

208 

312 

seconds. 

395 

465 

564 

872 

In the first three experiments we have a 
diminution of expenditnre in the ratio of 
to 1, and in the laet experknent as 

3 to 1 nearly. 


JOJTJnJTJTLrU 

Conclusions, 

From Uie foregoing experiments with one rectangular pipe, it would be reasonable to conclude that 
the diminution of discharge would be as the number of right angles ; but comparing the expenditure by 
one right-angled pipe with the expenditure of a pipe with twenty-four right angles, the difference is 
only in the ratio of about two to one. 


Crenjeral Remarks on the Expenditure of Horizontal and Rent Rtpes, 

Formulee adapted to the different circumstances of the motion of water in 
pipes and conduits have been given by various authors. 

By some, the retardations were supposed to be in the inverse ratios of the 
squares of the lengths of the pipes ; and by others, to be represented by a certmn 
portion of the altitude of the reservoir above the centre of the pipe, the resist- 
ance being directly as the length and circumference of the pipe, and inversely 
as the area of the section. 

M. Girard, in his beautiful experiments^, conceived the resistance to be com- 
pounded of the first and second powers of the velocity. So that, deducing the 
values from Dubitat's experiments, and expressing the resistance due to cohe- 
sion by Ror U, R being the quantity to be obtained by experiment, and making 

• Menroirca dea Scavans Etningers. 
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the resistance due to the asperities equal to R;rU2, the sum of the resistance 
is R (U + U)2. 

M. PaoNY> applying his profound acquirements to the solutimi of all the 
cases of preceding authors^ deduced from a selection of upwards of fifty escperi- 

D Z 

ments the following simple formula : U = 26.79 ; 

U being the mean velocity of the section of the pipe ; 

D the diameter of the pipe ; 

Z the altitude of the water ; 

?i the length of the pipe ; 

from which it appears that the velocity is directly in the compound ratio of 
the square roots of the diameter of the pipe and head of water, and inversely 
as the square roots of the length of the pipe ; that is, for any given head of 
water and diameter of pipe, the velocity is inversely as the square root of the 
length of the pipe. 

If we compare these results with those of Dubuat, Girard, and others, they 
approximate very nearly to each other. 

In general, if we incline a pipe to an angle of about 6} degrees, or one ninth 
of its length, the discharge will be nearly equal to the discharge by additional 
tubes. The charge necessary to express the mean velocity of water issuing 

V* V* 

from straight pipes is by some authors equal to ^ ♦; Dr. Young makes it 

the diminution of expenditure depending upon the contraction of the fluid 
vein and the friction of the pipe. 

The change occasioned by bends and angles in the direction of the fluid 
vein tends to diminish the velocity in a very remarkable manner. 

Dubuat undertook several experiments upon this subject, but the formula 

V* S* 

proposed by him does not solve the difficulty, where gives the resistance 

due to one bend, V being the velocity, S the sine of incidence or reflection, 
and m a constant quantity determined by Dubuat to be 2998.50. 

Now although it is reasonable to suppose that the resistance should be pro^ 
portiouable to the squares of the sines of the angles of incidence, yet as all 


* Dobvat mid LANasDOxr. 
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the pardoles of the fluid vein not reflected in the same angl^ and as a 
considerable portion of the velocity is destroyed by the first angle or bend the 
fluid meets with in the pipe, M. Dubuat’s theory is fundamentally erroneous, 
the more especially as be has rejected more than one hidf of the twenty-five 
experiments mentioned by him. Dr. Young’s suppositions, of the resistance 
being as the angular flexure and the power of the radius, of which the index is 
f , are equally erroneous, as is evinced by the foregoing experiments. 

In conclusion, it is evident that the subject of friction admits of an immense 
variety of applications. To determine the measure of the resistances expe- 
rienced by vessels and floating bodies in their motion through fluids ; the law 
of the retardations of rivers, and the cause of the obstructions presented to the 
waves of the ocean in the slopes assumed by its shores ; the equilibrium of 
earths, and their connection with solids and fluids, — all of them are questions of 
the utmost importance in the economy of nature, and their solution can only 
be attained by an accumulation of facts. 


N.I3. Since the foregoing paper was presented to the Royal Society, an abs- 
tract of an extensive series of experiments on the expenditure of water through 
rectangular orifices of large dimensions, has been submitted to the French 
Academy by Messrs. Poncelbt and Lesbros, of the Corps de Genie at Metz ; 
and as these experiments were undertaken by order of the French government, 
no exj)ense was spared to have them made as extensive as possible. Their 
objects were principally to ascertain the exact measure of the coefficient of 
contraction and the forms of the fluid veins under different altitudes and areas. 

The results of which are ; — 

That with an onfice of 20 centimetres square, the coefficient is 0.600 under 
altitudes of 1 metre 68 centimetres. But when the altitude was reduced to 
four or five times the opening of the orifice, the coefficient increased to 0.605, 
but again diminished rapidly as the altitude diminished, to 0.593. 

That with orifices of smaller dimensions, i. e. from 10 to 5 centimetres 
square, the same law was observed, the coefficients being respectively 0.61 1, 

3l2 
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0.618^ and 0.611^ ioT opening of 10 and for 5 centimetr^^ O.6I89 0.631^ 
0.623 ; and for orifices of less dimension, the coefficient continnally increased 
up to 0.698. 

That for water running over weirs, the mean coefficient was 0.400, which 
differs very little from that of Bidone. 

Hence we see little reason to deviate from the coefficients already given. 
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XXIV. Fwrther Experiments with a new Register-Pyrometer for Measwrh^ the 
Expansion of Solids. By J. Frederick DaNiell^ Esq. F.R.S, Professor of 
Chemistry in King's College^ London. 


Bead June 10| 1S31. 


In my former communication on a new Register-Pyrometer, which has been 
honoured with a place in the Philosophical Transactions for 1830, 1 stated that 
I hoped, at some future period, to be able to lay before the Society the results 
of some experiments upon the dilatation of metals to their melting points ; and 
I now purpose to redeem this pledge. 

My previous observations upon the subject of expansion, were directed 
chiefly to the object of establishing what degree of confidence might be re- 
posed in the instrument as a measure of temperature ; and I was able, I trust, 
to exhibit such an accordance between the measures which it had afforded and 
those of the best experimenters, long previously obtained with various metals 
to the boiling point of water, as fully to establish its sufficient accuracy. The 
comparison however which I most relied upon, was with the experiments of 
MM. Dulong and Petit, upon the expansion of platinum and iron to the high 
temperature of 572® Fahr. ; and as this is a point of fundamental importance, 
I shall still further strengthen it by a comparison with the results obtained by 
the same distinguished philosophers with copper, the only other solid metal 
to which they extended their inquiries. 

Previously to this, I trust it may not be thought tedious, if I briefly relate 
the results of some trials for obtaining re^sters of uniform composition, which 
might preclude the necessity of determining the rate of expansion in each indi- 
vidual instance. 

Exp. 23. For this I had recourse to Wedgwood’s ware, of which I obtmned 
some bars carefully constructed and highly baked for the purpose. The 
expansion of these I found precisely equal to that of platinum ; so that when 
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the register was immersed in boiling mercury, the index was found not to 
have moved. When a bar of iron was substituted for that of platinum, the 
arc measured was 1® f. 

With blach-lead the same expansion gave a measure of 49', fhnoi which 
if we deduct the expansion of platinum in black-lead . 1 45 

the remainder 14 is Suffici- 

ently near to confirm the result. 

Exp. 24. My next trial was with registers of black-lead of various and 
known mixtures of plumbago and Stourbridge clay. Four fifths proportion 
of the former to one fifth of the latter produced a composition which was too 
tender for the purpose ; but a mixture in the proportion of three fourths to one 
fourth formed a ware of a fine, even texture ; whose expansion was very equal, 
and not exceeding the least of those which I had formerly tried. 

Three different registers of this composition afforded me the following mea- 
sures of the expansion of a platinum bar to the boiling point of mercury. 

1° 45' 

1 42 
1 38 

To which I may add a fourth, which gave for the expansion of an iron bar to 
the same point an arc of 2® 42', which is equivalent to 1® 40' for a platinum 
bar. For all common purposes, therefore, the mean expansion of 1® 42' might 
have been adopted without any serious error in the final results. In investiga- 
tions, however, which require the utmost precision, I still think it advisable 
to fix the expansion of each register by experiment. 

Exp. 25. A bar of copper was adjusted in one of the registers and exposed, 
in the manner formerly described, to boiling mercury ; the arc measured on 
tlie scale was 4® 10', equivalent to an expansion of .03633. 

Let us now compare this result with the determination of MM. Dulong 
and Petit, as we formerly did the expansions of platinum and iron. 
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Hie expanaon of Copper. 

Xicngth of Bar. 

From 32° to 2 12®=. 0017182 X 6.5 =.01116830 

From 302® to 572® = .0018832 X 6.5 = .01224080 

.02340010 

From 212® to 392® = Mean of the above . . . . = .01 170455 

Total expansion from 32® to 572® = .03511365 

Add for the expansion from 572® to 660®, 
the temperature of boiling mercury, calculated at 
the highest rate : — 

180® : .0018832 : : 88® : .00920675 = .00920675 

.04432040 

Deduct expansion for 32®, the experiment with the 
pyrometer having commenced at 64® = .00306457 

Calculated at the lowestTate : — 

180 : .0017182 : : 32® : .00305457 

Real expansion of the bar by Dulong and Petit . = .04126583 

If from the real expansion thus obtained 04126 

We deduct the apparent expansion obtmned by the pyrometer .03633 

The remainder .00493 

will be the expansion of the black-lead. mamamm 

We thus obtain the expansion of 6.5 inches of black- 
lead ware, 

from 64® to 660® by Platinum bar 00421 

by Iron bar 00457 

by Copper bar 00493 

Mean .00457 

in which the extreme results differ from the mean not .0004 inch, or one four- 
teenth of the whole. 

When we take into consideration the great difference in the total expansion 
of ^hese three metals, as well as the differences in their several rates of increase 
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wiGi the increasing tempemtnre, such an accordance appears to me to be per- 
fectly decisive of the accuracy of the pyrometer. 

It will be unnecessary for me to trouble the Society with the det^ls of 
the experiments by which 1 determined the expansion of several other metals 
, to the boiling point of mercury ; it will be sufficient to state the results in a 
tabular form. I thought that it would add much to the interest *of the deter- 
mination of the total expansion to the fusing points> to determine previously 
the expansion of each to the points of boiling water and boiling mercury; 
that any alteration in the rates of expansion between these points might be 
detected. 

I must^ however, make a few observations upon the general method which I 
adopted to insure an accurate determination of the former. 

Exp. 26. Judging from the action of the pyrometer at lower heats, I expected 
that the ^ndex would continue to be thrust forward by the progressive expansion 
of any bar of metal, till its cohesion gave way and it assumed the fluid form ; 
and consequently that a register would be obtained of its maximum dilatation : 
but the difficulty consisted in applying the heat so equally that one part should 
not melt before another. The arrangement which I Anally adopted to secure 
this purpose, and which was found to answer perfectly, was as follows. In 
the laboratory of the Royal Institution there is an excellent wind-furnace, from 
which proceeds a lateral horizontal flue, along which a flame may be drawn 
with any required degree of force. Into this flue open two muffle-holes, which 
give a complete view and command of the interior. Prom the equality of the 
draught, regulated by a register, the whole of this chamber may be kept at a 
low red, or an intense white, heat, by a proper management of the fuel in the 
body of the furnace. 

ITie registers of the pyrometer were prepared for the experiment by drilling 
three holes on their under sides, communicating with the cavities in which the 
bars were placed ; one at each extremity, and one in the centre. This was 
done for the purpose of allowing a vent for the melted metal, and to afford 
some criterion of the equality of the heat, by the time at which the metal ran 
fi*om the different apertures. When the bar wa^ properly adjusted in the re- 
gister, it was carefully placed in the hot air-chamber, in a horizontal portion, 
supported at each end by a small piece of brick, at a proper distance from the 
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body of the fuel, sccordingly ae a greater or less degree of heat was required. 
The muffle-holes were then closed with their stoppers ; all but a narrow slit, 
through which the progress of the heating and the flow of the metal could 
be observed. The equality of the heat could be very accurately ascertained 
by the uniform colour of the register as it became red ; and any irregularity 
could easily be corrected by advancing one or other end more towards the 
fuel. In this manner I sncoeeded in obtaining very satisfflctory results ; except 
in the case of gold; and this metal requiring for its fusion rather more heat 
than I could at the time command in the air-chamber, I laid the register upon 
the fuel in the body of the furnace, and it thus became only partially melted, 
and half the bar remained in the solid state. The amount of the expansion 
indicated is therefore evidently deficient, and must be discarded from the 
table. A similar accident happened once with brass ; but this I have been 
able to rectify by subsequent trials. 

I shall now arrange the results of my experiments ih two tables : — ^tbe first 
showing, in arcs of the scale, the expansion of pure metals from 62® F. to 212®, 
662® F., and their respective melting points ; and the second exhibiting the 
expansion of certain alloys to the same points. 

The bars were in all cases of the same length of 6.5 inches. 


Table XIII. 

Showing the progressive expansion of the following pure metals to their 

melting points. 


From <S5i® 

to sia® 

to 662 ® 

to Melting Point. 

Tin 

8 55 

1 33 

1 40 

0 59 

0 45 

0 35 

0 29 

o / 

o / 

2 30 

6 17 

8 44 

13 45 

16 0 

(7 51 not correct) 

9 47 

Lf ftd 


Zinc 

5 50? 

4 9 

4 10 

3 11 

2 25 

Silver 


Goff;.:;:;::..:::; 

Coftt Iron 
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ShoM^ng the progr^ire expansion of ’^)}towih^ allbjhs to their melting 

- . . P<^t8. 



fiinitiiti. Cjbntfl&o^ 

BiMi. Cofiper 4* ^Ine 4 .w w . « 4 4 

Bratt. Cwfier 4 > Zinc 4 

€J(>pirt4 41, Tin ^ . . 4 . . 
Bronse. i* Tin 4 

Bronze. Copper 4, Tin 4 

Brahze. Gomr 4> Tin 4 . * • « * . . 

Pewter. Lend f, Tin 4 

lype MetaU Lieiid tod Antimony . 



^ ii 
UM ■ 

15 54 
d 4f 

}? 

16 55 

4 

2 t8 

5 IS 



Hie first remark which I shall make these? tables regards the fasmg 
points of the pure metals. Having aaoertaaiied for each the expansion due to 
certmn definite incrments of temperoture» and the utmost expansion which 
they ufidwgo to their fusing points^ it Is clear tiialp had their expansion been 
equal for equal Increments^ we might have detemified the true temperature 
of their melting points from th^ data. As it is^ eymi, knowing something of 
the limits of error introduced into such a caloulation hy the increased rate of 
expansion at the upper part of the scale» and the direction in which it ought 
to affect the result, we may draw some important inferences with regard to the 
correctness of the determinatUms derived from other means. The following 
Table exhibits the results of such a calculatioiip pompaml with the melting 
points previously detemuned. 

TablC XV. 

Fusing points of metals derived from their ei^iansions to and 662^ sup- 
posed equable. 


Vnna smta. 1 Vrom $431^ mit. 


Tin ..w 
Lend 4 
Zinc ... 
saver... 
Cvpper . 
Cfizt litm 



EmI Tenpoimurt. 


dis by llierfnoneter. 
5lt fey TbensoiMter. 
W by Pyrometer. 
1873 by lyrotteter. 
1996 m Pyrometer. 
S78S by Pjrrotneter. 















Kov by mhviWif 0» toMviic^ of Jbe pyrometer may^ agaiii, be pkeed 

t^pod dpobti in «» rn^mnoi: vbicih w»s perfeolly vm£oremm at the tame of in- 
etitiitiog the mipefimen^ 

and kad^ whm& melting points 
being wildiin the temperatnre of bmling mercmy, have been aocnrately deters 
mined by the oommon thermometer. . Upon calculating the same points from 
their several expansions to* bi^ng water, measured by the pyromeleri upon 
tbe supposition that they maintain the same rate to their points of fttsacm, the 
temperature of the first comes out and of the second 58*", higher s that is to 

say, the rate of expansifm of these two metals increases with the increase of 
temperature, as has been found to be the case with platinum, iron and copper, 
by the experiments of MM. Duio^m and Pstit. It is worthy of remark, that 
this increased rate in tin is eqniVtalent to 20^ in about 200% and in lead to 58*^ 
in about 400^, above the boiliag point water. These results therefore indi> 
cate a very close agreement between tim thermometer and p3TOfneter. 

2iidly. Tlie melting point bf the next metal, zinc, is one of those which has 
been determined by immersion of the pyrometer into it, when it was in the act 
of fusion. Its tmuperature, so determined, falls short of the same point, cal- 
culated firom the expansion supposed equal, by This again indicates an 
expansion increasing at nearly the same rate (75^ in 560%, as in the preceding 
instances of tin and lead. 1 pass over at present the result obtained by calcu- 
lating from the expansion to the Ixdlkig pmnt of mercury, as it piesents an 
anomaly upon which 1 shall presently make some observaticms. 

3rdly. The melting point of rilver, determined in tbe same way by immer- 
sion, differs from that calculated from expansion in the same direction ; and 
the difference (286’’ in 1660°) is nearly in the same proporthm. Ibe calcula- 
tion from the rate of expansion to the boiling point of meteury comes much 
nearer to the melting point directly determined, and only diiSnrs from it 176° : 
proving that the rate of expansion mcrcases with the increasing temperature. 

4tlily. A similar comparison instituted with copper presents us with a rate 
of mc pamion increasing much more reqndly than in the preceding instances ; so 
that the meeting point, calculated from the expansion to boiling water, differs 
from the true melting pmnt no less than 1266°. Taking the rate of expansion 
to hoilkig marouryi the ditference is reduced to 370'^. And here again I may 

3 M 2 
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refer to Ihe €x|ieiweiits of MAL Wtfjmm mBA Vm^ tei ooiiiriiiRti»o of tiie 
result; for they feuiid Hmt the temperature iiidkat^ by the at 

rod of copper was 50^ Fahr, higher than the true feiwperattire at QfW Fahr. 

dthly. The interesting nature of the results which 1 obtained with Iron, mid 
the pecidiar dtiMhhea In arranging the eapeiimeiits litan W ^ey were 
deriiredi will« 1 treaty excuse my enterkig more into their deta^ than I baye 
tboagfat nimessfuy in the preceding inst^^ I ImiFe alimdy gi^eh the eXpcm^ 
Sion of wrought if cm to the temperatures of bollingr water andboiilng mercury^ 
and shown that the measures obtained with the pyrometer agree essentially 
with those determined by very different means by MM. Dciono and Fam. 
1 have also proved that the melting pokits of g<^ and silver^ determined by 
the expansion of the same bar of iron, agreed vmy closely with the same points 
determined by the expansion of platinum. 1 was extremely anxious to com^ 
plete this series of experiments by measuring the expansion of iron to its melt^ 
ing point. For this purpose I had a small bar of iron cast from the best gray 
ironi and afterwards cleaned of all oxide and reduced to the size of the other 
bars employed by filing. Upon measuring its expansion to the temperatures 
of boiling water and boiling mercury, I found the arcs upon the scale respec- 
tively (f 29^ and 2^ 25' ; and this being considerably less than what I had 
obtained with the bar of wrought iron, I repeated the experiment with the latter 
in the same register that 1 had employed for the former, and obtmned the 
measures of 0^ S5' and 2^ 44' — ^nearly agreeing with the previous determination : 
so that there can be no doubt that cast iron expands less than wrought iron, 
though the rate of increase for the higher temperature appears to be the same 
in both. 

1 now arranged the two bars in two registers ; and having strongly heated 
the fornace and filled the mr-chamber itself with coke, I cleared out a space 
in which they could be placed, without coming in contact with the fuel on 
each side of them. Their two ends rested on pieces of fire-brick ; Ike wrought 
iron was placed lowest, and, the thickness of the register, in advance of the 
cast iron; whfoh was placed about two indies higher^ The apertures were now 
all closed# and the draught increased to the utmost At die expiimticm of a 
quarter of an hour the register mdi the cast iron was ronoved with a pair of 
tongs; and the metal upon lifting it, immediatdy flowed out id 
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bldb«« Hms ifugfatter^ iiatfa tb« wrought iroo waH then talteii oot. The bar of 
the iatter wa9 fbimd j^OrllBotv without sigm of oxidation or fhsioii. ' 

The aa^ ineoiiired of the cast iron was . ; . « 9° 47^ 

Tbeareof^the wl'onght iron . - . . . . • . 50' 

I had some rea8<m to think that the register, with tibe wron|^ iron bar, had 
not been ex|>osod so Mly to the heat as that with the oast iron : for, although 
placed slightly in advance of the latta* towards the body of the fhmace, it Was 
not raised so high from the floor of the flue, which probably had a cooling in- 
fluence; and as the flame was drawn upwards, it must have struck with greater 
force upon the higher register. I therefore replaced the wroug^t-iron bar in 
the register, and put it exacdy in the position previously occupied by the cast 
iron ; it was then covered with charcoal, and the fire urged to the utmost. 
At the expiration of twenty minutes it was removed : the bar was found unin- 
jured, with a white metallic lustre, except over the apertures, where it was blue, 
and perfectly free from oxide. The arc now, however, measured 11° 16'. 

Now from these experiments there are four ways of approximately deter- 
mining the temperature of melting cast iron. 

1st. By taking the expansion of cast iron to its melting point, and calcu- 
lating from the expansion for 150° to the boiling point of water, upon the sup- 
position that the same rate is maintained, and adding the initial temperature 
of 60°, we obtain 3096°. 

2adly. By calculating from the expansion of the same bar for 600^ to the 
boiling point of mdfeuty, supposed equal, we obtain 2489°. 

drdly. By assuming the expansion of a bar of wrought iron, at the point of 
melting cast iron, and calculating from the expansion of the same bar for 150° 
to the boiling pmnt of water, we obtain 2957°. 

4thly. By calculating from the expansion of the same bar for 600° to the 
boiling point of mercury, supposed equal, we obtain 2533°. 

It is remarkable that the mean of these four determinations is 2768° ; for it 
will be remembered that the corrected temperature, which I deduced from the 
exfiaiision of a platinum bar plunged into melting cast iron, was 2796^. 

It may be observed, that in both cast iron and wrought iron, the calculation 
firom the late of expansion to the boiling point of water g^ves a temperature 
higher thiip the trae ; and tlmt, in both, the calculation firom the point of hml- 
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creases b^M the temperatare of bollhtg witer^ It AmmI ootitl4oe tO in- 
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In calcnkting the temperature of melting caat iron^ Irom the atpaiiribn of 
the platinam bOr, 1 appUM a oorrecticm, upon the $ii|^pofdtioii ^lot thb isanle 
rate of increase Of eiqM^hh adiich was exhUiitedhy plOtiniiai between the 
boiling pointtii of water and mercuty condnued to the higher degrees; witareas 
there is great reason tb i^ppose that the rate must be an increaimig one; and^ 
although this nught not sensibly affect the final result of the eomparativ^ 
low temperature of mddng Silver, the calculation of the teimperatiire of melt- 
ing iron, which is more than one third higher, would be sensildy affected by 
it. 1 think it therefore extremely probable that the true temperature of melt- 
ing cast iron is below 2786®. 

The consistency of these results will, 1 trust, remove any doubts as to 
the competency of the p 3 rrometer to determine fixed and comparable points 
of very high temperatures, and induce those connected with arts and manu- 
factures to introduce its use, for the puipose of ascertaining many questions of 
the highest interest, both to practical and theoretical science. The experiments 
just detailed upon bars of wrought iron remove even the only trifling objection 
which could be brought against its genaral use ; namely, fibe expense of a plati- 
num bar: for it is qtdte proved that a tor of wrought iniitls sufficient for every 
practical purpose, and it affords the important addittonal advantage of a much 
more open soak. 

I proceed now to remark that zinc, as well as iron, appears by the Tables 
to present an exception to the law of an increasing rate of expansion with 
increasing temperature ; the expansion for the 600® to boiling mercury not 
being so ftoch as four times that for the 150® to boding water. I camiot, 
however, foom some peculiar circamstances attending the experiment, {dace 
entire confidence in the result When, aftar bdling in mercury, the register 
was opmmd, die vapour was fomid to have gained admittance, and to have 
acted upon the zinc. It wwi firmly fixed in the cavity, and was not rmnoved 
without considerabk difficulty and piecmneal. At its mid, the bar was 
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vedacfd iteiost ^ a iMsnt, and vm ?eiy con^^eiR^lj' ^||^(|^ at its lower 
and, wad pio\dded to tibe tK^toin of the re^st^^aaif it bad beeapa^ 
fused. Itiwai bard and brittle. The vapoot^of ^ lapcpfjr bad probably 
combmed with it at some temperature below boiliagpoiot ; the amalgam 
so formed had flowed down to the bottom of the bati the mercury was 
afterwBida ei^attad by the boiling temperature. 

J may here observe, as not unworthy of attenti<m, that, in no instance have 
I seen a metal acted upon by the vapour of mercury at its, full boiling tempe- 
rature:— even gold, which has so strong an affimty for it, cpmes pnt of it with 
its yellow colhur perfectly unstained; but when the merapiy is in the fluid 
fiirm at the same temperature, the gold is immediately <hWlved by it. 

Under these circumstances there certainly may exist some doubt whether 
the fhU amoant of expansion in zinc to (he boiling pmnt mercury was pro- 
perly registoed. 

On the other hand, in confirmation of the result so recorded, it may be seen, 
in IbMe XlV. of the expansion of the alloys, that a composition of half cop- 
pmr and half mac presents the same anomaly ; the expan^n for the 600° to 
boiling mercury is not quite four times that of the IfiO^ to bofling water. In 
the alloy ^ three fourths copper to one fourth zinc, the rate ci expansion in- 
creases in a small d^;ree; and in common brass, where the proprution of zinc 
is still less, it increases still more rapidly. 

My purpose in instituting these experiments upon the alloys, was to observe 
the relation which might exist between the expeomons of the pnre metals and 
those of their mixtures : and the better to illustrate any such, I made alloys of 
copper with known multiple proportions of rinc and tin. I ehall here present, 
in a tabular form, the temperatures of thdr mdting points, as derived from 
their expansions to the boiling points of water and mercury; as, although I 
am not able to compare them with results directly obtained by immersion, we 
can judge, ly cmnpoiison with the simibr escalation pf the pure metals, within 
what limits any error is probably confined. 
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Table XVI. 

Fusing pmnts of ailoysy derived from their eacpani»Oi» to $W md 
supposed equable* 



From 212® rate. 

From 002° fate. 

Bimss. Coppet 2inc ^ 

18^4S 

17t« 

Brass. Coisper 4^ Zinc 4 

1«7* 

im 

Bronse. Cfopper Tin -iV 

1761 

1690 

Brooae. Copper Tin 4- 

1773 

1 U« 

Bronze. Copper 4 , 1’in i 

1755 


Pewter. Leaci f, Tin 4 - 

403 


Type Metal* Lead and Antimony .... 

507 



1 have not included in the foregoing Table the alloy of half copper aod half 
tin, but have exhibited its expansion to the boiling point of mercury in Table 
XIV. This mixture was very haitl and brittle, and resembled the speculum 
metal of reflecting telescopes. After it had been exposed to boiling mercury, 
it appeared as if it had undergone partial fusion ; it was set fast in the cavity 
of the register, and had thickened towards the lower extremity. 1 am inclined 
to think that it had nearly attained its melting point, but it was broken in re- 
moving it ; and I had not an opportunity of trying any further experiment 
with it. 

With regard to these alloys, the experiments are not numerous enough to 
enable us to deduce with precision the general laws by which their expansions 
and points of fusion are governed ; but enough is discernible to show that the 
subject is well worthy of further investigation. It appears 

ist. That the expansion of the compounds is not the mean of the expansions 
of the simple metals of which they are composed, but bears some proportion to 
their relative quantities. Thus we may observe that the expansion of brass 
increases with the quantity of zinc which it contains, as does bronze or bell- 
metal with the quantity of tin. 

2ndly. That the expansion of brass is in an increasing ratio to the increase 
of temperature till the quantity of zinc amounts to one half, when it seems to 
assume a decreasing rate, as we have reason to suppose is the case with pure 
zinc. On this account the melting points both of this mixture and zine appear 
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to be higher when derived from their expansions to the boiling point of mer- 
cury, than when calcnlated from their expansions to the boiling points of water. 
With l^is eRc^ioiij tlmre is great reason to suppose that the melting points of 
the alloys, from the higher rate of expansion, cannot be very for removed from 
the true tmpmtnres. 

3rdly. That the melting point of copper is reduced by an admixture of one 
fourth of zinc to nearly the average which results from the propordons of the 
two ingredients ; but by an admixture of an equal quantity of tin it is reduced 
in a much greater proportion. The temperature derived from the average with 
zinc would be 1690®, and the corresponding temperature in the Table is 1750®. 
*nie temperature derived from the average with tin would be 1607®, but the 
corresponding temperature is only 1446®. 

4thly. That a similar power in tin to depress the melting point of another 
metal is exhibited in pewter ; in which we may observe that a mixture of one 
fifth of tin with lead reduces the melting point actually below that of either of 
the pure metals ; and we may recall to recollection the fact, that an alloy of 
eight parts of bismuth, whose fusing point is 476® ; five of lead, whose fusing 
point is 612® ; and three of tin, whose fusing point is 442®, — liquefies at 212®. 

I shall here subjoin a Table, in the usual form, of the progressive linear di- 
latation by heat of such solids as I have measured with the pyrometer to the 
boiling point of water, the boiling point of mercury, and their respective 
melting points, where they have been ascertained. I have added to their 
apparent expansions by the register the corresponding expansion of the black- 
lead ; upon the assumption that the latter continues at an equal rate to tempe- 
ratures above 662® ; in which it is not probable, from the preceding observa- 
tions, that there is any error of material importance. 
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Tabu; XVII. 

Linear Dilatations of Sotids by Heat. 

Dimensions which a bar takes whose length at 62^ is 1.0<K>000* 



At 21 (150*). 

At (fiOCP). 

At Point of Fuiiim. 

Black-lead ware .... 

1.000944 

1.000703 


Wedgwood ware .... 

1.0007S5 

1.009995 

(1.009996 »a«ra»ttia, 
but not AimA) 

Plattnum 

1.000785 

1.009995 

Iron (wrought) ...... 

1.000SS4 

1.004483 

(1.01S378to4beMii| 

point of cMt iron.) 

Iron (cast) 

1.000898 

1.008948 

1.016889 

Gold 

1.001095 

1.004938 


Copper 

1.001430 

1.006847 

1.094876 

Silver 

1.001696 

1.006886 

1.090640 

Zinc 

1.0094SO 

1.008597 

1.019621 

Lead — t - 

1.009393 


1.009079 

1.003798 

1.091841 

Tin 

1.001479 


Brass. Zinc i 

1.001787 

iMwi 

Bronze. Tin 

1.001541 

1.007053 

1.016336 

Pewter. Tin , 

1.001696 


1.003776 

1.004830 

Type Metal 

1.001696 



The regularity of these several expansions is very striking. As long as the 
metal retains the solid form^ the dilatation proceeds according to a fixed law^ 
without any sudden starts or changes ; till assuming the form of a liquid it 
doubtless is Object to a difierent mode of action. 

I shall conclude these observations with the results of some experiments 
which I made to determine^ if possible^ the cause of the singular change of 
texture in platinum^ when intensely heated in the black-lead registers^ which I 
described in my former paper. Upon showing the bar so changed to those 
who were best acquainted with the working of this metal^ they universally 
ascribed it to the action of sulphur : but nobody could expl^ to me why this 
action should require such a very intense heat ; as up to the temperature of 
melting cast iron^ to which it had several times been exposed^, no change took 
place ; but the bar remained perfectly soft and malleable. 

In Db Fbrussac's Bulletin for November 1830^ there is an abstract of my 
paper on the Pyrometer, which the Editor concludes with the observation, 
that ^^unfortunately I inclosed in the crucible which contained the register 
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and the bar of platinum some pieces of iron, without being aware of the fact, 
which is known to all the workmen who manufacture plaHnuhi, that the mere 
presence of i^n is enough to communicate brittleness to that metal**" 

Upon inquiry amongst workmen in this country I cannot find that such 
a property has ever been observed in the course of their experience ; and 
when I consider that the bar in the cavity of the register was perfectly pre- 
served from contact with the iron nails ; and moreover, that it had actually 
been plunged into melted iron without any change of properties ; I cannot 
suppose that the alteration depended in any way upon this circumstance. 

To resolve these doubts I took 116 grains pf the brittle platinum> which had 
been ground without difficulty to a fine powder in a steel mortar, and boiled 
them in nitro-muriatic acid till I had effected a complete solution ; — a little of 
this solution produced a scarcely perceptible cloudiness in a solution of muriate 
of baryta. This I have reason to think was owing to a slight impurity in the 
acids employed ; I infer therefore that there was no sulphur in the metal. I 
proceeded to evaporate the solution ; which towards the end of the process as- 
sumed a gelatinous appearance. When in this state, I poured alcohol upon it ; 
and as the acid still remained in excess, a violent reaction took place^with extri- 
cation of nitrous gas. I then evaporated to dr 3 mess and .continued the beat ; 
till the salt of platinum kindled spontaneously, and finally was left in a spongy 
state. This was again digested in nitro-muriatic acid, and the solution care- 
fully evaporated to dryness. The muriate of platinum was then dissolved in 
water, and a sandy residue remained ; which, when well washed and heated to 
redness, was of a grayish-white colour, and had all the properties of silica : it 
weighed 3.5 grains. There can therefore, I think, be little doubt that at the 
high temperature to which it was exposed, platinum took up as much as 3 per 
cent of silica ; or, more probably, a quantity of its base equivalent to that quan- 
tity of the earth, to which it owed all its change of character and properties. 
A temperature considerably above that of melting cast iron appears to be 
necessary to this combination ; which is analogous in many respects to the 
absorption of carbon by iron in the process of making steel by cementation. 
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Errata in the former Peeper, Phil. Trout. 1880. 

The foUowiii^ errata in my former paper have arisen from my having 
omitted to add the initial 82« in the reduction of die OnntignKle scale to that 
of Fahbeniisit. 

Page 266, line 24, for S&f, read 392“. 

266, — 26, — 360“, — 892“. 

266, — 27, — 360“, — 392“. 

269, — 3, — 360“, — 892“. 

269, — 5, — 360“, — 392“. 

269, — 28, — 360“, — 892*. 

269, — 28, — 360“, — 892“. 
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XXV. Mx^erhntfUs m iHe Length of the Seconds PenAdum at the 

Observatory of Oreenwich. By Captain Edward Sabinr^ of the RoyOi 

Regiment of Artillery^ F.RS. 

Read June 16, 1831. 

These experiments were made with the original oonTertible pendulum 
constructed by Captain Katbr^ and employed by him in 1817 in Portland 
Place, London. 

Prior to its employment in the present experiments I made the following 
alterations in the pendulum. 

1. The tail pieces were removed altogether; coincidences being observed 
by the bar itself (the ends being blackened for the purpose), and by a disc of 
corresponding diameter on the pendulum of the clock. 

2. The moveable weight ” employed by Captain Katbr was dispensed with 
altogether ; and the pendulum rendered convertible, within the limits of more 
exact adjustment by the slider, by filing away a small quantity of metal from one 
extremity of the bar. By this alteration there remained nothing moveable about 
the pendulum except the slider ; and that was so placed in these experiments, 
that a change in its position, of so great magnitude as the tenth of an inch, did 
not occasion an alteration of so much as the tenth of a second in the daily rate 
of the pendulum, when suspended with the weight below, which is the position 
in which the rate is determined. The slider was clamped to the bar, and was 
moved by a screw for slow motion, by which it could be adjusted with tolerable 
precision to the hundredth of an inch. The graduation on the bar, by which 
the place of the slider was regulated, was on the side of the bar next the observer, 
whb could thus at all times assure himself that no change occurred in its posi- 
tion by the inversion of the pendidum. 

Neither of these alterations interfered with the distance between the knife 
edges, which was .referred in 1817 to Sir George Shuckburoh’s scale by Cap- 



460 CAPTAIN SABINE ON THE hWHOm 09 THE SECONDS PENDULUM 

tain Katek, and found to measure 39.44065 inches of that scale at the tempe- 
rature of 69®. 

Hie experiments were made^ unless where it is otherwise noticed^ in the 
vacuum apparatus, established in the S.W. angle of the pendtilinn room In the 
Royal Observatory, being the place assigned for that apparatus by the Astro- 
nomer Royal. 

The thermometer, by which the temperature of the pendulum was observed, 
is the same which I have used and described on former occasions ; particularly 
in the Phil. Trans, for 1830, where its comparison is ^ven with a standard 
thermometer of M. Bessel’s, at the same temperatures at which it was used in 
these experiments. In a paper on the construction and use of the vacuum 
apparatus, in the Phil. Trans, for 1829, 1 have shown that when the pressure of 
the air is withdrawn from the exterior of the bulb of this thermometer, an 
index correction of •+■ 0®.75 is required to make its indications in a highly 
mrified medium correspond with its measure of the same temperatures when 
under the pressure of the atmosphere. This index correction is consequently 
applied whenever the air is withdrawn from the apparatus. The thermometer 
was inclosed with the pendulum within the glasses, with its bulb suspended 
midway between the knife edges. When the air is withdrawn from the appa- 
ratus, and the shutters of the apartment are kept closed (except when light is 
required for the observation of coincidences), a great uniformity as well as 
steadiness of temperature is maintained within the glasses. 

Whenever the indications of the barometer were required, a reference was 
made to the standard barometer of the observatory, which is stationed in an 
adjoining room on the same level. 

The scale by which the arcs of vibration were observed was graduated in 
degrees, each degree being the 0.83dth of an inch. In making the observation, 
the division of the scale coinciding with one side of the bar was noticed at each 
extimnity of the vibration, and the same repeated with the other side of the 
bar ; a mean was then taken of the two included spaces, and half the mean 
registered as the arc on either side the vertical. The scale being placed in 
both positions of the pendulum 45.5 inches below the {knnt of suspension, the 
registered ares multiplied by 1.05 produce the true arcs of vibration ; by em- 
ploying these in the uMial formula for that purpose, what is usually considered 
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as tbe compeiutttion for the arcs is obtaiaed. During the progress of tiie 
pttiments, however, I had occasion to suspect that, particularly when the p^- 
4alttm was vibrated with dke wdght above, the retuxlarion of the vibrations, in 
eomieqaenoe of their being performed in circular arcs, was greater thmi the com- 

pensmo., computed by the ctMtommy (bnmda N ■ 

To examine this more closely, and to obtain practically a just compensation 
for the arcs in which the pendulum had been vibrated in the course of its em- 
ployment, I made several series of experiments distinct from those made to 
determine the rate, and which I shadl proceed to describe in the first instance, 
though they were not the first in the order of time. 


Correction for the Arcs of Vibration. 

§ 1. Weight above. 

On the 27 th of January 1830, I made the following observations, purposing 
to compare, under circumstances otherwise similar, the rate of the pendulum 
in difierent arcs ; Ist, commencing with 1‘’.32 and ending with 0^.73 ; 2nd, 
commencing with 0°.70 and ending with 0°.42 ; and 3rd, commencing with 0°.42 
and ending with 0®.I9. Having withdrawn the air from the apparatus, the re- 
sistance to the vibration was so far diminished, that the time which the pendu- 
lum took to reduce its arc from 1'’.32 to 0°.73, from 0'’.70 to 0^.42, and from 
0°.42 to O^IO, was in each case sufficient to ^ve the rate of the pendulum within 
the respective arcs with tolerable exactness. 

The rate of the clock on this day was taken from its average rate in several 
days, viz. from the 24th to the 30th of January ; exactness in the dmly gain 
or loss of the clock was not required, as the observations were only to be used 
in their relation to each other. 




Examining these observations we have 


Vibrations per diem, nncor-' 
rected for the arcs . , . , j 

Compensation for the arcs by] 
the formula 


These numbers should agree if"] 
the corrections for the arcs I 
computed by the formula j 
were a just compensation . J 


I. 

II. 

m. 

1.32 to 6.73 

0.70 to 0.42 

0.42 to 0.19 

86077.69 

86O79.I4 

86O79.66 

+ 1.67 

+0.50 

+0.14 

86079.26 

86079.64 

86O79.8O 


From the differences that are here seen to exist, it appears that when the 
pendulum is vibrated with the weight above, the compensation for the arcs as 
computed by the customary formula is in defect ; and more in defect as the 
arcs are larger. To make the results agree, it is necessary to multiply the com- 
puted correction by 1.36. By the employment of this multiplier, the result 
obtained in the arcs of least magnitude (which as being thi nearest to 
infinitely small arcs are presumed to be the most correct,) is not altered more 
than five-hundredths of a vibration ; whilst the results obtained in larger arcs 
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W l^roagkl in acccMfdaiiie^ with it lHht corrediions And the corrected nhiR* 
tlons then become 


Corrections for the arcs . . 

I. 

. . +257 

II. 

+0.68 

HI, 

+0.19 


86077.59 

86079.14 

86079.66 

Corrected vibrations . . . 

. 86079.86 

86079.82 

86079.86 


On the 29th January the same process was repeated in arcs differing some- 
what from the preceding, and designed therefore to render the differences in 
the results, should they be found to exist, still more conspicuous. 



Examining these observations, we have 

I. 11. III. 


Arcs 

.1.46 to 0.80 

0.80 to 0.41 

0.41 to 0.18 

Vibrations, uncorrected for the 1 
arcs J 

|- 76077.11 

76078.98 

76079.60 

Corrections for the arcs by the 1 
formula ....... J 

^ +2.03 

+0.68 

+0.13 

Numbers which should agree if 
the corrections computed by 1 
the foi-mula were a just com - 1 

1 76079.14 

76079.56 

76079.78 

pensation 

1 
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Hie inibreiloe from this day’s expeiiment is III thi 
The miiltiplier reqiiii^ in this instance is 1. 3$, altering die lesult in the 
small^t arcs four hundredths of a vibrationj and bringing the others in 
accordance with it. The corrections and the corrected vibrations become 

I. 11. lU. 

Corrections +2.^ +0,77 +0.17 

86077.11 86078.98 86079.60 

Corrected vibratiims . . , 86079.79 

On February 3rd I made a third series with the pendulum in the same posi« 
tion ) the pendulum of the clock had been shortened since January 29th^ and 
was now making about 86371.0 vibrations ; but the temperature being at this 
time very low, its going was less regular than usual. To obviate tliat incon- 
venience I commenced with a series in large arcs ; made then two series in 
small arcs, and concluded with a second series in large arcs ; and hnally took 
a mean between the two series in large arcs and the two series in small arcs, 
as the results to be compared with each other. 











ISl ai i^ji i i Bg Ihm^fttitieiiii^ w^e have 


Arcs 

Vibrations .... 

Correction for the arcs 1 
by the formula . . J 

I 42 to 0.88 
86080.67 

+ 1.98 
t 

IV. 

i.44 to 0.84 
86079.58 

+2.08 

j 

11. 

6.37 to 6.26 1 
86083.16 

+0,16 

L 

UL 

5.26 to 0.16 
86083.27 

+0.06 

i 

Numbers which should agree “x 

V 


y- 

if the corrections computed 1 
by the formula were a just f 

86082.15 

86083.32 

compensation . . 

. .j 


mmmm 

ssassssa 

The inference here is again to the same effect. 

The multiplier required to 

produce accordance is 

1.61. The corrections and the corrected vibrations 

then become 







I. & IV. 

II. & III. 


Corrections . 


+ 3.27 

+0.18 


Corrected vibrations . . . 

. . 86083.39 

86083.39 



For a puqiose foreign to the present object, the slider was on this day at 
1 .76 inch from the middle of the pendulum towards the weight 
The irregular going of the clock (which stopped altogether soon after the 
fourth series was completed) may have rendered the result of this day’s experi- 
ments of less value than that of either of the preceding days, in determining the 
amount of the multiplier. It was not until the 5th of May following, that, the 
clock bdng repaired and replaced, I was able to resume the inquiry by the 
following observations conducted in the same^manner as before. The clock 
was making 86665.0 vibrations, on an average of several days at this period. 
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1 

& 


times of 


e>S 
SS y 


s 


lleepp. 

Coincidence. 


1 

0 

in. 

m i 

63 31 

m * 

53 33 

h m 1 

2 63 32 *1 

0 0 

2 

3 

20 

56.6 

2.1 

58 £1 
03 13 
25 39 
30 31 
36 23 
pulse. 

58 £5 
03 15 
25 43 

£ 68 £3 S 

3 03 14 J 

4 25 41 *1 

1.36 X 1.053=1.43 

21 

£2 

56.7 

i 

Fre 

2.1 

sh itn 

30 35 
35 £5 

4 30 33 

4 36 24 J 

0.93xl.05s:0.98 

1 



47 .36 

47 43 

4 47 39.5T 


2 


k*i 

6£ £9 

52 35 

4 52 32 > 


3 

67.1 


67 21 

67 27 

4 57 24 J 


21 

57.6 

. . . . 


25 13 

6 25 09.6-) 


22 


2.1 


31 05 

6 30 00.5 > 

0.18x1.053b0.19 

23 

57.6 


34 49 

34 57 

6 34 63 J 



letidtiCtlenifr''' ' 


UlS$fK 

to*V*. 

cuum. 

Vibratioiie 
per dicitt. 

-0.29 

+#.,6 

86065.61 

4-0.03 

+*.96 

86068.85 


M«»a 

Tun]k. 


lato^Nl. 


5€.€0 
f 0.75 

57.a5 


67^8 
+ 0.76 


2.10 


£.10 


£91.035 


£9£.46 


58.07 


Esamining these obsemtions, we have I. 

Arcs 1.43 to 0.98 

Vibrations 86065.61 

Correction for the arcs by the formula +2.35 


II. 

0.26 to 0.19 
86068.85 
+0.08 


Numbers which should agree if the 
corrections computed by the for- 
mula were a just compensation . 

The inference is the same as on the former occasions. The multiplier is in 
this instance 1.42, and the corrections and corrected vibrations become 

Corrections +3.34 +0.11 

86065.61 86068.85 


} 


86067.96 


86068.93 


Corrected vibrations 


86068.95 86068.96 


If now we collect in one view the different multipliers which have been 
found from these four series of experiments, we have January 27, 1.36; 
January 29, 1.32 ; February 3, 1,61 ; May 6, 1.42 : of which four results, that 
of Febimry 3rd (1.61), from the un&vourable circumstances of the experi- 
ments in the irregular going of the clock already noticed, is least entitled 
to conhdence. The arithmetical mean of the four is 1.43 ; and that of the 
three, omitting the result of February 8rd, is 1.37. If then we take 1.4 as 
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tlie tnuItipBer, to be employed in computing the oompehsations for the arcs 
in the experiments with the weight above, to be hereafter related, we may 
infer with probability that we employ a more correct multiplier than either 
or L5. Now, if either of those numbers were substituted for 1.4, the 
effect would be to alter the rate of the pendulum with the weight above, as 
deduced from the experiments in the succeeding pages, one tenth of a vibrar 
tion per diem. To correct the influence of this tenth of a vibration on the 
convertibility (the object for which the pendulum is vibrated with the weight 
above), the slider would require to be moved a certain quantity, which would 
alter the final deduction of the rate, due to the distance between the axes of 
suspension, less than one hundredth of a second per diem. In employing 1.4 
therefore as a multiplier, any uncertainty in the final result, arising fh>m this 
cause, is limited in all probability to less than .01 of a second per diem. 


^ 2. Weight below. 

On the 31 St of January and 1st of February 1830, 1 made the following ob- 
servations, for the purpose of ascertaining the compensation for the arcs when 
the weight was below. The clock, by Dent, was making 86313.3 vibrations. 
The clock had been stopped on the 30th of January, and was stopped again 
on the Ist of February, to alter its pendulum. The rate was assigned by com- 
parison with the transit clock during the two days it was going. 
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£xamiii% tliefle observations, we have ' 


h \ < 

' 

I. 

n. 

MI. 

Arcs 

d.4S to 0.24 

1.81 to ^52 

0.59 to 0.15 

Vibrations . 

86080.77 

86079.54 


Correction for the arcs by the 1 
formula j 

+0.18 

+ 1.29 

+ 0.17 

Numbers which should agree! 
if the corrections computed [ 
by the formula were just [ 

86080.95 

86079.83 

86080.98 

compensations J 




On the 28th of April following, 1 repeated the 

experiment in 

arcs designed 


to make differences between the experimental and computed results still 
more apparent. The clock, by Dent, was making 86660.5 vibrations on an 
average of several days about that period. 



1 

i 

a 

a 

0 

Timeo of 

Dhapp. 

Reapp. 

Coincidence. 


0 

in. 

m s 

m 

• 

ii 

in 

a 

1 

53.4 

1.60 

27 46 

27 

48 

12 

27 

47 

13 

54.0 

1.61 

26 06 

26 

07 

1 

26 

06 

26 

55.4 

1*62 

29 18 

29 

21 

2 

29 

19.6 


Fr€ 

lb itn 

pulse. 






1 

56.0 

1.62 

51 49 

61 

52 

2 

51 

51.5 

15 

56.4 

1.62 

00 07 

00 

11 

4 

00 

09 

25 

56.2 

1.63 

48 66 

49 

00 

4 

48 

67.5 


Fr« 

th tm 

pulse. 






1 

66.2 

1.63 

66 49 

66 

61 

4 

66 

50 

15 

56.4 

1.64 

64 49 

04 

62 

6 

04 

60.6 


Arci. 


Metn 

Temp. 


Mean 

Gauge. 


Mean 

Interval. 


Reductions 
toMl*. 


Vibration! I 
per diem. 


1.42x1.06= 
1.25 x1.05s 


:1.49j 

:1.31 


1.07x1.06=1.12, 


0.38x1.05= 

0.31x1.05= 


:0.40 

;0J3 


0.28x1.05=0.30 


r 53.70 
+ 0.75 


L 64.46 

r 64.7 
•f 0.75 


. 55.45 

" 56.2 
+ 0.75 


, 60,95 

" 66.3 

+ 0.76 


U0X1.06S 

1.12X1.068 


:1.36 

tU7 


, 57.05 

r 56.3 
+ 0.75 


in. 

1.605 

1.615 

1.62 

1.625 

1.635 


291.68 


29L81 


292.68 


292.85 


291.46 


- 1.66 


- 1.12 


-0.46 


-0.42 


-0.42 


+ 0.65 


+0.67 


+0.67 


+0.68 


+0iS 


86065.17^ 


86066.0N 


86068.6» 


86068.94 


86066.1(H 


67.06 
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Examiaiag thete obsenrations, we have 

I. a HI. IV, V. 

*«• IJItot.lS S.40to6.33 !j6tof.l7 

VaitvtiaM ....... ^SS.17 86066.09 86068.83 86068.92 86066.(0 

Corre<^n for the Rrctl . « ^ ^ 

hy the Tdrinula . . ./ +0.22 +0.1^ +2.7S 

Nuffilieis which thould 
wee if the corrcc- 
tiotie computed by 
the formula were 
ju«t cpmpenfuitions 

In both these series of experiments the same indication is afforded^ viz. that 
the retardation of the vibration is greater in large arcs than is covered by the 
correction computed by the formula. The difference, however, between the 
results in large arcs and in small arcs, with the computed corrections applied, 
is much less than takes place when the pendulum is vibrated with the weight 
above. With the weight below, the computed corrections being multiplied by 
1.13, the results are rendered accordant with each other on both days of ex- 
periment, and the vibrations become as follows : — 

January 3Ut, large arcs, Exp. II. 86080.99; small arcs, Exp. I. & III. 86081.00. 

April 2Sth, large arcs, Exp. I. II. & V. 86068 92 ; small arcs, Exp. III. & IV. 86068.94. 

The alteration produced by the employment of this multiplier, in the final 
deduction of the rate of the pendulum from the experiments to be subsequently 
nai^rated, is an addition of 0.12 vibration per diem to the number of vibrations 
which would otherwise have been derived. I should have been glad to have 
employed a greater number of observations in the more assured determination 
of this multiplier, but circumstances did not permit me to pursue the inquiry 
further ; and I have only now to refer to the consistency and concurrent indi- 
cation those results that were obtmned, as an evidence that the multiplier 
derived from them is in all probability very near the truth. I may also notice, 
that a change of one unit in the seciHid figure of decimals of this multiplier, 
would produce an alteration of something less than one hundredth of a second 
per diem in the rate of the pendulum, derived from the experiments which fomi 
the subject of this paper. 

It was my intention to have investigated experimentally the cause of the re- 
tardation being greater in large arcs than accords with the formula of reduction 
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to infinitely small arcs i but drcumstances not permittk^ me to do so at {ire- 
sent^ 1 bave only to state my conjecture^ that it is caused by the gliding the 
knife edges m the planes, a consequence of the elasticity of the planes* It has 
been found by M. Bjbssel, that small movements of this kind always took 
place in a pendulum vibrating on a knife edge, whatever mlp^bt be the nature 
of tile suppmting planes ; that its direction was the same as the motion of the 
p^dulum, — to the right when the pendulum moved to the right, and rice versfi]; 
and that its amount was proportioned to the arcs of vibration. Suf^mslng 
that the cause is as 1 have conjectured, it would bave been satisfactory to have 
measured the amount of the gliding corresponding to particular arcs, directfy^ 
in the manner that M. Bessel has done, and to bave compared the correction 
of the lengthy which is the mode of compensation adopted by M. Bessei:., with 
the con’ection of the rate^ which is the method that has been adopted here i by 
dther mode the experiments ought to give the same length for the seconds 
pendulum. 

, In discussing the correction for the arcs of vibration, it has appeared the 
most satisfactory course, to introduce the detail of the experiments relating to 
that branch of the subject into the body of the discussion itself. In the re- 
mainder of the paper 1 shall pursue the more usual course, of placing to- 
gether, at the close, the detail of all the experiments, in the order and suc- 
cession in which they wei'e made ; introducing into the discussion, abstracts 
and results, with proper references to the part of the paper containing the 
details. 


Before we enter on the examination of the rate of the pendulum, it is neces- 
sary to ascertain the reduction to a vacuum for the small residue of air which 
cannot he pumped out of the apparatus, as well as for the small additional 
<]piaatity which occasionally leaks in. I proceed to collect in one view the re- 
sults of the experiments which were made at suitable opportunities to deter- 
mine the amount of this reducrion. 

Reduction to a Vamum* 

^1. Weight above. 

The plan of experiment was to compare the vibrations made in full atmo- 
spheric pressure, with those in the exhausted apparatus, in circumstances in 
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other reflects as iiearly simiter By this comparison; the correc- 

Hoa &r needy the ftill etn>^pheiic pi^essare is ascertained ; the proportional 
parti^ which is taken as the equivalent for the small residue of air which 
oannot be wimlly w and for the occasional small leakage of tl^ a|ipa* 

mtos during the expeiiments ; the pressure withinside the glasses being duly 
observed and registered by means of a syphon gauge placed by the pendniumt 
In regarding the correction for die last remaining inch of pressure as a pr<^'or-* 
donid part^ namely the thirtieth, of the correction for the whole atmosphere, t 
r^er to the experiments related in a former |japer in the Philosophical Trans- 
actions, in which it was shown that the corrections for a half atmosphere, 
and for a quarter atmosphere, bore corresponding proportions to the correction 
for the full atmosphere. 


The following is an abstract of two series of such experiments with the 
weight above. 



Reference to 
the at 

the cloke of 
the paper. 

*I1haTtKL 

Vibrations. 

Reduction 
to mean 
temp. 57®. 

' 

Vibrations at 57®. 

Barom. or Gauge. 

111 the free mr . 
Air withdrawn , 

B 

5^.5 

59.6 

59 .S 

86056.88 

86055,82 

86068.56 

+ 0,22 
+ 1.14 
+ 1.23 

S3}-"-** 

86o69-79| 

inch. 

{SK}**-- 

1.045 

I (Slider At ! ..5) Differences 

V 12.76 

28486 


III the free air . 
Air withdrawn . 

O 

56.05 

S6055.95 

0 

-,0.41 

86055.54 

inch. 

29.376 

PtoS (mean) 

56,87 

86068.48 

—0.06 

86068.42 

1.572 

1 (Slider at 1.633) 

Differencea . 


12.80 

27.804 


' We have then, from these two series, the following differences : 

12.7^ vibr. corresponding to 28.388 in. of air at 58.5 ; or 13.48 vibr. to 30 in. 
I 2 ,gg 27.804 at 56.1 ; or 13i89. : 

Whqhqe we obtain the reduction, when the weight is abovei in tbeproportion 
of 13.68 vibrations per diem for 30 inches of air at 57^f3* ^ 
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^ a. W^ht bflio^. 


Is lierivied'far tiie Tibriitioiis df the |>6ildShllli^ lril6 the NteW. 




niKq^ 

'VUcitSahf. 

E«dttc(ton 
tdnMaii 
map. 67*. 

' L 688.*— . >|M|Ma 


In het nh . • • 

AirwItHdrmni. 

a 

s8^9 

.97A9 

96-70 

«6Ae 

0$<t97A0 

860 « 6 A 8 

^7-48 

8606848: 

-.*6Lis 

86857484 

86857.14 >86857#, 
8689745 j 

, 8686844; 

r'^i 

te}’”*' 

1#8 

<SUderM IA> 


nURerencet 


lisi 

*fis8 ' 


In free air 


sJao 

860S6.S4 

•fe.m 

S6S67416 

SS.467 

Air withdrawn . 


66.87 

S6S6S.67 

—046 

S606Sj61 

1^11 

1 (Slider at 1.633) 


DiSerencea 


11.65 

99JM 



/FF 

1 GG 
WtoEE 

6^.50 

68.00 

66.76 

8605648 

86056.59 

86068.71 

+ 0 JIS 
.hO .44 
^ 0.11 

i 

S 6068.60 

0476 

1 (SKSer at 1 Ji 66 ) tii|er^eet 

llM 

S 6867 S 


r From these three series we have the following dilSferences ; via« 

I • , ^ 

Ua»W vibr. corresponding to 27.7^0 in. of Edr at 67*i ; or 1 1.86 vibr. to 20 in. 

28.246 — ^ at 57.5 ; or 12.26 i 

28.373 — ^ at 57.7 1 or 12^ 

iWhaiee we obtain the reduction when the weight is below^ in the pmpoiiioi| 

lof 12.10 vibrations per diem for 30 inches of air at 57^.^. , | 

The mean pressure within the glasses during the fouiteie^ eiqi^rithenta vdtM 
the wdgfat below, (from which, as will be seen hereafter, the fa^ of the pmdni 
lum iiw filially derived,) was 1 .07 inch: the reduction fin* which^acxonling 
proportion found above, is 0.43 of a vibration per diem. This amount would be 
altered o^y one hundredth of a vib^ion, trere the partial rei^t most 
from the mean substituted finr tlm mean of the resiiltiB by trtdifii 
reduction im deteimined* 
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t SIkier at 1 .033. 6. Weight above. 


.446 

6S.7# 

4 55 

.650 

56.70 

4 41 

^685 

56J15 

8 36 

.519 

57.55 1 

6 15 


86068.67 

—0.13 

4“ 

86068.45 

-0.13 


86068.45 

-0410 

+ 

80068.34 

-h0,64 ^ 

+ 


U. Slider at ] Ji06. o. Weight below. 


0.950 56«85 
1.055 56.40 
1.165 56.50 
0.965 56.95 
A A 0.900 57.50 

B B 0.895 57.60 

C C 0.960 56.80 

0 0 1.070 56.50 

t £ 1.030 56.50 


15 03 64 
13 01 03 
18 01 05.8 
10 61 65.7 
15 46 36 
9 01 09.5 
9 30 48.5 
9 63 49 
17 36 64 


86068.76 

86068.78 

86068.86 

86068.70 

86068.56 

86068.41 

86068.67 

86068.97 

86068.89 



I A 


86069.60 

06069.07 

86069.01 

86069.97 


iB83S19l^S'BEnEB91 


86069.03 

86068.94 
86069.06 
86O69.07 
86069.05 
86069.03 

86068.95 
86O69.17 
86069.09 


86069.04 


IW letters of reference in the first column are to the detml of the expei^- 

j A ' t" ' ' ''4 ' * 

aii^tii Bt the close of the paper. 
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If, noW) we take a mean of the results in botli positiens of tiie pendulum 
a and and ip tmth positions of the slider I. ^ II.f we hpire vibrio 

tions with the weight above, and 86069*07 idbratimis with the w^ht below, 
corresponding to the slider at 1.6 inch (bemg the mean between 1.683 and; 
1*666) from the middle of the pendulum towards the w^ght. i: 

The vibrations with the weight above are in excess b.3l of a vibration* To 
ascertain the fraction of the tenth of an inch which it would be neoessary to 
move the slider in order to produce perfect convertibility, and the efieot of 
such change in the position of the slider, upon the vibrations with the weight 
below, we have from the experiments the following data (the letters referring 
as before to the detail of the experimafits at the close of the paper). 

Weight above. 

VibraSons. 

Slider at 1.5 E to G 86070.26"! making a difference of 1.12 vibration per 

1.566 T to V 86069.61 > diem corresponding to 0,133 inch of the 

1.633 P to S 86069. 14 J slider. 

Weight below, 

Vibrationf. 

Slider at 1.5 A to D 86069.001 making a difference of 0.10 vibration per 

1.566 W to EE 86069.04 > diem corresponding to 0.133 inch of 

1.633 H to M 86069.10 J the slider. 

Whence we obtain by proportion 1.637 as the position of the slider which 
renders the pendulum perfectly convertible : and the vibrations, in the posi- 
tion of perfect convertibility, 86069.09 with the weight above, and 86069.10 
with the weight below ; — a result which, it will be seen, is in the closest ac- 
cordance with the experiments H to S, dmring which the slider was at 1.633. 


Expansion of the Pendulum. 

The rate of the pendulum having thus been found for the temperature of 
57^ we have to seek its rate at 62^, being the temperature at which Captain 
Katbk referred the distance between the knife edg^ to Sir Gsobox Shock* 
burgh's scale. To obtain the alteration of rate corresponding to eimh d^gpree 
of FAHRBNHBfT from the data furnished by the experiments, we have the rate 
with the weight below, observed on the dlst of January and 1st of Februasy 
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al SIP/pp. 467 and ,4169, to coni^re i^rith the rate at 57® whieh has been de- 
diteed as above from the experiments in the preceding August and September. 

pbsMmi of the dider iO the winter et^riments was at 1 .6 $ cohsequeitjy 
the relult is strictly comparable with the mean of the two results H to M, anil 
W to EE> made in e^mmer, in one of which series the slider was at 1.663, and 
in the other at L566, the mean of which is 1.6. But in hict a small chan^ 
of position of the slider when the weight is below, has so little induence on 
the rate, that had there been even a slight difference it might have been safely 
disregarded for the purpose now in view. 

Winter experiments . . . 86081.00 vibrations at 30 
Summer experiments . . . 86069.07 57 

IHfferences ... 1 1 .93 27 


Equivalent to 0.441 for each degree of Fahrenheit. 

In the Phil. Trans, for 1830, Art. XIX. I have reported the results of a similar 
comparison of the rates of an invariable pendulum, made also of plate brass, in 
winter and in summer ; by which it was shown that a degree of Fahrenheit 
corresponded to a change of 0.44 in the rate of that pendulum also. These 
two results are strongly confirmatory of each other. 


It results, then, that the vibrations of Captain Rater’s pendulum, which at 
67® have been found 86069.10, are 86066.90 at 62®. The distance between the 
knifo edges as measured by Captain Rater is 39.44085 inches of Sir George 
SiiucKBURon’s scale, the pendulum and scale being at 62® . The vibrations in a 
vacuum corresponding to this distance are 86066.90, the temperature of the 
pmidulum being 62®. We have then for the seconds pendulum in the Royal 
Observatory, at 62® and in a vacuum, 

In 86066.90 : ^.44085 : t 86400 : 39.13734. 
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SiabiUty skipfoti jPasisIsiB lb 

mywM^f Um mmmy 

lllilitiil'iH ti^ 

to obtaiHlIie mte of the fiotidbltttH bb the leciii #llicii% 

affixed to soath wall of dih peadcihiiii room in the Koyal OhservalOiy;* 
and de«%iied Ihr the use hf wfffi' thu^sdil^ who 

wish to obtain a basis for their' ^KpetimmU on the tarfadim iji gravity at 
other stations. With this intentioBy I traaislbrved the agate phnies, wh^ 
had been employed in the experiments in the vaOtmtn apparatus^ to the iroi^i 
frame ; and placed the pendnluni on them, wilK the weight below> and tl4 
slider at 1.6 inch, making the observations HH to RR as detailed at tb^ 
close of this paper. The experiments were necessarily made in the free air 
the apartment^ and are reduced to a vacuum by the reduction already fouii4 
for the pendulum with the weight below. The rate of the clock, by Osumn^ 
which is attached to the wall of the room beneath the iron frame, was Ihiv 
nisbed me by Mr. Thomas Glantiijub Tayioe, in a memorandum which is 
subjoined to the detail of the observations. By a mean of the ten experiments 
H H to R R on the iron frame, the pendulum was found to make 86070.9$ 
vibrations at 53° reduced to a vacuum. The equivalent at 57^ is 86069.30^ 
; which differs by only 0.10 of a vibration per diem from 86069.10, the rate 
^ ascertained in the vacuum apparatus. The rate on the iron frame was ob^ 
tained by thirty-three hours' vibration of the penduUim $ that in the vacuum 
apparatus by 173 hours. So near an approximaticHi 4 obtained in less than onf 
fifth of the time that the experiments in the vacuum apparatus ware eontkiiiedi 
satisfied me that no permanent cause of difierence existed, and that it ob 1|» 
required that the experim^ts on the iron frame should be p^severed in fbr th^ 
3 same length of time as those were in the vaouom apparatus, to produoa tb^ 
closest accordance. We may regard therefore the result of the experimontt 
H H to R R, as establishing the equal stability of both supports ; and as 
affording a Mr inference ihat boHi suj^mits are perfectly stable. [ 


IN THE Q^EEVATOET OF GREENITICH. 


fidimiiEiif to <4>t|ijE tjbei to 

, , « l^rtioM. of ail* Fema^ag in ^e Appai^O'^TT'^^ 

, arm piiiiBt he ipiiltipUed by 1.06 ^roogbout, to give tbo true 

Sli4|^ At 14 io. frcAO tbe, middle of the pendulum toiVAids the weight. 
Weight below. 


Exp* a. In full stQWMipheric prcttore. Aug- 21, 1829 am- to poi. Demx maiuog 86405.92 wbr. 
®®™®* -*073 to 32® « 29.727, 


Mmui Mean 
Tttmp. Int«nr«L 



Coortfw 
don ISm 
A vc. 

Vibrsti<uu 

la S4 bourn. 

. j D 

+0.26 

86057.30 


Exp. B« in fuH atmospheric pressure. Aug. 21 p.m. Dknt making 86465192 vilmulona. 
*^®’{eSing”f2*9^.^0 +.019CapiU.j -.076 to 32® * 29.766. 


1 .... 
« 57.6 
3 .... 
S5 .... 
«6 67*6 
t7 .... 



h m s o 

• 1 57 10.33 0.62 1 

> 4 46 10.83 0.18y 



r.6 422.52 


In rari&ed ah. Aug. 21 poi. to Aog. 22 a*if. Dkmv making 86465.92 ?ii»ratioof. 


56.95 
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£ep. D. In full atmospheric pressure. Aug. 22 a.m. DuN'r making 8^^ .92 vibrations. 
Barom. (enSng^***^ ^ J60 } ^ ^ »29.737. 



Titnes of 

D}Mp.| Boap. I Colneideneea. 


I 50.6 03 4103 53 

26 59 4300 07 ’! 

27 66.9 06 44 07 10 V12 06 57.38 0.23 

28 13 46!i 4 14 i 


Pendulum removed. Planes examined. Pendulum replstced, Weight above. 


VMom 

in 24 jboun. 


06057.48 


£xP. £. In full atmospheric pressure. Aug. 22 p.m. Dunt tnsking 86465.92 vibrations. 
Barom. { ^§l"g "® ’ +-<»9Capm.; .074 to 32° = 29.650. 



£xP. F. In ratified air. Aug. 23 a.m. top.M. Drnt making 86465.92 vibrations. 



Fxp. G. In full atmospheric pressure. Aug. 24 a.h. Drnt making 86466.00 vibrations. 
®**‘®®* {ending"^ 29*360 } i to 32® = 29.217. 



Tbe ends of the bar of the pendulum were then blackened with lainp-rblaek 
and varnish, to make a stronger contrast with the white disc on the clock pen*^ 

















iS^mmyAwnt m miumwmi&ii 


47 § 


ftuii]iii. Iffee slider was moved to L633 iiich fk^m the middle of the |»adntam 
towards the weagbt. The pendalom was then replaced, and the ei^periments 
were opmnieticed for deteriuming rate due to the distance betweeii {ho 
axes of suspension. 

Slider at 1.633 inch from, the middle towards the weight. Vi^ight below. 


£xr. H. August 24 to August 25 a.ic. Dekt making 86466.29 vibrations. 



Exp. I. August 25 A.u. to August 25 p.H. Dent making 86466.31 vibrations. 


1 

55.0 

0.76 

09 53 

10 04 

20 09 6S.5 


55.4 



.... 

22 0 0 


56.0 




24 0 0 


56.4 



.... 

2 0 0 

78 

56.5 

i.ii) 

26 5627 20 

5 27 08 




Exp. K. August 25th p.M. to August 26th a.m. Dent making 86466.33 vibrations* 



Exp. E. August 26th a.u. to August 26th p.m. Dent making 86466.15 vibrations 


h m • o 

20 39 22 0.99 

23 45 0 
2 45 0 

5 55 0.40 


3 




0 


4 * 0.93 

86069.01 


MOCCCXXXI. 
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4m CAPTAIN SABINS UN TOB I^ENSmei OF TOE SBOONES PENDULUM 



The Pendulum was then removed ; the planes examined, and found truly 
horizontal ; and the Pendulum replaced with the Weight above. 
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Slider removed to 1 .566 kc, from the middle towards the weight. Planes 
examined^ and found horizontal. Pendulum replaced. Weight above. 


£xP. T. August 29U) rjH. Dsnt making 86466.40 ▼ibrations. 



U. August 2Mi P*M* to Aumt dOth am. Dskt making 86466 J9 vibrations. 
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£kP. V. AogilftlSOlh A*ii« to Aogtitt dOtli 9.i». Dkitt making 86466 J2 vSirationt* 



Pendulum removed and replaced. Weight beiow. 
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;£!bt7. A A* September 1ft I'.if. to September 2iid wm , Dcmt mokiitg 864SS.24 vibretioos. 



Exp. B B. September 2nd t.u, D«Kt making 86466.24 vibrations. 


m t tn 

15 5216 

16 54 17 18) 10 17 06 


Exp. C C. September 2nd p.m. to September 3rd a.m. Dsnt making 86466.24 vibrations. 




432.93 

0.895 

+ i!68 

86068.41 






Exp. D D. September 3rd a.m. to September 3rd p.m. Dknt making 86466.23 vibrations. 


1 

79 

5S.6 

56.0 

in, ! 

0.80 i 
1.34 j 

1 ID t 

j06 37 
30 17 

ms h m s 

06 46 20 06 41.5 
30 44 6 30 30.5 , 

ifso 

0.48 









Exp. E E. September 3rd p.m. to September 4th a.m. Dant making 86466.23 vibrations. 



The air was then admitted, and the following observations made to obtain 
the reduction to a vacuum, for the small portion of air remiuning in the appa- 
mtus, indicated by the gauge^ in those of the preceding experiments in which 
the weight was below. 
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Slid^ at 1*566. Weight below* 


Exp* F Ff September 7th 

fiiirntn 29,422 57*5 

Barom. ® 29.420 60 

to September 7th fjc* Dxnt making 86463.83 Ttbrationa* 

[ 29-421 S9*{ -i- .019 Ci^.j — 0?9 nduotioo to 32° = 29J«1. 

II 

1 

1 

Tunes of 

HSVil 

Meen 

latarral. 

1 

iS 

Correoo 
lion ftor 
Alt. 

VIbfiUiOllB 

nUep, 

Reap. 

Cmnddence. 

lia 

Thetnu 

1 

31 

sj.o 

68.0 

• • . » 

m B 
09 06 
39 64 

m s 

09 13 
40 24 

h m B 

10 09 09 

1 40 09 

L22 

0.21 

}57.S 

422.00 

■ 

e 

+0.86 

86056*88 


Exp. G G. September 7t.h p.m. Dbkt making 86466.80 vibrations. 

{CT§lng".* m'Jm 60} reduction to 32°= 29.83?. 

1 

31 

5§.0 

68.0 

, * . . 

m s 

60 37 
21 18 

m 9 

60 47 
21 60 

h m a 

1 50 42 

6 21 34 

BH 



jjjg 

o 

-^0.79 

86066.63 


Mr. TAYiiOR’s memorandum of the computation of the rate of the Clock by Dent. 

llic clock’s rate in these experiments has been deduced from daily compa- 
risons between it and the Greenwich transit clock ; the daily rate of the latter 
being determined from the observations of several stars and of the sun. With 
reference to these observations, it may be necessary to remark that they are 
made by three sevei-al observers, as is suflSciently shown in the Greenwich 
observations by the initials of each observer’s name ; and in making use of 
these for determining right ascensions, or the rate of the clock, it becomes 
necessary to apply to each observed transit the constant difference which is 
found to exist between the observer, and the observer of the same star on the 
following day, with which it is compared : for this purpose I have employed 
the difference as pointed out by a great many observations made for the ex- 
press purpose^ whence it appears that if the observer T* noted the passage of a 
star at the time r, the observers T. T, and N* would observe it to pass at r 4* 0*. 1 6 
and t + 0**35 respectively. Making use of these, the rate of the Greenwich 
transit clock comes out : 
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4B5 


ism . 

Aiigtifit 21 to 24 — >0.26 

25 —0.22 

26 —0.18 

— 27 -0.42 

28 — 0J25 

29 -0.34 

30 —0.16 

31 —0.24 


S^tembor I —0.24 

3 —0.32 

4 —0.20 

6 -0.38 

7 -0.31 

8 - 0.11 

Mean . — 0.266 


From the near accordance of these results with one another^ and from a con- 
sideration of the inability of two or three observations (which could only be 
taken in some cases, on account of the cloudy weather) to determine very cor- 
rectly the rate, I have preferred taking the general mean 0*.27 rather than 
each individual result. This was accordingly employed with the following 
comparisons. 


Comparison of the Clock Dent with the Greenwich Transit Clock, 


1829. a 

August 20 21 62 

24 6 24 

24 22 9 

2.5 22 37 

26 23 16 

27 23 40 

28 23 11 

29 22 28 

30 23 6 

Sept. 1 0 3 

2 0 8 

3 23 28 

6 0 0 


Transit 
h m 

7 61 
15 33 
8 20 

8 51 

9 33 
9 59 
9 33 

8 53 

9 34 
10 34 
10 42 
10 7 
10 46 


Clock. Daily rate of Dxar. 


50.44, “ 

13.45 p: 
ii.96| : 

5.40i : 

o.2o( : 

52.88' I 
39.oo{ : 

23.90( : 

18.20{ : 
14.80( : 

5.30( : 

40,33 { } 

24.00^ ^ 


6.92 

6.66 

6.01 

5.96 

6.32 

6.60 

6.18 

6.34 

6.28 

6.19 

6,28 

6.19 


Rates employed. 


m B 


+1 

6.92 Aug. 23 

1 

6.29 

— 24 

1 

6.33 

— 25 

1 

5.98 

— 26 

1 

6.14 

— 27 

1 

6.46 

— 28 

1 

6.39 

— 29 

1 

6.26 

-— 30 

1 

6.31 

— 31 

1 

6.24 Sept. I 

1 

6.23 

— 2&3 

1 

6.23 

— 4&5 


Clock was stopped for the re-adjustment of the disc. 

7 2 41 . . 13 30 44.201 , I 6.14 — 7 

8 2 69 . . 13 61 36.40J * * * 1 6.14 — 8 


The column entitled ‘ Antes employed’ will be found to be the mean between 
die two daily rates in the preceding column; these are those which the 
clock may be supposed to have attained at midnight, tbe middle time between 
the two oomparisons ; but since the comparisons were taken in the middle of 
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tijie day, with observations of coincidences beftw’eandafter, it td!l be W 
to take the of these daily rat^ as above for the rate to he empl^y^ 
throughout on aoy one day, rather than employ the former for coincidences 
observed in the morning, and the latter for afternoon coincidences* 

(Signed) Thomas GlanyHiUB Tayiob. 


Experiments with Captain Katbr’s Pendulum on the fixed iron frame on the 
south wall of the Pendulum Room at the Royal Observatory. The agate 
planes the same which had been used in the vacuum apparatus. The same 
thermometer also, and arc; Barometer, the standard of the Observatory. 
Slider at 1 .6. Weight below. Clock by Graham ; its rate furnished by Mr* 
Thomas Glanville Taylor in the subjoined memorandum. The correction 
for the arcs computed by the usual formula, and multiplied by 1.13. (p. 468.) 


Exp. H H. September 30. Graham making 86520.7 1 vibrations. 

Barom.|^’j}® ^{jsO.HSj 4-.019 Capill.j -.058 to S2® *30.074. 

*S 4 

i 

Times of 

Aral of Yibmtion. 

Mean 

Temp. 

Mean 

InterfaL 

Correc- 
tion for 
Arc. 

Roduc* 
to mean 
tempAS^ 

R«due> 
lion to a 
vacuum. 

Vibratioiia 
in vacuo 
at 59". 

UiMIli. 

Reap. 

Coincidence. 

1 

i 

3 

30 

31 
3S 

o 

49.65 

51*35 

m « 

3 33 
9 47 

16 00 

4 49 

17 20 

m 8 

3 43 
9 56 
16 13 
5 16 

1*7 *48 


0,80x1.05=0.84 

0.19x1.05=0.20 

>50.6 

375.38 

+ 0.43 

-1.10 

+ 12.3® 

i 

86071.35 

m 


S’ 

Exp. II. Fresh impnise. {soji. sliaf 

[ 30.131 ; +.019 Cnpill.t-.058to3^=30.092. 

li, 

21 

51.3 

60.9 

m s 

35 47 
59 24 

m B 

35 56 
59 50 

h m fl 

2 35 51*5 

4 59 37 


j 5*1.1 

375*02 

, 

+ 0.54 

-*■0.84 

+ 12.30 

86071.28 

■ 



Exp. K K. October 1 . Graham making 86520.7 1 vibrations. 

+-®'® * -.OSO to82°=30.IJO. 

1 

31 

62.8 ' 

m' s 

41 # 
48 6^ 

r- 

m 4 

« 

49 92 

h Si s 

9 41 36.6 . 

0 49 09.6 

0.81 X 1.05=0.85 

0.21 X 1.05=0.22 

1 5*1*63 

375^10 

+047 

-0*5® 

+12JS 

■ 














11)^ 4S7 


£S)U>. LL. Pfedi MOputa. BMm|^'[j||30.l3Sl|t95°i +j(kl9Cqiia.) — ^to32!’‘s30.0es. 


i ■«* M«bb Coiwc- Radttc* Rediu^ 

im^yttHvOoa. Toap. fmw^* ^ S®* *® * 

Aonp. Movwrm* ttmfcSS" VacauiD. 




+ 0^5 +1S^1 8607(^.85 


BXP. M M. October 3. Gjubam making 86520.80 vlbrationa. 
Barom. {^oleso} 



Exp. N N. Fresh impulse. Barom. * -•<»70 to32®=29.598. 


54.55 1 373.5 I+OUiO }+0.68 12.01 1 86070.71 


8 51 9 01 2 8 56 0.84 XI. 05s 0.88 

9 15 9 40 6 9 27.5 OJ2X1.05sO.«3 



Exp. OO. 

/ 29.8601 
129.856) 

October 4. Gbabam making 86520.89 vibrations. 

[ 29.858 at 52® j +.019 Capill. j - .06 1 to 32® = 29.8 1 6. 



Exp. PP. Fresh impulse. Barom. | ^5 29353 at 54°; +.019Capni.3 - .066 to 32® s 29.806. 


I43 373.80 4- 0.49 


h m « 

2 10 42 
4 58 54.5 


Exp. Q Q. October 5. Ouabam making 86520.93 vibrations. 
Bdiom. ^ 29.47 1 «l 55° > + J)19 C«pm. j - .068 to 32° = 29.422. 


HDCCCXXXI. 
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|Bn>. RR. Fmh n^ialiN. Bom.. •[^;^^|sS.486itS9°4i 4-419 C^i -.AOS to 3S°»»^4o! 

n 

1 

TbMm>of 

Aral M VS>ntkm. 

Hmn 

TMUfl. 


Come, 
tton finr 
k Ara. i 

nid«e* 

miitMai 

tunnif^se 

BdlMe- 

VfAMWI.; 

Vilmliow 

iaVactttWM 

HAnp.; 




5 I .4 

58.0 

m ■ 

40 07 
11 30 

'm « 

SO 17 
12 04 

Jb m « 
f 50 IS 

7 11 51.5 



87330 

4-Sj5 


4-n.07 

8697044 


Mr. Taylor’s mematandum of the commutation of the rate of the Chck hf Graham. 

The rate of the olook by Graham has be^ determined by comparisons be- 
tween it and the Greenwich transit clock, made at intervals of twelve hours 
nearly^ the rate of the latter being determined by transits of the sun and of 
several stars, from which it appears that the transit dock's rate was, 

t 

1829. September 29 evening to September SO evening +0.06 

30 to Octdjer 1 0.14 

October 1 — — to 2 _— ^0.04 


These being employed with the following comparisons give the rate of the 


clock Graham: 

OlUJUK. 
h m 

September 30 morning 18 33 

30 evening 6 23 

October 1 morning 19 20 

1 evening 6 33 

"■ ' ■ ' 2 morning 18 68 


Tnuuit Ootk, Rato of Oiu«am. 

h m t m t 


11 35 27.05 
23 26 14.10 

12 24 26.48 
23 38 20.45 
12 4 20.30 


}+2 0.76 
} 2 0.63 
I 2 0.79 
} 2 0.67 


The very near accordance of these results with their mean +2* 0».71, will 
seem tf> justify the use of this quantity for the experiments of September 30 
and October 1. 


Daily rate of clock Graham, October 3 to 6, 

tm ■ 

1829. October 3 noon to 4 noon +2 0.80 

4 - to 5 2 0.89 

5 to 6 0.93 

(Signed) Thomas GtJmuiM Taylor. 















XXVI. ftt ihe Sources and Tfature of the Powers on toMck the Chrculatim of 
the Stood depends. By A. P. W. Phiup, M.D. jt. ^ 


Read June 16r < 


It is remarkable that^ aotwithstaading the great iropc^taiioe of the eircoladoii 
in the mimal economy^ the length of time which has elapsed since' its discoreiy, 
and the constant attention it has obtained^ there is hardly any department of 
physiology respecting which there appears to be greater uncertainty mid con- 
trariety of opinion than the sources and the nature of the powers on which this 
function depends. I propose in the following paper, by comparing the prin- 
cipal &ct8 on the subject, and by such additional experiments as seem still to 
be required, to endeavour to determine these points. Much has lately been 
written and many experiments have been made with this view, and it has 
become eustomary to look for the causes which support the circulation to 
other sources beside the powers of the heart and blood-vessels. 

It has been supposed that what has been called the resilience of the lungs, 
that is, their tendency to collapse, by relieving the external surface of the heart 
from some part of the pressure of the atmosphere, is a principal means of 
causing it to be distended with blood, the whole weight of the atmosphere 
acting on Its internal surface through the medium the blood which is thus 
propelled from the veins into its cavities ; and in this way it has been supposed 
that the motion of the blood through the whole of the venous part of the circu- 
lation is maintained. A similar effect has been ascribed to the act of inspi- 
ration, which it is evtdmt must operate mi the same principle ; and this opinion 
has even been sanctioned by the Report of a Committee of the Royal Academy 
of Sciences of Paris % and in this country by men whose anthority is deservedly 
high ; and the efibc^ dT these Causes, it is asserted, is increased by the elastic 
power of the heart itself. 

^ R<poft Oft Dr. B4]utir*t psper, by Baitm Cinm» and Profeasor Dvicsati.. 

3a2 
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Hoirev^r «w3oeB|ifb%fiiGh «^plixicHi8 o^iglit be oon^toted Iqr |)ie 

data we already pDflieBe^ as direct etperiment i« the most m^le as , well as 
decisiire way of deterfiaiaing the qaestioiijas leaaoniiif oa pbysioiogical sobjacts 
has so oftea deceived^ and the experiments may bare be made m Ibe pewl^ 
dead atiimal, and oon^aeatly mthoat suffering of any kipd, l^ba^e though^ 
it better that the point should be determined in this wayt especially as it is by 
expmments, which at first view seem to countenance the foregoing opiidons# 
that dieir su|qK>rters attempt to establish them, with the eilto, as it appeals 
to me^ of withdrawing the attention from the powers on which the circulation 
aotaally depends, and introducing considerable confusion respecting a question 
so immediately connected with the phenomena and treatment of disease. 

With a view, therefore, to submit the foregoing opinions to this test, the 
foUowing experiments were* made, in which Mr. CuTisa was so good as to 
assist me. 

Exp.~A rabbit was killed in the usual way by a blow on the occiput, and the 
chest c^ned on both sides so as freely to admit the air. The lungs were then 
inflated eight or ten times in the minute by means of a pipe introduced into 
the trachea ; the circulation was found to be vigorous. On laying bare one of 
the femoral arteries, it was observed to pulsate strongly ; and on wounding it, 
the blood, of a florid colour, indicating that it had undergone the proper change 
in its circulation through the lungs, gushed out with great force ; and on intro- 
ducing the hand into the thorax, the heart was found to be alternately distended 
and contracted as in the healthy circulation. 

£xf.— A ll the vessels attached to the heart in the newly dead rabbit being 
divided, and the heart removed, it was allowed to empty itself. Its coptrac^ 
lions continued to recur, and in their intervals it assumed a perfectly flat shfipe, 
proving that the elasticity of the heart in this animal is so smali that it cannot 
even mmntain the least cavity after the blood is discharged. 

, It appears from these experiments that the circulation was vigmouswUen 
none of the causes to which the motion of the blood in the veins have bean 
ascribed existed* In the first experiment the chest being freely opened! on 
both rides, so that the play of the lungs on inflating them could be seen, all 
affect <m the heart either of the resilience of the lungs or the act of InsffirarioOi 
wiw evidently ptwented i^ e^^ secoinli itjwas pmved m sepsibW 
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life tieiut wfaUe^rtiAeial 

m a«viiM pM€ir<e no aba^inent la tiieirigelir of tbe dfciila«i<m» i i 

It is to Im <iAme]fii^/that these meaM call act iii one 
moting the dren]iKti 0 &, namely^ by giring to tb^ heait tiie |wwe# of sootio^^^^ 
that iS| by producing a tend^cy to vacuum in its cavi^es; in bonsequemit 
of ivbich the pressure of the atmosphere propels the blood from the veins fOtO 
them, that of the arteries being prevented h*om returning to the heart by the 
valves at their origins. But all, as far as 1 know, who have either made etperl^ 
inents with a view to prove the supposed effect of these means on the eircnlalkni, 
or who have sanctioned the inferences from such experiments, have overlooked 
the circumstance that the veins being tubes of so pliable a nature that when 
empty they collapse by their own weight, whatever may be said of the eifedi of 
such causes in fi^vouring a horizontal or descending motion of the btood, it Is 
impossible that an ascending motion could be produced in them on the prin- 
ciple of suction. As iar as the heart may possess any such power, its tendency 
must be to cause the vessel to collapse, not to raise the ffuld it contains. 

That the resilience of the lungs as far as they possess this property, and the 
act of inspiration, tend to dilate the heart and large vessels within the chest, is 
evident ; but the former is very trifling, if it exist at all, except as for as it 
depends on the mere weight of the lungs ; and the latter In common breathing 
Is little more efficient, although the effect of respiration on the braih^ when any 
part of the cranium is removed, sufficiently attests that it has a certain eibct. 
When the breathing is so laborious as essentially to inflnence tbe cfrculation, 
it evidently tends to derange the regular flow of the blood towards the heart, 
inspiration of course acting interruptedly ; whereas it is oidy necessary to 
Inspeet the chest oi any of the more perfect animals immedialely after death, 
and while artificial respiration is being performed, provided death has not 
been caused by great loss of blood, or m extrmne and instantaheous itnpresrion 
Oh the nervous system, to see that the blood flows uniformly towards the heart 
wkli no IncerruptlOn but that which the contraction of Hie heart tiself occastonB. 

Ihe dyastle% iff Ih^ Is greater in some animals titan in the rabbit; hut 
it fo hi all caies very ineonsldmable. The heart of! the tortoise is the mosi 
efalBHe I have etamined $ yet even it may be compressed during Its diastole by 
0 fStnOe n^ gcmrildy giMer than Is sufficient to compress ocher museies lB^ 
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^ the aniieks po69W or, 

wbateirer the dUifitmty of the veiitriclee it em bare 

bjiood in the rmm 9 because they receive their blood from the aorklei iriddli 
are coatractiog doling the diastole dl the ventricles. To ttieee stalemeiitl it 
may he adde^ that in many of the inferior animals the Imigotng suy|H»^ 
causes id* the venous part of the cireuiation evidently have no existepioe» and 
thaly with the exception of the elasticity of the heart, they have no existence in 
the ^slai state in any. 

, We have just sem from direct experiment, that the circulatioa of the hlood 
goes on as usual when all these causes have wholly ceased to operate. 

J riiall now take a rapid view of the facta which, as far as I am capable of 
indgH^, leave no room of doubt respecting the sources of the power An which 
this function depends. 

It is so evident to those In the least acquainted with the animal economy 
^at the contmctile power of the heart is one of the chief of these sources, that 
it would be superfluous to enumerate the proofs of it; yet even this position has 
been denied, aud that by a writer of no mean abilities. The opposite error, 
however, is the more common ; and not a few have ascribed, and even still do 
ascfibe, the motion of the blood throughout the whole course of cu'culation to 
the contractile power of the heart alone, although it would not be difficult to 
prove that to drive the blood through one set of capillary vessels, and still more 
through two or three sets of such vessels, — for in man himself, in one importaid 
part of the circulation, it is carried through two; and in some animals through 
three, sets of capillaries before it returns to the heait, — I say it would not be 
difficult to prove that to drive it through one set of capillaries, at the rate at 
which the blood k known to move, would require a force capable of bursting 
aiif of the vessels. But here, as in the former instance, it k better to appeal 
tc the evidence of direct facts than to any train of reasoning ; and there k no 
want of such facts to determine the point before us, some of which I formerly 
bad the bonouf to lay before the Society, and othiars are stated in my Treatise 
on the ¥kal Functions. The most deckive k, that the motion of the Mood in 
the mpUaries coating long aiter the heart has ceased to beat and the smifotd 
in the^mmon acceptation of the tenn k dead, even in the wavnahhloodid 
admaVfoi* hour and a half or two hours, and it k not fee some time seur 
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tiilljr offeeiad l^4lie to bemt; hot dint tiii« arl 9 e ft^ mm 

liHpdrcefvtIbie iilifNilBe ^t0Ll fiTeli hy the heait^ hmaxm when ail liie vaneli 
aHflisliod to this drgait^ m seemed by a Mgatiire and tbe heart etit out, the 
lesidl iethe'eaHie. ^ 

theeit^laliouiulhe«»i|»illaiy resselsk iodep^ of die heart, may 
he shown by vniioiis other means; On Tiewing the motion of the blood in 
tibem, with the assistanoe of the mierosoope, it may generally he obseired that 
it is moving with different degrees of velocity in the different vesseb of the 
part we are viewing, frequently more than twice as r^idiy in some dian in 
others. Were the ntotltm derived from a common source, this eonld not he 
the case* It is impossible, in the motion of the blood in the capillaries, in the 
least degree to perceive the impidse gtven by the heating of the heart, which 
causes the blood in the arteries to move more or less per saltum, the motion of 
die blood in the former being uniform as l<mg as they retain their vigour, and 
the necessary supply of blood is afford^ from the larger vessels. I have found 
by experiments very frequently repeated^, that the motion of the blood may 
be accelerated or retarded in the capillanes by stimalants or sedadves, acting 
not through the medium of the heart, but on these vessels themselves. Nay, 
so little effect has the action of the heart on the motion of the blood in the 
capillaries, that 1 have found that when die power of the oapOlaries of a part 
is suddenly destroyed by the direct application of opium to them, the motion 
of the blood in them instmitly ceases, although the vigour of the heart and 
that of every other part of the smiguiferous system is entire*!*. 

If the circulation in the capillaries he thus independent of the heart, It is 
evident that the inff uence of that organ cannot extend to the veins. On eom- 
paring the whole of the fdregoiilg circumstances, is it not a necessary infer-^ 
enoe that the motion of iiie blood in the veins, like that in the capillaries, de* 
pends on the power of these vessels themselves ? But that we may not trust 
to any train of reasoning, where it Is possible to have recourse to direct proof, 

I fnadn the foliowli^ experiment, with the ansistatice of Mr. OuTLsa. 

die newly dead rabbit, in which the circulation was maintained by 
artificial respiratihn^ the jugular vdn was laid bare for about an inch and a 
hhlfii a ttlfutitFe was dien passed behind the part of the vessel nearest to the 
^ a Myfrsiifiwoatiis VM t IbSd. 
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and the animal was so placed that the vein was hron^t into the per^ 
pendicular position, the head of the animal being undermost, so that it was 
necessary for the vein, in conveying the blood to the beart| to convey it per* 
pendicularly against its gravity. The ligature, which was placed at what was 
now the lowest part of the exposed portion of the vein, was suddenly tightened, 
while Mr. Cutler and myself observed the vessel. The blood in the part of 
the vein between the ligature and the heart was instantly and completely ex- 
pelled, as the transparency of the vessel enabled us to perceive. The vessel 
itself wholly collapsed, proving that all its blood had entered the heart, so that 
to a superficial view there seemed to be no vessel in the part where a large 
dark-coloured vein had just before appeared. In the mean time, on the other 
side of the ligature, the vein had become gorged with blood. 

In the foregoing experiment we see the blood rising rapidly against its 
gravity, where all causes external to the vessel on which the venous part of 
the circulation has been supposed to depend, had ceased to exist, and the vis 
k tergo was wholly destroyed by the ligature. 

By a similar experiment, the power of the arteries in propelling the blood 
may also be demonstrated. 

Exp. — In a newly dead rabbit, the circulation being suppoi^ted by artificial 
breathing, the carotid artery was laid bare for about an inch and a half. The 
animal was so placed as to keep the vessel in the perpendicular position, the 
head being now uppermost. A ligature was passed behind that part of the 
vessel which was next the heart, and Mr. Cutler and myself observed the 
vessel at the moment the ligature was tightened. The artery of course did 
not collapse as the vein had done in the preceding experiment ; but the blood 
was propelled along the vessel, so that it no longer appeared distended with it. 
It was at once evident, from the change of appearance in the vessel, that the 
greater part of the blood had passed on in a direction perpendicularly opposed 
to its gravity. It is worthy of remark, that the blood of the artery was pro- 
pelled neither so rapidly nor so completely as that of the vein, the cause of 
which will be evident in the observations I am about to make on the nature 
of the function and powers of these vessels. 

When the whole of the preceding facts are considered, it will, I think, be 
admitted that the circulation is performed by the combined power of the heart 
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and blood-vessels themselves, and that no auxiliary power is necessary for its 
perfect performance. Here, as in other cases, the more we study the opera- 
tions of nature, the more direct and simple we find them. The resilient power 
of the lungs and elasticity of the ventricles of the heart, as far as they exist, 
fevour the free entrance of the blood into these cavities, an office adapted to the 
feebleness of such powers, which, in many animals we have seen, have no exist- 
ence. Their operation is similar, but probably much inferior, to the elastic power 
of the arteries, by which the ingress of the blood suddenly impelled into them by 
the systole of the heart, is rendered more free than it would have been had these 
vessels tended to collapse in the intervals of its contractions. Had the blood 
flowed into them in a continued stream, and been carried through them by their 
own powers alone, their elasticity would evidently have impeded, not pro- 
moted, the circulation through them. Thus the veins, where these conditions 
obtain, are so pliable that they collapse by their own weight, and hence it 
was that in the preceding experiments the vein carried on its blood so much 
more rapidly and completely than the artery, which felt the want of the 
impulse it receives from the heart, that at once assists in propelling its blood, 
and through the blood stimulates the vessel itself. The action of the vein 
was perfect ; it possessed all its usual powers, which reside in itself alone. 

It only remains for us to inquire into the nature of the power by which the 
heart and blood-vessels maintain the circulation. Respecting the nature of 
the power of the heart there cannot be two opinions. It is evidently a mus- 
cular power. The structure of its parietes is similar to that of other muscles, 
and they obey all the usual laws of the muscular fibre. 

Is the power of the vessels of the same nature ? This is a question which 
lias frequently been discussed. The chief arguments which have been ad- 
duced in favour of the affirmative are, the nature of their function ; the fibrous 
appearance gbservcd in some of the vessels, which is more evident in some 
otfier animals than in roan ; and the minuteness of most of the vessels, which, 
if they are muscular, accounts for the difficulty with which the muscular 
structure is detected in them. The chief arguments against the muscularity 
of the vessels have been, that they could not be made to obey an artificial 
stimulus in the way that the heart and other muscles are found to do, and that 
their chemical analysis gives no evidence of fibrin. Of the latter of these ob- 
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imimm Br. Ywm ^Ikstms, Ibat a part may II doaa 

mt emti^ fibrin^ and i^ferg m sap|>ort of this opbii^m to ibe iMl* 

The hnam of Ibaae dbyections no longer cmts* the Teseels havjnf Ma found 
to db<7lN»Atid^ and aedatirea as retaiily as parts mmm efident^y iniia- 
eidar. H afipears lioiii many experimaoits related in my Treatise on the Vksi 
Fcm«slmui> ^at the action of the ea{dllary vessels is as eaidly inflommed bo& 
hy stifnniants and sedatives as the hemrt Itsdf; and although the larger vessds 
are not so eadlyaceited artidciaHy as the heart and nntsdes of vtduntary 
motion^ yet seversl phytiologists have succeeded In .||lidtiiig them both by 
amohaiilcal and chemical agents. But there is imcdh^ Ihgni^ hi Ikvoiir of 
the wmsvhxitf of the vessels^ wbich^ I tish^ pay be regained as lio less 
p owe rft il. I endeavotared> in papers whldii^lViFfSm honour to present to the 
Soeie^f and which appeared in the Philosophical iVaiisactions for I8I55 to 
ascertain the relation which the heart bears to the nervous system^ which is 
* #ferent from that of the muscles of voluntary motion. It appears from the 
fimts there adduced, that thil organ is not only independent of that system, 
aithoagh capable of being influenced through it either by means of stimu- 
kitts or sedatives, and that even to the instmitaiieous destruction of its power; 
but that it equally obeys either set of agents, whether applied to the brain or 
aphml marrow; while the muscles of voluntary motion obey no stimulus acting 
tiifoogh the nervous system, unless it be applied to thdr nerves themselves or to 
the particular parts of that system from which their nerves arise. 1 found from 
rc^eapd eacpeiiments that the vessels bem the same relation to the nervous 
qmlem as the heart does, their power bding independmit of this system, but 
«$qiiaSy with the heart capable of being influenced by either stimulante or 
iodativas applied either to the brain or spinal marrow, and that even to the 
lostaataneous destruction of their power. Hiey in all respects hear tiie same 
rdititioii to the nervous system witii the whhp iifib]^ the strongest 
argummit for believing that their power is of the same nature o. ^ 

PVom the various foots stated or referred to in the for^cniig phper, the fol^ 
iqppear to be unavmdable;wlbat the circidation is nMn* 
folaett by the eoiifoined power of the heart and blood*vemels; emd timt tba 
power of both^is a musc^r power. 

* Mjr the Vltd i^wicSi^ 
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On ike Influmoe Screens m arresHmg the Progress of Mogfse^ 
jtcikm. Sy Willum Snow Maiuiib, Esq. F.R.S. 

Jhm Up }f3L 

L Whilst IH^e exjpeninen^ifwf^^ iron, em* 

ployad as ^ a foUofriiif eitrioaa 

&et presented A^^gh the pngle plala ni whidt 

was aboul the iTiiil^i^PKijdbiaaaiW^ ttie adioa 

of a revolving magnet on a diise of copper/ tiieixw^et^d tii^^ plaoed 
at a certain distance from each other ; yet the same ef^t did not ^knv when 
the disc acted on by the magnet was also of Iron : in the latter csase it was 
found i*equistte to increase the quantity of intervening iron very eonsiderahiy. 
This was done by piling several plates similar to the iirst, one m the other, by 
which the quantity of iron requisite to intercept completely the action of the 
megaet could he in some measure estimated. 

From this I have been led to some new inquiries conoeming the screen* 
log influence of substances generallyrwiucb, I trust, may possess some daint 
to the consideration of persqns engaged in scientifle pursuits. I imve there- 
fore to beg the favour d bei^ oibired ^ lay them before the Eoyal Society. 

2. Having carefully from which the result just 

mentioned was obtained, 1 stib9iM|nently endeavoured to dietermlne if the 
screening influence of the iron ffaiies depended actually on the mass, or was 
otherwise conflned to the plates inusiedialiely on the surflioe. With this view 
the interior ones were rmnlovedt and a rhig of wood equal In thickness soh* 
stituted in their place; ^ poslidmi of the upper and under plate Iheretoe 
rmidned unehani^ 

In this instancy howarer^ tiie magnetic action was no longer e^hdually 
nor oodd il he completely simt out, exetfit by restoring all the 
interior plates as before j that is to say, two plates above and two below were 
intu0Ment, ami so on. 
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3. From this circumstance^ it seemed not unreasonable to infer^ as was sub* 
sequently proved by the faot^ that a screening power might possibly be ob- 
tained in a similar way, by means of substances not containing iron, provided 
such substances were employed in large masses, and were in any degree sus- 
ceptible of a transient magnetic state; notwithstanding that from the few 
experiments hitherto tried, it was rather to be inferred that such substances 
were deficient in this peculiar property*. 

4. After a few unsuccessful attempts, 1 succeeded in making the screening 
power of several substances, not supposed to contain iron, very evident ; the 
mechanical arrangements resorted to for the purpose were similar to those 
already described in my paper on the transient magnetic state, of which sub- 
stances are susceptible, and which has been honoured by a place in the Royal 
Society’s Transactions; it will be unnecessary therefore to describe them 
again ; they will however be easily understood in the detail of the following 
experiments. 

(a). A circular magnetic disc m, Plate XllL, fig. 1, being delicately balanced 
on a fine central point, by means of a rim of lead, was put into a state of rota- 
tion, on a small agate cup, at the rate of 600 revolutions in a minute ; and a 
light ring of tinned iron k also finely balanced on a central pivot, placed 
immediately over it, at about four inches distance, by means of a thin plate of 
glass G. 

The glass plate was supported on two sliding bars, and stands F F, by 
which it could be set to any required height ; it was also furnished with four 
levelling screws, passing through two clamps of wood in which the extre- 
mities of the plate were fixed, so as to be further adjusted with the required 
pi*ecision ; when the iron began to move slowly on its pivot, by the influence 
of the magnet revolving below, a large mass of copper C, about three inches 
thick, and consisting of plates a foot square, was carefully interposed ; it being 
sustained on a convenient carriage rr, moveable on a rail- way R R, in order 
to be easily transferred without deranging the subject of experiment. 

5. The copper thus interposed soon diminished sensibly the motion of the 
disc &, and at length arrested it altogether : on again withdrawing the copper, 

* See Transactions of the Royal Society for the Year 1825. p. 469. 
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the motion of the disc was restored^ and this elTect could be obtained as often 
as required. 

In this experiment both the ma^^et and disc were very completely inclosed 
by glass shades adapted to the nature of the experiment^ and were also sup- 
ported on a firmly fixed base. 

(b) . When a mass of silver or zinc of about the same dimensions was substi- 
tuted for the copper, a similar result ensued ; the motion of the disc was com- 
pletely arrested by the screening power of the intervening mass. 

(c) . Tlie screening property evinced by these substances depended, as in the 
foregoing experiment with the iron plates (2), on the whole mass interposed, as 
subsequently appeared by removing the interior laminae, in which case the 
motion of the disc was no longer impeded. 

6. It may therefore be reasonably inferred that this power of intercepting 
magnetic action is more or less common to every class of substance, and that 
to render it sensible it is only requisite to employ different bodies in masses 
bearing some direct ratio to their respective magnetic energies. 

(d) . Thus in substituting a similar mass of lead in the above-mentioned ex- 
periments a b, the motion of the disc k could not be completely checked, 
and it was subsequently found requisite to increase the quantity of the inter- 
vening mass very considerably before the screening effect became sensible to 
any great extent ; the magnetic energy of lead being so much less than that of 
copper. 

7. The screening influence of substances is best shown by employing a 
powerful magnet, and by placing the disc just within the limit of the action ; 
thus a sufficient mass may be interposed, and the screening effect made very 
evident. To exemplify the influence of distilled water in this way at about 32® 
of Fahrenheit’s scale, I am led to believe it would be requisite to obtain a 
slight action on the disc, at a distance of rather more than thirty feet, so as to 
interpose, about the same thickness of ice. 

8. This curious property seems to be intimately connected with a principle, 
which may be termed a neutralization of force ; by which the magnetic action 
is, as it were controulled, as in the following experiment. 

(e) . A circular magnetic disc wi, Fig. 2, being put into a state of rapid 
rotation, a light ring of copper k movable on a fine centre was placed imme- 



dkieljr ‘'orer it* m ki' ^ lHn {ilale ftM gg^^' mul 

as to be just wllliifi^liiiiiitc^t^ fiction; wbi^ tbe copper dbe be^^ 

slovrfy' on I 'batf'iui tudb 

raised i»me«iaifil^ la^ ^ fe^idof maguel^: by meftus 

screw »' affixed to the block s m which the uffiole was lawtaia^ f 

iron i was near the under surffice of the magnet, the action on tte ffilic abofc 

began to dimini^ so that the motkm of the disc was finally checked alto* 

gether : by depreadng the mass of iron t the motion of the diim was again 

restored, and this result could be obtained as often as rojidred. 

0. It does not ^erefsic appear essentia to place the itm i immedlatdy be- 
tween the magn^ and disc in order to screen die action of the former ; dnce 
the same effect is prodnced when the Iroa k||daced immediately breath the 
magnet. 

10. This subject of screens se^ns to pomess great scientific interest, and if 
fully investigated is not unlikely to bring us further acquainted with one of 
those wonderful agencies, <ni which the phaenomenon of attraction may be sup^ 
posed to depend, the more complete elucidation of which Is of the utmost con> 
sequmice in the present state of physical science. 

Pfymmth, April 3, 1831. 
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Jme l€, ISAl. 

L It may not tie mifiivDEiatile le ^ of the iiilerestieg 

sttbjeet of scremi^ treated of in my lasi paptar^ ani a^ch 1 had the honour of 
laying before the Royal Society^ to fire gfert adeonnt of some subsequent 
experiments conoeming the effects 0 tjmam$m (f iron on a magnet^ as they hare 
more particularly arisen out of the IhWst^atioh above alluded to. 

2. The principal part of the employed in these experi* 

ments is represented In Fhite XIV^ ^ extWnely simple, and iriit 

he readily understood by the fcdlowing 4esori^i^ <Mf it) 

A light beam of dry clean-grained tfeal, of ^boul fourteen im^ms in length, 
and somewhat less than a quarter of an inch square, is allowed to rest freely, by 
means of a delicate axis, on two horizontal bars of glass f the glass bars are 
secured on a'convenient frame and stand, and the axis of the beam, as in many 
similar cases, is formed of a fine sewing>nee^e ; it Was passed in this ease 
through the ‘opposite angles, directly at the centre, f^tnn the extremity of 
one of the arms is suspended a small cylindrical fdeee of iron, about an 
inch and a half long and one fifth of an Inch diameter, Wtuch is counf erpmsed 
by an equivalent weight, placed in a small pan suspended fimin the other ; 
the method of suspension is by light hooks and rings, so as to obtain every 
possible degree of motion. The under part of the cenli^ of the beam carries 
an index of about a foot in length, constrnoted of short pieces of straw, which, 
hrii^ tubular, are easily secured at their extremities one wlliifi the other ; ah 
int^x thus E^rmed is v^ strmght and true. % means of Ibis index and a 
graduated arc the sllgh^t mottnn of the beam p apparent. 

si; The beam and index may be so managed, that iw a short distance the de* 
iMitoiis from the horizontal position, with equal imd very small weights placed 
in phn, will eorm^nd to equal ^visions mi the are, or very nearly $o^ 
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4. To regulate the distance between a magnet or other bodies^ and the 8iis> 
pended iron, when placed immediately under the latter, either vertically or 
horizontally, I employed a simple screw and nut, attached to a brass frame simi- 
lar to that shown in Fig. 2 : thus any required altitude could be obtained, 
the distance between the magnet and the suspended iron being estimated by 
a graduated scale resting on the magnet. 

5. Wherever magnetic attracticm is exerted between two bodies, it seems to 
be accompanied by a sort of neutralization of the same force in respect of a 
third substance. 

(a) . Thus if the magnet A, Fig. 1, be attracting the suspended iron b, the 
vicinity of a mass of iron C will diminish the apparent force of A upon h : if, 
therefore, when the force of A upon b is exerted so as just to depress the beam, 
the force being measured by the inclination of the index (3), we place a ma^ 
of iron C close to A, the beam will immediately tend to recover its previous 
position. 

(b) . This power of the iron C to controul the attractive force of the magnet 
upon b, seems only to extend to a given point within the magnet, the distance 
between the magnet and iron remaining the same ; for if the small iron b be 
suspended over a point at some distance from the extremity, as at w, then the 
action of C will not be felt at that point fc, except by decreasing the distance 
between the iron and magnet, or otherwise by increasing the neutralizing 
power of the iron C. 

6. That this depends on a sort of action which is not inappropriately termed 
a neutralization of force, in regard to the suspended iron b, is evident from the 
following experiments. 

(c) . The mass of iron C may be placed immediately below A, as in Fig. 3, the 
effect will be the most apparent when the thickness of A is not considerable ; 
but if the magnet A be very thick, then the neutralizing effect of C is not so 
evident, on account of the intervening mass of which the magnet is composed, 
as also on account of the iron C being kept as it were at a greater distance 
from the immediate surface of attraction. 

(d) . Conversely, the mass of iron C may be placed above, immediately be- 
tween b and A as in Fig. 4 ; but in this case we have to take into account the 
inductive effect on C, by which it becomes itself a temporary magnet, and con- 
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Eequently takes on an attractive power ; the expeiiment should therefore be 
so managed as to have the distance between C and h such, that whilst by the 
intervention of C the action of A is neutralized, its induced magnetic state 
does not become sensible upon h at that distance ; this will be always very 
evident when C is of some considerable thickness, and the previous distance of 
A and b taken just within the limit of the attraction. 

7 . In this case C is said to screen or stop out the attraction of A upon and 
this probably explains the way in which screens operate in impeding the mag- 
netic influence. It seems therefore not unreasonable to infer, that substances, 
possessing the greatest inductive energy, are at the same time the most power- 
ful neutralizers. Hence in employing various bodies as screens, those are the 
most efflcient which are susceptible of the greatest transient magnetic state : 

' thus zinc is more efficient than lead ; copper more efficient than zinc ; silver 
than copper, and iron the most efficient of any. 

8. As the distance within the magnet, to which the neutralizing force can 
extend, must necessarily depend on the magnetic energy of the substance 
employed, it would be difficult with non-ferruginous bodies to controul any 
very sensible portion of the action of a magnet by placing them at its ex- 
tremity, Fig. 1, or beneath it. Fig. 3, except in the latter case we suppose the 
magnet to be extremely thin ; but by intervening a considerable mass. Fig. 4, 
immediately between the magnet and the substance acted on, we operate 
directly on the contiguous attracting surface of the bar, and thus the neutral- 
izing effect at length becomes sensible. 

9. The attractive force exerted between a magnet and a mass of iron is in 
the direct ratio of this neutralizing power of the iron ; the distance between 
the magnet and the iron being the same. 

(e). Let a magnet A, Fig. 5, of about ten inches in length, and three eighths 
of an inch square, be placed at some convenient distance, immediately under 
the suspended iron b, and the observed force carefully cotmterpoised by small 
weights placed in the opposite pan at p, so as to bring the index of the beam. 
Fig. 1, to zero of the graduated arc ; then the neutralizing power of a few small 
pieces of very soft iron, w, x, z, about the same diameter as the magnet, 
and varying from a quarter of an inch to two inches in length, may be easily 
es^ated on the graduated arc, Fig. 1, by bringing each piece successively in 

Mncccxxxi. 3 T 
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contact^ or very nearly so, with the extremity of the magnet a (3). Let these 
small iron Oylinders he now substituted in succession for the suspended iron b $ 
and being first nicely counterpoised, let the attractive forces be determined 
at a constant distance from the magnet A by means of the graduated scales; 
then these respective forces will be found to be very nearly in the same ratio 
as the previous powers of neutralization : in a great variety of cases they were 
found to be exactly in the same ratio. 

(/). Where the neutralizing power is equal, there the attractive force is also 
equal ; thus the neutralizing power, with a given magnet, not being greater in 
a cylindrical mass of iron of two inches in length than in one of an inch and 
half in length, no difference was subsequently found in the respective forces 
of attraction. 

10. The foregoing illustrations seem to throw some light on the manner in 
which magnetic action may be supposed to pervade bodies. 

(g). Having assigned any given distance, A b. Fig. 6, through which we know 
the influence of a magnet A can extend as estimated by some sensible measure b, 
then in interposing a third substance C in the space A b, the latter may receive 
a temporary magnetic state in two ways, either by the immediate action of the 
magnet A upon every particle of C, or otherwise by the propagation of mag- 
netism from particle to particle, or by both : now these operations seem to be 
in some inverse ratio of each other ; thus when the induced magnetic energy 
in C is considerable, the influence of the magnet A is more or less arrested by 
the laminae first acted on, which operate as screens on the succeeding ones ; 
so that the magnetic development after a certain distance proceeds entirely by 
propagation from one particle to another, until it is finally as it were expended ; 
and a body b which was before attracted at the distance A b will at the same 
distance now remain at rest c. Such is the case in interposing a screen of iron 
between a revolving magnet and a metallic disc ; but if the body C be low in 
the scale of magnetic energy, then the induced magnetic state is so weak that 
little or no screening influence is excited between its particles, and the body 
b may be attracted as before ; hence each paiticle of C will owe its magnetic 
development to the direct operation of the exciting magnet ; and it is only by 
the successive action of a great number of particles that we at length neutralize 
or cut off the magnetic force by means of such a substance employed as a 
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screen: it therefore follows in this instance, that whilst an mconsiderable 
portion of the magnetic action is neutrali^sed, a considerable mass of the screen 
is pervaded ; at the same time a very thin stratum only of the magnet is pene- 
trated b (B). 

11. The diminished influence of a magnet mi a metallic disc, observed to 
ensue on intersecting the surface of the disc by radiating grooves varying in 
depth may possibly depend on the above-mentioned circumstance (10) ; for 
in this case we actually take away a portion of the substance in which the 
magnetic development takes place, mid thus diminish the force. I wish, how- 
ever, to be understood as speaking with some degree of reserve on tbis point, 
although the conclusion is by no means unwarranted, as in the following 
experiment. 

(A). The number of vibrations of a delicately suspended bar in a given arc 
taken in vacuo, in two similar rings of copper of equal weights and quality as 
nearly as may be, did not materially differ, although one of tbe rings was 
made up of separate concentric laminae, the other being a perfectly solid mass ; 
whereas the removal of a very thin lamina externally from the former caused 
a very decided change in the number of the vibrations of the bar •f’. 

12. The preceding inquiries appear calculated to modify in some measure 
our views concerning the operation of a magnet, which by experiment (e) is 
rather the patient than the agent in the production of the observed effects : it 
cannot therefore be considered as a purely active force, much less can it be 
viewed as a substance, from which emanations of an unknown subtile fluid 
are constantly proceeding ; for it may be shown, Exp. (c), that a magnetic 
lamina of steel, supposed without sensible thickness, cannot act at tbe same 
time on two masses of iron, in every respect alike, when placed between them, 
and at an equal distance from each ; as in this case we shonld have an annihi- 
lation of power as regards the magnet : hence each mass of iron, if at the same 
time drawn by some other force, and free to move, would drop away from the 
magnetized steel in opposite directions. If therefore the attractive energy of 
a magnet be supposed to arise out of any subtle principle emanating from it, 

♦ Philosophical Transactions for 1825, p.481. 

t These vibrations were determined in the way described in the Royal Society’s Transactions for 
1831, Parti., p. 76. 
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such emanations cannot pass off in opposite directions at the same instant ; 
now there is no sufficient reason why they should pass rather in one direction 
than another, and it therefore remains that an hypothesis which supposes them 
to pass in either, is quite unwarranted* The arrangement assumed by fine 
particles of iron, sifted on paper immediately over a magnet, arises out of the 
circumstance that the bar has generally a very sensible thickness ; wliilst the 
small particles of iron cannot operate beyond a certain distance a, c, 
and this equally applies to other cases in which the opposite sides of a magnet 
appear to attract at the same time. Moreover, the superficial boundaries of a 
magnet may be considered as so many distinct magnetic laminae of uncertain 
thickness, as is evident from the circumstance, that the magnetic centre and 
poles of one surface of a bar very frequently fall in a different way from those 
of another surface according to the trifling variations in the progi‘ess of mag- 
netizing ; and sometimes all the surfaces differ in this respect in the same bar, 
that is to say, the centre and poles do not correspond to the same relative 
points on any two sides. 

13. The wonderful phenomenon of magnetic attraction then is evidently 
the result of an impression first made on the magnet e, since with different 
masses of iron the attractive force at the same distance is unequal e : hence a 
magnet must be considered as a body in a peculiar state or condition, by which 
it may be caused to exhibit given powers or capabilities in consequence of 
external excitation. 

15. It is always difficult in inquiries of this nature to employ terms which 
shall seem altogether without objection, I trust therefore that those resorted 
to in the course of this paper, will be taken only in the arbitrary sense in 
which they have been used, and not as having any necessary connection with 
a particular set of opinions ; thus the expressions neutralizing force, magnetic 
development, magnetic excitatioui and so on, must be taken merely as arbi- 
trary terms, employed of necessity to facilitate the progress of inquiry, and to 
render its description as intelligible as possible, according to the general and 
unembarrassed acceptation of such terms. 
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34.3 44.7 

40- 3 54.7 

42.6 59.4 

42-3 59.4 

39.7 45.0 


atSA.M. 

9 A.M. 


W 

0.036 

wsw 

0.075 

sw 

0.222 

NW* 


ssw 


S var. 


NW 

0,022 

ESE 


SW 

0.061 

w 

0.028 

SSE 


WSW 


wsw 

0.086 

wsw 

0.042 

sw 

0.014 

w 


ssw var! 


WNW 


WSW 


W 


N 

0.083 ! 

ESE 


FUw and cIoudiee»-light hate. 

I Overcaat. Light fog A.M. 
f A.M. Foggy-lSghtrain, P.M. Over- 
I cart. 

I A.M. Foggy. P.M. Fine— liglit clouds 
\ aadwind. 

Orercaiit—iigbt wind. 

Lightly doudy— light unsteady wind. 
Fine and clear—Ught clouds. 
CIoudy—Kght wind and fog. 

(A.M. Fine and doud leu. P.M. Hail 
I and rain with light wind. 

Fine and cloudlen. 

Overcast— light rain and wind. 

A.M. Fine. P.M. Light rain and wind. 


\ rain P.M. 

Light rain. 

Cloud;— light wind, 
r' Fint— cloudy. 

Fine and clear— light clouds. 

Fine— lightly cloudy. 

lightly cloudy— light wind and fog. 

Overcast— hazy. 

Fine— light clouds. 

Fine— lightly cloudy— light brisk wind. | 

{ Overcast— light brisk wind.— Snow I 
A.M. 

Ughtly cloudy— light wind. 

• / A.M. Showers, with fog and light 
I wind. P.M. Fine. 

Fine and clear— light clouds, 
j Fine and clear— bglit clouds.— Hazy 
\ A.M. 

Overcast— light wind. 

Overcast. Hasy A.M. 

Fine and clear. Clouds and haze A.M. 


Mean Moan Mean Mean Miian Mean Mean Mean Mean Sum 

29,877 48.7 29.856 51.6 44-5 45.8 50.2 40.9 50.8 0.883 

Monthly Mean of tiie Haroinctor, coirected for Capillarity and reduced to 32® Fabr. 


OBSERVANDA. 

Height of the Ciatern of the Barometer above a Fixed Mark on Waterloo Bridge 83 feet 2§ in. 

above tlie mean level of the Sea (presumed about)... =95 feet. 

The External Thermometer is 2 feet higher than the Barometer Cistern. 

Height of the Receiver of the Rain Gauge above the Court of Somerset House •»79 feet 0 in. 

The hours of obf>crvation are of IVfean Time, the day beginning at Midnight. 

The Thermometers are graduated by Fahrenheit's Scale. 

I'he Barometer is divided into inches and decimals. 






METEOROLOGICAL JOURNAL FOR APRIL, 1831. 



observanda. 

Height of the Cistern of the Berooieter above a I’^xed Mark on Waterloo Bridge **83 feet 9§ in 

above the mean level of the Sea (preanroed abont) «85 feet. 

The External Thermometer is 2 feet higher than the Barometer Cistem. 

Hei^ of the Receiver of the Rain Gauge above the Ctwrt of Somerset Houie »*79 feet 0 in. 

boors of observation are of Mean Time, (he day beginning at Bfldnight. 

Thermometers are graduated by FabrenbeitV Scale. 

Barometer is divided into inches and decimals. 
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39^58 m ; 

«ii> ! 

96M$ m 
miB Mj 
ao^ 

30876 i&S 
30J58 B5Ji 
30.163 36.7 

30,107 56Ji 
30.038 S7J2 

39.943 61,9 

30.077 38.7 
30.010 39,9 

30.141 61.6 

30131 63.7 

39.964 65.6 

39.704 6SJt 
39.830 66.9 

39.943 68.0 

39.991 64.3 

39.843 67.7 

39.817 69.7 

39.846 708 

39J04 66.8 

39.790 63.3 

39.671 64.7 

39.033 61.7 

39J134 68.7 

39.943 63.4 


33 37.3 

51 57,8 

34 36,3 

38 60.0 

43 31.6 

48J1 
44.7 
38 50A 

37 5U 
47 47.3 

45 53.8 

47 38.7 

31 37,7 

83 30JO 
83 53Ji 

48 56.7 

48 63,8 

49 63.7 

45 61.7 

55 65.7 

57 57.4 

63 57.5 

68 58.7 

60 60.5 
60 64# 

65 67.6 

53 33.7 

47 57# 

54 34,7 

30 33# 


OaaiifmA ftsgy-.4bowory. 

/ A,M. CIoudy^Hibowm. P.M, Fioc 
1 Midcteiw-IliAitlM'ldcwfiMl. 

A.1I. ?iM«iidcl«t. P.H.OfeMUt. 

RiMMiglltlf d0u4]r. 
ti Oaidj^lBiMWoddmt AM. 
PbM-ligbt doudt. 
aovdy^Flat A.lf. 

Fine and ela«r^»CloadleH P.M . 
Cl<»dy.>-.]Jgltt nln A.M. 

r Fine and daafM^iiiik wind. Cknidlen 
\ P.1I. 

agiid1rae,.|>aty. 

rA.M. Hair. P.M. fine and cleaih. 
t light doadi. 

Lightly dondy. 

r nne.~A.lf. XAghthaie. P.M. Cleti^ 
I hgfatdouda. 

F!ne~llghtly ofeaaat 
Clear and dOQdleai. 

Clear and cloud] aw l ight wind. 

(lAfbt wind. A.M. Cloudleu. P.M. 
1 Ooudy. 

f A,M. fine and char. A.M. Clotidy- 
I abowery. 

/ A.M. Omcait. P.M. Fine and char 
t -4lgbt ctouda. 

Lightly orercaat. 

A.M. Oeieact. P.H. Nearly doudhat. 
A.M. Oreraaut. PJI. Nearly doudlcw. 

Fine and bhar~llglit dtmda and wind, j 
r A.M. Oreroaat P.M. Char and 
I doudhaa. 

UghUy dowdy^-Ught wind, 
lif btiy ekNuty. 

Bdn. 

A.M.Chiady. P.M.Flne~tigbtdottda. 
Floe and deae«>)iglitdouda. 


Mean 

Mean Mean 

Moan 

Mean 

Mean 

Mean 

Mean 

Mean 

Sum 


39.930 

59.7 39#07 

63.0 

49.0 

56# 

63# 

47.1 

68.0 

1.053 



MoqUiIf Mmm of the Barometer, corrected for Capillaritj and reduced to 33® Fahr. 39^^ ^ 


OBSERVANDA, 

I 

Height of the Cutern of the BenHoeter abore a Fixed Mark on Waterloo Bridge 

above the mean levd of the Sea (picsumed about) ....... 

The External Thermometer U 3 feet hif^ tban the Barometer Ciatem. 

Height of the Receiver of the Rain Gauge above die Court of Somereet Houm 

The hours of (drservedon are of Mean Hme, the day beginning at Midnight. 

The TbermometerB are graduated by Fahrenheit’s Scale, 

The Barometer ii divided into inebea and decimals. 


»8S feet 2§ in. 

»95feet. 








umbiioiiocrfOAL "ioctiMiL-' 



OBSERVANDA. 


I of 4it Ciilem of the BiaroQWter above a Fixed Matk on Veterioo Bridge. * 

*•»»• «h. iMMi Iwrf rf lb. S» (prwMMa ibPrt);;...... 

Inlell^ Tbermoraetwlif feet higher than the Barone ^ 

Beceivw of die Biun Gauge above the Court of Son^net Home. 

•« of Mean Ttaie, the day beghndng it MMnight. 

niKWiel^ are graduated by Fahrenheit’a Scale. 

^l^liMninotor ia divided into iachee and 


... »8d<betS|in. 
.. -SSIbet. 

... «.7Sfeet0hk 







